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Aim of this lunch lecture

e Give a brief introduction to Isogeometric Analysis
e Outline advantages of IgA over the Finite Element Method

o Address practical transformation of a FEM into an IgA code
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The Finite Element Method

Strong problem formulation

Find u such that

Lu=f in Q. subject to BC's and IC's.
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The Finite Element Method

Strong problem formulation
Find v such that

Lu=f in Q, subject to BC's and IC's

Variational formulation
Find v € V such that

/WLudx:/wfdx
Q Q

subject to BC's and IC'’s.

for all w e W

I3
TUDelft

«40r «4Fr « =)»

« =




The Finite Element Method

Strong problem formulation
Find u such that

Lu="f in €, subject to BC's and IC’s.

Discretised variational formulation
Find up € V), C V such that

/ wp Lupdx = / wy, fdx for all wp, € W), c W
o o}

subject to BC's and IC's.
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Is h=h?
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Is h=h?

No, since the triangulation 7;, of the geometry Qy, is in many
cases of lower polynomial order (e.g., pw. linear) than the ap-
proximation of the solution uj, (e.g., pw. quadratic or higher)

ofele
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Is h=h?

No, since the triangulation 7y, of the geometry y, is in many
cases of lower polynomial order (e.g., pw. linear) than the ap-
proximation of the solution uj, (e.g., pw. quadratic or higher)

Theoretical problem

But we require computational meshes that represent the curved
boundary with high accuracy to obtain optimal convergence

lu = unll = O(HPFY)
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Ish:h?

Even worse, in many practical simulations the geometry is only
given as surface triangulation &y, from which the volumetric tri-
angulation 7y, of the domain €2}, needs to be constructed
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Is h=h?

Even worse, in many practical simulations the geometry is only
given as surface triangulation &y, from which the volumetric tri-
angulation 7y, of the domain €2}, needs to be constructed

ofele
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Common problems with the FEM

@ How to accurately refine, coarsen and/or deform €2}, without a
parametric description of the true geometry Q7

® How to generate high-quality curved computational meshes
for high-order methods in complex geometries?

©® How to define normal vectors along element boundaries?

© How to construct finite element basis functions with C!
continuity (or higher) across element boundaries?
e Would lead to globally continuous derivative field

e Would solve many problems with Material Point Method
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Example

Poisson’s problem

Find u such that
—Au=f inQ={(x,y) eR?: x> +y> =1}
u=20 on [ =090
Discretised variational formulation

Find uj, € V, = {up € HY () : up = 0 on T} such that

/ Vwy - Vupdx =/ wpfdx for all w, € W), =V,
Qn Qy
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Example

The finite element solution with pw. linear boundary approxi-
mation and pw. quadratic basis functions looks like this




Example

The finite element solution with pw. linear boundary approxi-
mation and pw. quadratic basis functions looks like this
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The mission

Isogeometric Analysis

Computational analysis framework that ensures h = h ]

o Make use of a parametric description of the geometry (Q = Q)
throughout all computational steps (FE-analysis, refinement/
coarsening, shape deformation, multi-physics coupling, ...)

¢ Use the same mathematical tools (B-splines or NURBS or ...)
to represent the geometry €y, and the FE-solution wuy,
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Polynomial spaces

Polynomial space

The space of polynomials of degree p over the interval [a, b] is

MP([a, b]) := {q(x) € C*=([a, b]) : q(x) = Z cix', ci e R}

Example: M2([0,1])
e Canonical basis

B={1,x,x*}

¢ Polynomials
q(x) =co+ aax+ ox?

I3
TUDelft

40> «F>» « >

10 / 36




Spline space

Polynomial splines

Let P = {a = x1 < -+ < Xpy1 = b} be a partition of the
interval Qo and M = {1 < m; < p+1} a set of positive integers.
The polynomial spline of degree p is defined as s : Q¢ — R if

S|[X,',X,'+1] E I_Ip([XI7XI+1])7 I ES 1,...,k

& & i=2,...k

wsi—]_(xi) = ESI(XI‘)) .I = 0, e, Pp— My

Polynomial splines of degree p form the spline space S(Qo, p, M, P).
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Open knot vector

An open knot vector is a sequence of non-decreasing coordinates
& € [a, b] C R in the parameter space Qg = [a, b]

E:(é.l :"':§P+17"'7£f7"'agia"'agnJrl :"':£n+p+1)
—_—— —— & _
p+1 times m; times p+1 times
where

p is the polynomial order of the B-splines
n is the number of B-spline functions

& is the i-th knot with knot index i

m; is the multiplicity of knot &;
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B-spline basis functions

Cox-de Boor recursion formula

Ni,o(&) _ { 1 if £i S g < gi—l—l

0 otherwise

— S §F%p+1 _'5
Nio(€) = =2 ST N (€) 4 LTS
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B-spline basis functions

0.8 R

0.6 - a

0.4} .

