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Motivation

High-resolution schemes yield accurate results. But ...
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Objective: to design flux corrected FEM with failsafe feature
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Finite element approximation

oUu P PV
E—i—V-F(U):O, U=|pv]|, F=|pvev+pL
pE (PE +p)v

Weak formulation

/W[aU—i-V-F(U)} dx =0, VWew
0 | ot

1C.A.J. Fletcher, CMAME 1983, 37(2), pp. 225-244



Finite element approximation

ou P PV
EJrV FU) =0, U=|pv]|, F=|pveVv+pl
pE (pE +p)v

Weak formulation (using integration by parts)
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Finite element approximation

ou P PV
EJrV FU) =0, U=|pv]|, F=|pvev+pZ
pE (pE +p)v

Weak formulation (using integration by parts)

/W—dx—/VW~F(U)dx—/Wn~F(U)ds, YW e W
Q T

Group representation!  U;(t) = U(x;,t), F;(t) =F(U;(t))

U(x,t) ~ Zj e (x)U;(t),  FU)~Y  ¢j(x)F;(t)

1C.A.J. Fletcher, CMAME 1983, 37(2), pp. 225-244



Finite element approximation, cont'd

Semi-discrete high-order scheme
dU; )
Zj iy :Zj(cji —sy) F; Vi

mij:/cpicpj dx, cji:/chigoj dx, sij:/gaigajnds
Q Q r



Finite element approximation, cont'd

Semi-discrete high-order scheme
dU; )
Zj iy :Zj(cﬁ —sy) F; Vi

mij:/goicpj dx, cji:/chigoj dx, sl-j:/goigajnds
Q Q r

Semi-discrete low-order scheme
dU; .
M = > (cji—si) - Fs+ Y Dii(U; — Ui) Vi

j i

m; = Z]_ mi; = / p; dx, D;; artificial viscosity
Q



Finite element approximation, cont'd

Semi-discrete high-order scheme

dUu; .
Zj mijT; - Zj(cji —si;) Fj= R ve
mi; = / pip; dx, cji = / Vip; dx, Sij = / pip;nds
Q Q r

Semi-discrete low-order scheme
ac . pL .
J i

m; = Z]_ mi; = / p; dx, D;; artificial viscosity
Q



Finite element approximation, cont'd

Relation between high- and low-order schemes

dUu; dU;
r dt dt pry

Raw antidiffusive flux

dvu; dU;
Fij = my; < T dtj) + Di;(U; — Uj), Fji = —Fj;

Objective: linearize the raw antidiffusive fluxes and /limit them to

prevent the generation of nonphysical under-/overshoots



Linearized FCT algorithm?

Compute the low-order solution at "1 = t" + At

Ul —yn

A S ORIUN) +(1-0RI(UM),  0<0<]1

m;

2D. Kuzmin, JCP 2009, 228(7), pp. 2517-2534



Linearized FCT algorithm?

Compute the low-order solution at "1 = t" + At

Ul —yn

A S ORIUN) +(1-0RI(UM),  0<0<]1

m;

Approximate the time derivative

du; dv; . 1
AU g = Uzwz—

: ; RE(UT
M4 i i (0
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Linearized FCT algorithm?

Compute the low-order solution at "1 = t" + At

Ul —yn

A S ORIUN) +(1-0RI(UM),  0<0<]1

m;

Approximate the time derivative

av; dls _ p 1 poor
mG =R = Gie0l=REUY)

Linearize the raw antidiffusive fluxes

Ffy=my (U =U)+ Dy (U -U)),  Ffi=-Ff

2D. Kuzmin, JCP 2009, 228(7), pp. 2517-2534



Linearized FCT algorithm?

