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¢ Finite element and isogeometric analysis
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* Fast solution techniques for (non-)linear problems
¢ High-performance and quantum-accelerated computing

¢ Scientific machine learning
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Design-through-Analysis

Ideally, we want a quick interaction between design (left) and analysis (right).
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Ideally, we want a quick interaction between design (left) and analysis (right).
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Design-through-Analysis
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Ted Blacker, Sandia National Laboratories
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Design-through-Analysis

We are mainly interested in ‘designs’ that are created algorithmically based on
user-definable design parameters (e.g., wrap angle) and mathematical expressions.
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Syllabus: Design-through-Analysis

IGA fundamentals Analysis-suitable parametrizations
® |ntroduction to B-splines ® PDE-based parametrization techniques
* Geometry modelling and PDE analysis Gradient-based design optimization
® Assembly of system matrices ¢ Gradient-based design optimization
* Multi-patch coupling * Algorithmic differentiation and
® Adaptive spline technologies computational aspects
e Efficient solution techniques ® Selected applications
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IGA fundamentals: Geometry modelling and PDE analysis with B-splines

i1
TUDelft 6/ 69



Finite element analysis with B-spline basis functions

As in parametric finite elements, we transform integrals over the physical domain € into
integrals over the (entire!) parametric domain € by means of the integration rule

/ dx—/w ) |det J(€)| de

with the Jacobian matrix given by
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Finite element analysis with B-spline basis functions

As in parametric finite elements, we transform integrals over the physical domain 2 into
integrals over the (entire!) parametric domain € by means of the integration rule

/ dx_/w ) |det J(€)| de

with the Jacobian matrix given by

Example

) 9x(§, S
62 _ a:((aﬁf n) _ z:: de_gng(g)Bjn(U)

whereby the derivative of the univariate B-spline basis function is given by

d P

i Bin(t) = Bip1(t) = ————Bip1p1(1)

Livp — Ui Litp+1 — tit1
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Finite element analysis with B-spline basis functions, cont'd

Making further use of the chain rule of differentiation

Vxu(x) = Veu(€) - J (€)™

we obtain the following expression for, e.g.

k(w,u) = H/vaw - Vxudx = H/ (Vew(€) - J(&)7") - (Veu(€) - J(&)71) |det J(&)] d€

Q
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Finite element analysis with B-spline basis functions, cont'd

Making further use of the chain rule of differentiation
Viu(x) = Veu(€) - (€)™

we obtain the following expression for, e.g.

Kw,u) = | Faw: Veuds = x [ (Vewl(©)- J€)) - (Veu©)- J()™") et J(©)] d
Similar expression can be derived for a(w,u), (w,u) and [(w) in the same way as it is done
in classical finite element analysis. The main difference consists in the fact that {2 = [0, 1]?

denotes the entire parametric domain and not a single reference element 7I'. This requires
some extra effort in the assembly of matrices/vectors via numerical integration.
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Finite element analysis with B-spline basis functions, cont'd

Making further use of the chain rule of differentiation
Viu(x) = Veu(€) - (€)™

we obtain the following expression for, e.g.

Kw,u) = | Faw: Veuds = x [ (Vewl(©)- J€)) - (Veu©)- J()™") et J(©)] d
Similar expression can be derived for a(w,u), (w,u) and [(w) in the same way as it is done
in classical finite element analysis. The main difference consists in the fact that {2 = [0, 1]?

denotes the entire parametric domain and not a single reference element 7I'. This requires
some extra effort in the assembly of matrices/vectors via numerical integration.

From now on we will refer to the above approach as isogeometric analysis (IGA).

T.J.R. Hughes, J.A. Cottrell, and Y. Bazilevs. Isogeometric analysis: CAD, finite elements, NURBS,
exact geometry and mesh refinement. CMAME, 194(39):4135-4195, 2005.
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Matrix assembly for standard C°-FEA
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Matrix assembly for standard C°-FEA
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Matrix assembly for IGA

1
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Matrix assembly for IGA
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Matrix assembly for IGA
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Additional notes
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IGA fundamentals: Refinement and adaptive splines
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Refinement techniques in IGA

Like in classical FEA, the B-spline space Vj,
can be refined with respect to A and p:

J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Towards Integration of CAD and FEA.
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Refinement techniques in IGA

Like in classical FEA, the B-spline space V},,,

can be refined with respect to A and p: , ooy . Eeensiy
¢ Knot insertion (‘h-refinement’)
o 0 Y() 1
. .
o I (U 1
Original one element mesh Refined two element mesh
. ‘

J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Towards Integration of CAD and FEA.
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Refinement techniques in IGA