0.2+ .

O,

0 0.5 1 1.5 2 2.5 3
Constant basis functions corresponding to = = {0,0,0, 1,2, 3,3, 3}
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B-spline basis functions

08| .
06/ .
0.4} .
0.2} .

O -
| |

0 0.5 1 1.5 2 2.5 3
Constant basis functions corresponding to = = {0,0,0, 1,2, 3,3, 3}

I3
TUDelft

40> «F>» «E» « E>»

14 / 36



B-spline basis functions

0.8

0.6

0.4

0.2

0

0 0.5 1 1.5 2 2.5 3
Linear basis functions corresponding to = = {0,0,0,1,2,3,3,3}
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B-spline basis functions
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B-spline basis functions
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B-spline basis functions
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B-spline basis functions
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B-spline basis functions

0.8

0.6

0.4

0.2

0

0 0.5 1 1.5 2 2.5 3
Quadratic basis functions corresponding to = = {0,0,0,1,2,3,3,3}
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B-spline basis functions
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Properties of B-spline basis functions

Compact support

supp NI'»P(g) = [gia£i+P+1)ﬂ I = 1) -e.,n

e System matrices are sparse like in the standard FEM

e Support grows with the polynomial order so that system matrices
have a slightly broader stencil due to the coupling of degrees of
freedom over multiple element layers
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Properties of B-spline basis functions

Compact support

supp Nip(&) = i, &ivpr1), =1,...,n

Strict positiveness

N,"p(f) >0 for f (S (fi,§i+p+1), | = 1, ...,n

o Consistent mass matrix has no negative off-diagonal entries

e Lumped mass matrix is not singular (no zero diagonal entries)
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Properties of B-spline basis functions

Compact support

supp Ni,p(g) = [£i7€i+P+1)’ 1= con, @

Strict positiveness

Ni,p(g) >0 for 5 € (§i7§i+P+1)$ I = 1: cee,n

Partition of unity

> Nip(§) =1 forall &€ [a,b]

i=1
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Parametric geometry description

n
C) = Z Ni p(£)B; set of control points B; e RY, d > 1
i=1
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Parametric geometry description

Spline surface

n m
set of control points
5(&, 77) = Z Z NI',P(E),VJ.:CI("])B/.J BIJ c Rd d>1

i=1 j=1

AR ““““
RO
COOCR 8
R
Nesilests 5
B!
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Marriage of geometry & analysis

Spline volume

i=1 j=1 k=1

n m /
VIED Q) =D D D Nip(©)Njq()Nir (OB k

Approximate solution

i=1 j=1 k=1

n m |
un(&m, ) =D D> Nip(E)N;q(m)Nir(C)ui ok
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Geometry & analysis in practice

Isogeometric Analysis

@ Construct parametric geometry Q(¢,7,():

o generate basis B = {Ni,pNj,qu,r};,}n;{I
« choose control points {B; j «}

and

@ Construct computational mesh Q,(¢,7,¢) and
computational basis 5, by shape preserving
o knot insertion (h-refinement);
o order elevation (p-refinement);
o regularity adjustment (k-refinement)
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Application: IgA for flow problems

Flow problems

o Convection-diffusion equation

V-(vu—dVu)=f

o Compressible Euler equations

p pv
Ot |pv| + V- |pv@Vv+ZIp| =0
E v(E +p)

Collaboration with A. Jaeschke from Technical University £6dz
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Application: IgA for flow problems

Convection skew to the mesh

AFC
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Application: IgA for flow problems

Convection skew to the mesh

AFC
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Application: IgA for flow problems

Convection skew to the mesh

o
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Application: IgA for flow problems

Statlonary |sentrop|c vortex

P Vx vy

» Animation: Rotation of isentropic vortex (p-values)

I3
TUDelft

«40r «4F»r «=)» «

22 /36



Application: IgA on evolving manifolds

Gray-Scott reaction-diffusion model

ue + u(ln /gr)e — diAu = F(1 — u) — uv?
vi + v(In\/gt)r — dbAv = —(F + H)v + uv?
s = Kvn

MSc-thesis by J. Hinz from Technical University Delft
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Application: IgA on evolving manifolds