Compute the low-order solution at "1 = t" + At

vt -upr

A S ORIUN) + (- 0RI(UT),  0<0<1

m;

Approximate the time derivative

av; — p a1 Lpoon
mig SR = T U= U

Linearize the raw antidiffusive fluxes
FL=my(UF —UF) + Dy (UF - UF), Fl;=-F}
Apply the limited antidiffusive fluxes

mlU"H—mlUL—&—AtZ(y” ijo Ogaij:aﬁgl
J#i

2D. Kuzmin, JCP 2009, 228(7), pp. 2517-2534



Flux limiting for scalar equations

ntl _ L e L _ _ ¢L o
miur T =miuy + At E @i fis ji = —Jij Qij = Qi
Jj#i

Zalesak's limiter® yields «;;'s such that the nodal values of the corrected

solution are bounded by the local extrema of the low-order solution

n+l L At o fL
w =+ Z(k,‘,f“
J#i

amin| _ _ _ _ _ _ _ | _ _ _ _ T
u;

Ti—1 T Tit+1

3S. Zalesak, JCP 1979, 31(3), pp. 335-362



Flux limiting for systems*

Apply flux limiter to a set of control variables simultaneously

Nodal transformation P P v
1] 17 )

15 = TPFE \ 2R 2R |

[FCT] [FCT| [FCT]

N v

e mindaf. ol
i i= min{a;, o,

P _ TP L
z‘j*T'Fij

(3

? L
fi?' = 7;UFij "
ap;
Apply correction factors to the conservative antidiffusive fluxes

n+1 __ L L L __ L —
mLUl = miUi + Atz(“jl?ij7 Fji = _Fij7 Q5 = Qg
J#

4D. Kuzmin, M. M, J.N. Shadid, M. Shashkov, JCP 2010, 229(23), pp. 8766-8779
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Flux limiting for systems”, cont'd

Apply flux limiter to a set of control variables one after the other

Nodal transformation A - i
b=TORS v v v
P = TP(of FE) [FCT] [FCT] FCT
ij i \“Hijtig
Iy =T (oo FL) t p‘p *
Qyj = S OéijzUOé” =: Qjj

Apply correction factors to the conservative antidiffusive fluxes

1 L L L
Un+ =m;U; —|—AtZ(Y,J iss F;i=-F;, ;= ajj
J#i

4D. Kuzmin, M. M, J.N. Shadid, M. Shashkov, JCP 2010, 229(23), pp. 8766-8779



Failsafe flux correction algorithm*

Flux correction machinery may fail to produce physically correct solutions:

Ji: win <7 <y s violated for control variable

Remedy: enforce physically-motivated constraints by post-processing

miUiFCT = m,Uf + Atz OéijFilj
J#i
== miUiL = miUiFCT — Atzawﬂlj
J#i

4D. Kuzmin, M. M, J.N. Shadid, M. Shashkov, JCP 2010, 229(23), pp. 8766-8779



Failsafe flux correction algorithm*

Flux correction machinery may fail to produce physically correct solutions:

Ji: win <7 <y s violated for control variable

Remedy: enforce physically-motivated constraints by post-processing

mUF T = mU + ALY ay B
J#i
sz,(k) :szf‘CT*AtZSEf)OAUFZI;, k= 1,...,K
j#i

4D. Kuzmin, M. M, J.N. Shadid, M. Shashkov, JCP 2010, 229(23), pp. 8766-8779



Failsafe flux correction algorithm*

Flux correction machinery may fail to produce physically correct solutions:

Ji: win <7 <y s violated for control variable

Remedy: enforce physically-motivated constraints by post-processing

m,;UiFCT =mU}F + AtzaijFiﬁ
i
mi U = mUFCT — Aty 3 i F

R k=1
J#i

K

g eeey

: k/K  if failure is detected at 4, j
Example: 51,(]9) =0, @-(f) :{ / if failure i i j

51.(]’?*1) otherwise

4D. Kuzmin, M. M, J.N. Shadid, M. Shashkov, JCP 2010, 229(23), pp. 8766-8779



Double Mach reflection®

Test: Roe-linearization + FCT, structured grid, Q1 finite elements
T = 0.2, Crank Nicolson time stepping (6 = 0.5), At = 64h - 1074

—
IS
/I
8.0 ) 1.4
8.25 cos 30° ’ 0.0
UL=1 _§95sin30° //' Urn=1 00 Tout
116.5 / 1.0
7
)
I‘lwall

5P.R. Woodward, P. Colella, JCP 54, 115 (1984), pp. 115-173



Double Mach reflection
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Double Mach reflection
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Double Mach reflection
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Double Mach reflection
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Double Mach reflection
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Sod'’s shock tube problem

