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Quantum computer simulator
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Quantum computing in a nutshell

*  Qubit state: coherent superposition of standard basis states

W) = aol0) + a1|1),  ax €C

* Interpretation:
— |ag|? probability of measuring |0)
— | |? probability of measuring |1)
— Requirement: |ay|? + |a;|? = 1
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Quantum computing in a nutshell

* Qubit register: coherent superposition of product basis states

|Y) = a|00) + a1|01) + a,|10) + a3|11), a; € C

* Interpretation:
— |agy|? probability of measuring |00)
— |4 |? probability of measuring [01)

— Requirement: |ay|? + |a|? + |ay|? + |as]? = 1
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Quantum computing in a nutshell

Quantum gate: unitary operator acting on probability amplitudes

_ 11 1 71%7 _ ap+a ap—a
) = [y 4 lay] = 2100 + 250
Example:

=3[0 ][ =0 50 =1

R R [ EEURE
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Quantum computing in a nutshell

Bell state: entangled qubit states

CNOT(H|O>AI |O>B) =

1 0 0 0 1

1 1 _ O 1 0 O 1 0| _

cNOT(EmO)+0|01>+7§|10>+0|11))_ Do o1 TEH_
o o 1 ol Lo

1 1
TE'OO) + 0[01) + ﬁlll) + 0|10)
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CG algorithm O(Nsk) Exponential HHL algorithm

scalar output O(N+/k) PR O(k?logN /e)

week ending

PRL 103, 150502 (2009) PHYSICAL REVIEW LETTERS 9 OCTOBER 2009

S

Quantum Algorithm for Linear Systems of Equations

Aram W. Harrow,' Avinatan Hassidim,” and Seth Lloyd®

lDeparrmem of Mathematics, University of Bristol, Bristol, BS8 1TW, United Kingdom

Research Laboratory for Electronics, MIT, Cambridge, Massachusetts 02139, USA
meoatory for Electronics and Department of Mechanical Engineering, MIT, Cambridge, Massachusetts 02139, USA
2009)

NXN Hermitian s-sparse matrix A with low condition NS SST R TIRR—_——"
number k and O(s) access to entries from row index |iiiitesr

rather an approximation of the
expectation value of some operator associated with ¥, e.g., ¥ M¥ for some matrix M. In this case, when A
is sparse, N X N and has condition number «, the fastest known classical algorithms can find ¥ and
estimate ¥' M in time scaling roughly ~as N./k. Here, we exhibit a quantum algorithm for estimating
¥¥ M3 whose runtime is a polynomial of log(NV) and . Indeed, for small values of  [i.e., poly log(N)], we
prove (using some common complexity-theoretic assumptions) that any classical algorithm for this
problem generically requires exponentially more time than our quantum algorithm.

DOI: 10.1103/PhysRevLett.103.150502 PACS numbers: 03.67.Ac, 02.10.Ud, 89.70.Eg
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The math behind HHL
AT = \§

A Hermitian = __ 1
€r = _
Z by
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HHL algorithm

-

- Construct |b)

* Eigen decomposition
 Invert eigenvalues
* Fused-multiply-add

— ) v ) —
2?77 2?77
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From vectors to qubits

Bo [blla=1
b — gl . ) = ? B[00 + S [01)
f + 6> 10) + B [11)
|Tjll2 = 1
Vo, U1, U2, U3 — o) , |T1) , |U2) , |U3)
HLinearlty
A Hermitian

gi Z()éjfljj — ‘[;> — Zaj ‘77j>
J
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Eigenvalue decomposition

£ H H H . ” ( i .
Hamiltonian simulation Same eigenvectors:

%t :< Q_J}'%’Ej

Different eigenvalues:

\ )\j — eiAjt
H/_/
Velocity A
+ ..
= YoM
+ .. J

~ Z a; |Uj) “coupled”
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Last step

“Ancilla”

0)

Ancilla Rotation

Z%‘ 0) |U7)

CC:” ’f>
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Challenges in practice

| Vector implementation
. Hamﬂtonlan simulation

Proof-of-concept
implementation

- |Eigenvalue | |nverS|on cul
. II rotation implementation
\
/ ) AT ) —
. QPE 3 AR.
b) — @i lv); aj |U),— |




Eigenvalue inversion

« Three methods:

- -Q-u-a-n-t-um—a-l-ge*ﬁh*n—é@ae—et—a-l—ﬂ-@-’l—ﬂ-) Didn’t work
Siorm© S Inefficient
— | ) |-
. QPE — AR.
- by — oy |); a; |0),— = 1)
TUDelft
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Thapliyal division

(/0) — )
0) HZ— 10)
|11100)< [1) oS o) »/00001)
=128) | 1) FHEnE— o | =i
n=28=1101",;7_ 7 I — HZHEHEH — o)
d =03 = 00011 floy —SHEHER 1))
0 —EHEH 0)
= 100000) < 0) — £ |- 0) plo1001)
0} — | =19
§ \0) 10)
if 2"d < n : |00011) — V /— [00011)
100 =13) =13)
SUB,ADD1 10 -
else: o5 28=9-3+1 =
Y ||+ cADD
g ] 1. FLIP
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cADD — How difficult can it be?