Like in classical FEA, the B-spline space V},,,

can be refined with respect to h and p: o =moaou | z-wesoniin
* Knot insertion (‘h-refinement’) " v
* Order elevation (‘p-refinement’)
0 0
Original curve and control points ' Refined curve and control points
0.4] 0.4]
0.2] 02|
0 1 0 0 1
Original one element mesh Refined one element mesh
0.8] 0.8]
0.4] 0.4]
0 1 0 1
Original basis functions New basis functions

J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Towards Integration of CAD and FEA.
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Refinement techniques in IGA

Like in classical FEA, the B-spline space V},,,
Can be refined With respect to h and p: £=1{0,0,0,1,2,3,4,4,5,5,5} £=1{0.0,0,.5,1,1.5,2,25,

3,35,4,4,45,5,5,5}

¢ Knot insertion (‘h-refinement’)

* Order elevation (‘p-refinement’)

Original curve and control points Refined curve and control points
In both cases, the represented object (geome-
try and solution) is preserved exactly.
Original five element mesh Refined ten element mesh
1 1
0(.’0.0 1 2 3 44 555 0',)0,0 05 1 15 2 25 3 35 44 45555
Original basis functions New basis functions

J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Towards Integration of CAD and FEA.
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Refinement techniques in IGA

Like in classical FEA, the B-spline space V},,,
can be refined with respect to h and p: 200012344555 2000120

3,3,4,4,4,5,5,5,5}

¢ Knot insertion (‘h-refinement’)
* Order elevation (‘p-refinement’)

Original curve and control points Refined curve and control points

In both cases, the represented object (geome-

try and solution) is preserved exactly. ? ?

Ong inal five element mesh Refined five element mesh

o
000 1 2 3 44 555 nnnn 11 22 33 444 5555

Original basis functions New basis functions

J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Towards Integration of CAD and FEA.
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Refinement techniques in IGA

Like in classical FEA, the B-spline space V},,,
can be refined with respect to A and p:

¢ Knot insertion (‘h-refinement’)

* Order elevation (‘p-refinement’)

In both cases, the represented object (geome-
try and solution) is preserved exactly.

5= 40.0.0,1, 1.1}, p=2

* k-refinement is a unique IGA feature to
achieve higher order and higher
continuity at the same time

evaton Knot inserton
4+ 13
'

z=q0.0,0, 5 L L L) 2 =000, 5 2000y, pm2

(b) ()

J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Towards Integration of CAD and FEA.
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Adaptive spline technologies

* Powell-Sabin splines [Powell, Sabin 1977, Speleers et al. 2012]

¢ H(ierarchical) B-splines [Forsey, Bartels 1988, Kraft 1997, Vuong et al. 2011]

® T-splines [Sederberg et al. 2003, U.S. patent in 2007 to T-Splines, Inc., now Autodesk]
¢ Polynomial splines over hierarchical T-meshes [Deng, Chen 2007, Wang et al. 2011]

¢ U(nstructured)-splines [Thomas et al. 2008, Coreform LLC]

¢ T(runcated) H(ierarchical) B-splines [Gianelli et al. 2012]

¢ L(ocally) R(efinable) splines [Dokken et al. 2013]
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A gentle introduction to THB splines

o Let VO V... c VN1 be a sequence of N nested
spline spaces defined on the domain Q.

* Let B¢ denote the B-spline basis associated to the space V*
with g&f eBli=1,.. .,le being its basis functions.

o Let Q0 C Q! C ... C QN1 be a sequence of nested
domains as depicted on the right.

Gianelli et al. THB-splines: The truncated basis for hierarchical splines, CAGD 29:485-498, 2012.
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A gentle introduction to THB splines

o Let VO V... c VN1 be a sequence of N nested
spline spaces defined on the domain Q.

* Let B¢ denote the B-spline basis associated to the space V*
with g&f eBli=1,... ,le being its basis functions.

o Let Q0 C Q! C ... C QN1 be a sequence of nested
domains as depicted on the right.

Hierarchical B-spline basis 7{ := #N 1

HO =B
. {@f cHt - supp Sﬁf g Qe+1} U {@f“ c B . supp @f“ c Qz+1}

with supp f = {x : f(x) #0Ax € Q°}.