Test: Rusanov-type dissipation + FCT, «;;(p,p), 10n x n grid, Q1 FEs

lo —||th — u4h”1/10g2
llun — uznll1

Ry =

Nfine
20

density 40
80

- ‘ x-velocity 160

Nfine
20

pressure 40

80
Time: 0.231 160

Crank Nicolson time stepping

Low-order
Kp Kp
0.193 0.623
0.421 0.671
0.575 0.701
0.624 0.730

Backward Euler time stepping

FCT
Kp Kp
0.624 1.027
0.970 1.003
1.079 1.005
1.073  1.005
FCT
Kp Kp
0.671  0.982
0.980 0.950
0.977  0.947
0.981 0.945

Low-order
Kp B
0.190 0.619
0.416 0.669
0.575 0.701
0.624 0.730



Sod'’s shock tube problem
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% VA TAV4 VAV AVAY/ \VAVAVAVAVAVAVAVAVAVAVA AVAVAVAVAV VAVAVAVAVAVA VAVAVAVAVAVAY/
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VAY

N/

A‘V#VAVA‘ AVA VAV, \VAVAVA 7AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA VAVAVAVAVAVAVAVAVAVAVAVAVAVA !
V

VALY VAV AVAVAAVATAVATAAATA
4gAAAAAAﬂAVAAAAAAV
NAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY

KRR A‘ VAVAVAVAVAVAVAV OO0
"AVAVAVAVAVAVAVAVAVAVAVAVAVAVAV VAVIAVAVAVA.’A‘ VAVAVWﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂmﬂﬂﬂk‘k‘k‘k‘k‘k‘k‘k‘k‘

Coarse mesh with contour plot of density variable at time T' = 0.231

Crank Nicolson time stepping Backward Euler time stepping

FCT Low-order FCT Low-order

Ftrias Kp Kp Kp Kp Kp Kp Kp Kp
18,176 0.925 0.876 0.364 0.665 0.955 0.841 0.357 0.662
72,704 0.874 0.800 0.539 0.679 0.820 0.732 0.536 0.679
290,816 0.806 0.934 0.614 0.718 0.765 0.875 0.616 0.719
1,163,264 0.948 0.966 0.641 0.739 0.889 0.905 0.642 0.740

Linearized FCT algorithm yields accurate and non-oscillatory solutions using P;

and @ finite elements on structured and unstructured meshes, respectively.
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Constrained initialization

Test: discontinuous initial data with P; FEs on unstructured mesh

Q= (-0.5,05)2, Q= {(z,y) € Qr = /a2 +y2? <0.13}

Qin Q \ Qin
Vo 0.0 0.0
» 150 1.0

Pointwise initialization

Un(i, yi) := Uo(4, y:)

Density
1.50

is not conservative! R C_E 175 20

[max [eEnax [ pax [ (pE)pax

1.05309 4.35825 1.04799 4.17949



Constrained initialization, cont'd

u Conservative initialization by Lo projection

Up=> ¢;Uj /WhUhdx:/WhUodx YW, € Wi,
J Q Q

Consistent mass matrix Lumped mass matrix

Density
100125 150 175 200
[ i i

Zj mijUjC:fQ p;Updx miUiL ZngDiUodX




Constrained initialization, cont'd

Relation between consistent and lumped Ly projection
mlec = mlUZL + Z Fij, Fij = mU(Ufj — UJC)
J#i
Constrained Lo projection

val = m,UZL + ZaijFij
J#i

Apply failsafe flux correction
machinery to compute

0< Q5 = Qg <1 o 125 Die s L
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|dealized Z-pinch implosion model®

m Generalized Euler system coupled with scalar tracer equation

P pv 0
0| pv Ly | Y QvV+pL | f
ot | pE pEvV + pv f-v

PA PAV 0

= Equation of state

p=(y—1)p(E - 0.5|v[]?)