Categor Draper Cuccaro Munoz-Coreas
gory Default Default Compact | Default No control No overflow

Number of gates’ %n(n —1) | 6n+1 On —8 Tm—4 Tn—=6 n—8

Circuit Depth n? 6n+14  2n+2 5n 5n — 2 5n —4

Number of ancillae | 0?) 1 1 1 0 0

Controlled Yes@ Yes No Yes No Yes

Overflow Yes®) Yes Yes Yes Yes No

Unequal register size | Yes No No No No No

Only basic gates No Yes Yes Yes Yes Yes

ctrl ctrl

bo S So

ap agp

by —p > P— S

ai S S ai

by —p S P— s2

az T— @ © az

bs —p 7 $— s3

as S SY v SV as

by —b 7 P— s
] as & & b b a
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From division to inversion

Division: ”/d Tak \ Integers!
ake: =
Inversion: 1/ <1l
Base 10: 1/7 “=7 10000007 = 10" /7
= (0.14285714 . .. = 142857.14 . ..
Binary: 1/7 = 2R 7
= (0.001001001 ... = 1001 Integers!

'I(';U Delft Cut-off at k-th decimal!
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Ancilla rotation

1)
Want: |0) —AR. 1 1) + |garbage)
A
6 =Tarcsin(1/x)
Have: |0) —&,(0)—sin(6)||1) + cos(0) |0) 1 m(;)
)
sin(§)
Taylor expansion: 0)
arcsin(x )—ZC—I—éJf —I—%xﬁ—l— 1?2x + 0 (27)
L T e (S
- QPE AR.
Tupeift L T AL ajlv),— = |x)
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Cao’s approximation

| arcsin(z) = x FW
B 11

Approximation:

0) —

[1/3)

‘

/%)

1
RyG)— ~ 3 1) + |garbage)

=10.1101) = ]0.1 + 0.01 + 0.0001)

R, (0.1)

R, (0.01)

R, (0.001)

R, (0.0001)

.
t

t

—p @

- ¢
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Higher-order approximations

arcsin(z)

 Reuse Cao’s circuit
* Two high-order methods:

- e hi - Too many
. then qubits!
irectly rotate ove
igher-power
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Direct higher-order rotation

: L 3,3 5, 5 7 9
ar081n(:c)=x+6x +4—Oa: +1—12x + O (2”)

GHHGETH — Fim vl

1) ——— 2 . — )

& ‘Ry(a +b) = Ry(a)Ry(b)

Ancilla rotation:

Remember:
input c =1.1
eg- 0.1101 = 0.1 4+ 0.01 + 0.0001 input x - 0.6875 — />
—a + b + ¢ input k - 4 = up to z*
Too much detail output sin(r) = B.755684
(CL +b+ C) = CL3 + b3 -+ C3 expectation sin(r) = ©.7550042148744679
test c* = B.75625000000800001
] +3a°b + 3a’c + 3b%c ||
TU Delft _I_ rel expectation error = 2.3460843648215567-87
co frel output error = 0.98164766330578523681
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HLL algorithm in action

(15 9 5 3] 1 (1]
119 15 3 -5/ - 1]1 I O
A=11s5 3 15 —9| =31 T T3z |u
-3 -5 —9 15| 1 |13
) v = ) —
QPE AR.
b)) — s lv); ajlv),— )




HLL algorithm in action

—1 k Trel 00 Trel 01 Trel, 10 Trel 11

I O 0 -1.00000 19.71925 31.69996 37.89948
=35 111 1 -1.00000 881706 14.01056 16.61592
2 -1.00000 7.61822 12.02890 14.23496

| 13 | 3 -1.00000 7.25028 11.43197 13.51838

4 -1.00000 7.11956 11.19926 13.23915

5 -1.00000 7.05842 11.09734 13.11680

6 -1.00000 7.02964 11.04942 13.05929

7 100000  7.01536 11.02557 13.03072
_1.00000  7.00796 11.01330 13.01505
@I “1.00000 700432 1100718 13.00860 ]

= up to 2% < 0.1% error!

Available online: https://github.com/Otmar/BEP_Quantum
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Conclusion and outlook

Practical implementation of HHL algorithm on QX simulator
Generic routines for eigenvalue inversion and ancilla rotation

Ongoing and future work

Generic vector implementation and Hamiltonian simulation
Analysis for non-perfect qubits and real quantum hardware
Integration into LibKet framework
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