Gianelli et al. THB-splines: The truncated basis for hierarchical splines, CAGD 29:485-498, 2012.
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A gentle introduction to THB splines, cont'd

B-splines of level 0

/

!
|, /_\ _/'_“'\. ’ /_\ N /F\ Va TN /_\ P f\ SN AN
N Y A2
_-’(.. A XA A A - X AA AN

\ \ .' NSNS NS N/ \ /' NSNS NS N
: .S S N

B-splines of level 1

Illustrations taken from https://gismo.github.io/thbSplineBasis_example.html
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https://gismo.github.io/thbSplineBasis_example.html

A gentle introduction to THB splines, cont'd

XK

Active B-splines of level 0

VAV EAVYVAVAVYAVYAVYE
N v \\ ! r AV AY4 N

SRR AR A A AN

A SN SN "J AN /" "\ FoN SN AN AN
S XXX XN N

Active B-splines of level 1

Illustrations taken from https://gismo.github.io/thbSplineBasis_example.html
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https://gismo.github.io/thbSplineBasis_example.html

A gentle introduction to THB splines, cont'd

XN OOK

Active B-splines of level 0

NSNS NN NN NN
VAR . . VAR, 7N

FoYX O S
SoA A AN A ACA N

/O INSNSNSS NSNS NS NN
VAR .. N ... NP . N

Active B-splines of level 1

2 NSNS TN TN TN

',‘r' & v }f

HB-splines (lack the partition-of-unity property)

Illustrations taken from https://gismo.github.io/thbSplineBasis_example.html
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https://gismo.github.io/thbSplineBasis_example.html

A gentle introduction to THB splines, cont'd

XK

Active B-splines of level 0

NSNS NSNS NS N
N/ v Y \ / N / N

s \ f 'y
/ / R AN & .-”r-._ ,}\. r\ /}\ Y
SYVAVAVAVAVAVAVANIRN

VAR S . ... NP . N

Active B-splines of level 1

N TN SN TN TN TN SN TN
\ AN \ / \ \ \

_z"<" A AN ANA A

XXX XXX

THB-splines (exhibit the partition-of-unity property)

Illustrations taken from https://gismo.github.io/thbSplineBasis_example.html
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https://gismo.github.io/thbSplineBasis_example.html

A gentle introduction to THB splines

Truncated Hierarchical B-spline basis 7 := 7V~ 1
7% :=B°
T = {trunc e reT Asupp 7 & QEH} U {(ﬁf“ e B supp gp“’l QKH}
with the truncation operator defined as follows:

Let 7 € V¥ and its representation in terms of the finer basis B*! be given by

NE+1
S Z Ce+1 A£+1 c§+1(7') €R, ¢§+1 c B+l
Then
Nt
truncttlr .= Z c?“(ﬂcﬁﬁ“, c§+1(7') € R, cﬁgﬂ € B!
Jj=1
supp ¢Z+1ZQ“1

Gianelli et al. THB-splines: The truncated basis for hierarchical splines, CAGD 29:485-498, 2012.
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IGA fundamentals: Efficient solution techniques
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State of the art in IGA solvers

Direct solvers h-multigrid techniques
® Performance study [Collier et al. 2012]  Full multigrid [Hofreither 2016]
® Refined IGA [Garcia et al. 2018] ® THB-splines [Hofreither et al. 2017]

® Symbol-based [Donatelli 2017]

filceandisenhey ol ® Boundary correction [Hofreither et al. 2017]

® Schwarz methods [da Veiga et al. 2012 & 2013]

® Subspace corrected smoother [Takacs et al. 2017]
® Sylvester equation [Sangalli & Tani 2016]

Multiplicative Schwarz smoother [de la Riva 2018]
* Nonsymmetric systems [Tani 2017]

® BPX [Cho & Véasquez 2018]

* Fast diagonalization [Montardini et al. 2019]
® Space-time IGA [Hofer et al. 2019]

® Schwarz methods [Cho 2020]

e Directional splitting [Calo et al. 2021] Transient problems

® Biharmonic equation [Sogn et al. 2019]
Immersed IGA [de Prenter et al. 2020]
Bilaplacian equation [de la Riva et al. 2020]
¢ (Non-)conforming multipatch [Takacs 2020]

® Kronecker product [Loli et al. 2021]  Parallel splitting solvers [Puzyrev et al. 2019]

o : ® Space-time solvers [Langer et al. 2016]
p-multigrid techniques

® (Block-)ILUT smoother [Tielen et al. 2018, 2020]
® Multiplicative Schwarz smoother [de la Riva 2020]

® Space-time solvers [Loli et al. 2020]
® Space-time least-squares [Montardini et al. 2020]
® MGRIT-IGA [Tielen et al. 2021]
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Condition number

SEM-NI IGA-C° IGA-CP~1
logjg h
h=1
0 + / /»
-1+ - (i)d/hw(hp),d/z
K|~ ~p
~ erd
f
1 P
logyg h 1ogio 1 h=1/p
10 0 L h = (/2412 0 L
1 / L ~ (%)d/hp—d/Zh—d/2—14dp
o p-d/24d)
K(K) | ~ h=2p3 p AT
~ h2p?
f f
1 P 1 h=e W2 P

From: P. Gervasio, L. Ded¢, O. Chanon, and A. Quarteroni, DOI: 10.1007 /s10915-020-01204-1
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https://doi.org/10.1007/s10915-020-01204-1

Sparsity pattern: 2d single patch, p =1

IGA-C?

ref, =0 ref, =1

IGA-CP~1
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Sparsity pattern: 2d single patch, p = 2

............ e,
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e Ty ey
SEREEREEEE A
..... s ] '::.'-..5';5,!40”

refy, = refy, = 2

T4

&

< ............