= Non-dimensional Lorentz force

f:(pA)(““)2 & <A<l

Imax Teff

v = 0.0, p = 1.0 everywhere

6J.W. Banks, J.N. Shadid, IJNMF 2009, 61(7), pp. 725-751



|dealized Z-pinch implosion

Time: 0.00

Low-order




|dealized Z-pinch implosion

Time: 0.20

Low-order




|dealized Z-pinch implosion

Time: 0.40
FCT

w)

Low-order




|dealized Z-pinch implosion

Time: 0.60

Low-order




|dealized Z-pinch implosion

Time: 0.80

Low-order




|dealized Z-pinch implosion

Time: 0.85

Low-order




|dealized Z-pinch implosion

Time: 0.90

&

Low-order



|dealized Z-pinch implosion

Time: 0.95

Low-order




|dealized Z-pinch implosion

Time: 0.95

Low-order
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0.2




Outline

Constrained initialization
Idealized Z-pinch implosion model
Ideal MHD equations



ldeal MHD equations

Idealized MHD equations

| 7 pv

0| pv | pveOV+PI-BoB | _

| B | TV veB-Bov |0
pE pEv+pv—(B-v)B

subjectto V-B =0

Divergence involution in 1D:  0,B, =0 = B, = const
Hyperbolic conservation laws for 7 variables: p, v, By, B,, pE
Roe matrix (for arbitrary ) by Cargo and Gallice’

FCT limiter is applied to control variables p, p, B, and B,

7P. Cargo, G. Gallice, JCP 1997, 136(2), pp.446-466



Shock tube problem

my=14, B, =0.75, tg,=0.1, 800 grid points

(ov. By Boop)T (1.0 ,0.0, 1.0,0.0,1.0)7 ifz <05

v, 2z D .
(0.125,0.0,—1.0,0.0,0.1)T ifz > 0.5

08 o (O

0.7 p

0. 0. B:l/

04 1 x

02 p . Uy
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Conclusions

Failsafe flux correction algorithm
ensures boundedness of physical quantities
preserves symmetry on unstructured grids
is applicable to ‘challenging’ applications

can be turned into a constrained Ly projection

Future research

extension to multidimensional MHD equations
treatment of the V - B = 0 involution

consider non-conforming FEs



Conclusions

Failsafe flux correction algorithm

ensures boundedness of physical quantities
preserves symmetry on unstructured grids
is applicable to ‘challenging’ applications

can be turned into a constrained Ly projection

Future research

extension to multidimensional MHD equations
treatment of the V - B = 0 involution

consider non-conforming FEs

Thank you for your attention!
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Zalesak's flux limiter®

Consider sums of positive/negative
antidiffusive fluxes into each node

Limit antidiffusive flux if it exceeds
the distance to upper/lower bounds

Compute nodal correction factors

Rj:min{l,Q;L/Pf} and R; =min{l,Q; /P }
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Zalesak's flux limiter®

Consider sums of positive/negative
antidiffusive fluxes into each node

Limit antidiffusive flux if it exceeds
the distance to upper/lower bounds

Compute nodal correction factors

Rj:min{l,Q;L/Pf} and R; =min{l,Q; /P }

Limit antidiffusive flux for edge ij by

o min{R;", RJ_} for positive fluxes
Qi = min{R;,R;f} for negative fluxes

5S. Zalesak, JCP 1979, 31(3), pp. 335-362



Extended version of Zalesak's FCT limiter

. .y . L .. . u U U
Input: auxiliary solution u™ and antidiffusive fluxes f}%, where f}; # f

Sums of positive/negative antidiffusive fluxes into node ¢
Pt = >z max{0, fi1}, P =3, min{0, fj}
Upper/lower bounds based on the local extrema of u”
QF = m;(ur™ — uk), Q; = my(u™™ —uk)
Correction factors o}, = af; to satisfy the FCT constraints
min{1,Q; /P"} if f4 >0

Oé?- = mln{Rl,Rz}, RZ =
? Y ! { min{1,Q; /P } if 4 <0




Node-based transformation of control variables

Conservative variables: density, momentum, total energy

Ui = [pi (pv)is (pE)i],  Fij = [ I (i } , Fju=-F;

Primitive variables V' = TU: density, velocity, pressure

) 2
‘/ti = [pi7vi7pi]7 Vv, = i Pi = (/7 - 1) |:(pE)2 - %]

zg = [ Z,fz‘;,ff]} = T(Ui)Fm, T(UJ)F]Z = Gji # *Gij
Raw antidiffusive fluxes for the velocity and pressure

gP

pi ij 2 Jij
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