Brain development

7

multi-patch geometry
periodic basis functions
CP~! continuity along
patch boundaries

CO continuity in the
vicinity of the triple points

I3
TUDelft

«40O0>» 4F>» «=» « E>»




Application: IgA on evolving manifolds

Brain development

multi-patch geometry
periodic basis functions
CP~1 continuity along
patch boundaries

CO continuity in the
vicinity of the triple points
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Application: IgA on evolving manifolds

Brain development

multi-patch geometry

periodic basis functions

CP~! continuity along
patch boundaries

CO continuity in the
vicinity of the triple points
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Collaboration with Deltares

Material Point Method

» Represent properties of continuum (velocity, stresses, etc.)
at material points and let particles move in time

e Solve equations of motion on fixed background grid

What people like about it
o Easy treatment of free-surface, multi-phase/-material problems
o Easy treatment of large deformations (no mesh tangling)

 Easy treatment of convection (no spurious wiggles)
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Collaboration with Deltares

Material Point Method

o Represent properties of continuum (velocity, stresses, etc.)
at material points and let particles move in time

» Solve equations of motion on fixed background grid

What people 'fear’ about it
o Occurrence of grid crossing errors/empty cells

e Poor convergence or even lack of convergence

Accurate data transfer between particles and dof’s in FEM

Singularity of lumped mass matrix in higher-order FEM
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The Material Point Method
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Building blocks of MPM

Update of particle properties from dof's

I3
TUDelft

40> «F>» «E» « E>»

27 / 36




IgA the better alternative to FEM?

M

o Lagrange-type basis functions ¢; are C® across element

boundaries so that the values of V¢; can have jumps

e Lumped mass matrix can become singular

—

o B-spline basis functions N; , are CP~1 across element

boundaries so that VN, , is CP~2 (continuous for p > 2)

e Lumped mass matrix is non-singular
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Vibrating bar

0%u  Ed%u
a2~ pox?
vo(x) Boundary conditions:
— —> —>—> u(0, ) = 0
u(L,t)=0
Initial conditions:
u(x,0)=0

%(X,O) vo sin <7er>

Vv

O A
~ 4
x
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Application: Vibrating bar

Stress in bar

= MPM Lagrange
= = = MPM B-spline
5
[V]3
5F
RS =
5 . . . .
0 5 10 15 20 25

Position [m]

MSc-project by R. Tielen (jointly supervised with L. Beuth)
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Soil column under self weight

0’u  Ed%u
i
Boundary conditions:
u(0,t) =0

ou
5;(H,t)—-0

Initial conditions:
u(y,0)=0
ou

5?(y,0)=:0
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Application: Oedometer

Velocity of particle 80

— MPM
= = = Exact

0 0.5 1 1.5 2 25
time [s]

MSc-project by R. Tielen (jointly supervised with L. Beuth)
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Application: Oedometer

Velocity of particle 80

05 1 1.5 2
time [s]

25

MSc-project by R. Tielen (jointly supervised with L. Beuth)
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Building blocks of your FEM code

Finite element loop

A= Z CeK.CJ o Element matrix K. and vector f.

€T o Connectivity matrix Ce
b= Z C.f. (local-global mapping)
ecTy

Numerical quadrature
e Quadrature weights w,

/ f(x)dx = chf(xc) e Quadrature points x.




Building blocks of your IgA code

Loop over elements in index domain

n—+p

A — Z CeKeCeT e Element matrix K. and vector f.
e=1 e Connectivity matrix Cg
Al (local-global mapping)

b= i
e=1
Numerical quadrature .

b N ¢ Quadrature weights w,
/ f(x)dx ~ chf(xc) » Quadrature points x.
a

c=1




Conclusions

e Isogeometric Analysis has several advantages over standard FEM

e parametric geometry representation
e no singular lumped mass matrices
e no grid crossing errors in MPM

e Conversion of FEM code into IgA is straightforward

o Established techniques to reconstruct parametric curves, surfaces,
and volumes from non-uniform sampling data
e multi-variate spline interpolation
o least-squares spline approximation
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List of IgA software packages

¢ G+SMO: http://wuw.gs. jku.at/gs_gismo.shtml

e igatools:
https://github.com/igatoolsProject/igatools/wiki

o PetlGA: https://bitbucket.org/dalcinl/petiga/

e GeoPDEs: http://rafavzqz.github.io/geopdes/

e igafem: https://sourceforge.net/projects/cmcodes/
e deal.ll: https://dealii.org

e LS-DYNA: http://www.lstc.com/products/ls-dyna
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