Qo
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Sparsity pattern: 2d multi-patch IGA-C?~ 1, ref), = 3

4

Bl . \\

""""""""""

F4 Qh,p nz = 4263

Four-patch geometry with C° coupling of conforming degrees of freedom.
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Sparsity pattern: 2d multi-patch IGA-C?~ 1, ref), = 3

o - 0 - 0 -
50 i: 50 :_ 50 E}
B EN
\t . -_% 100 '§
" \ - \ \._ 150 \ =
) _E 150 \ E 200 \ E
= \ :; 200 \ :: 250 \ é
- \ Yy \ BN \ BR
- H H
\ . \ 3 B
E \ B 400 \ :
.............. . b e, B . o :
300 S N\ NN " UL Y 0 N l“,\!\!\:‘;.;l\l‘lun-- Y
o 50 100 150 200 250 300 400 o 50 100 150 200 250 300 350 400 o 100 200 300 400
nz=4263 nz=11223 nz = 22575

Four-patch geometry with C° coupling of conforming degrees of freedom.

i1
TUDelft 21 / 69



Sketch of our solution strategy

e Coarsening in p reduces the stencil but not so much the number of unknowns
* p-multigrid with direct projection V}, , \, Vi1
® note that spaces are not nested (Vi , A Vip-1 2 ...)
® ILUT smoother at single-patch level

"Jgé“’i _ h=1/p
T ~ (5) )02
p=3 p=2 p= et
i ;
’ o T, | v
. ", - "
: T s \NN\—"""
@ | TN I
° : i,
| R
T NNNNNT NNNNLL Y |
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Sketch of our solution strategy

e Coarsening in p reduces the stencil but not so much the number of unknowns
* p-multigrid with direct projection V;, , \, Vi1
® note that spaces are not nested (Vi , A Vip-1 2 ...)
® ILUT smoother at single-patch level

® For p =1, IGA-C” reduces to FEA with Lagrange finite elements
® h-multigrid with established smoothers and coarse-grid solvers

ref;, = refp, =0

0
0
0
0
0
0
0
0
0

o 2 4 6 8 10 12 o 1 2 3 4 5 6 7
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Sketch of our solution strategy

® Coarsening in p reduces the stencil but not so much the number of unknowns
® p-multigrid with direct projection V;, , \, V;, 1
® note that spaces are not nested (Vi , 2 Vip-1 2 ...)
® ILUT smoother at single-patch level

® For p =1, IGA-C? reduces to FEA with Lagrange finite elements
® h-multigrid with established smoothers and coarse-grid solvers

® Exploit the block structure of multi-patch topologies by using a block-ILUT smoother

0

0 0

| 2
500 500 i 500
| #
1000} vg v 1000 1 1000 .
1500 1500 1500 4 E:
F
2000 2000 2000 . ]
T
2500 2500 | 2500 - FER
| a
3000 3000 | 3000 . @ v]
3500 1500 ; 3500 e .
e PN
a000f 4000 4000 -
. #
as00p 4500 4500 et
0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000
nz = 252296 nz = 282255 nz = 445255
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Sketch of our solution strategy

® Coarsening in p reduces the stencil but not so much the number of unknowns
® p-multigrid with direct projection V;, , \, V}, 1
® note that spaces are not nested (Vi , A Vip-1 2 ...)
® ILUT smoother at single-patch level

® For p =1, IGA-C? reduces to FEA with Lagrange finite elements
® h-multigrid with established smoothers and coarse-grid solvers

® Exploit the block structure of multi-patch topologies by using a block-ILUT smoother

robust with respect to h, p, N, and ‘the PDE’

® computational efficient throughout all problem sizes

applicable to locally refined THB-splines

® good spatial solver for transient problems (Part Il)
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The complete multigrid cycle

IGA-CP—1 p-multigrid

IGA-C0 h-multigrid

A (Block-)ILUT @ Gauss-Seidel W direct solve
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The complete multigrid algorithm — the outer p-multigrid part

1. Starting from u,(lof) apply v; pre-smoothing steps:

u;fz’)m) = ug?;,m_l) + Sh,p (fh’p — Ahyp ug?;)m—n) , m=0,1,...,11
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The complete multigrid algorithm — the outer p-multigrid part

1. Starting from u,(lof) apply v; pre-smoothing steps:

0,m 0,m—1 0,m—1
ug’p ) = ug,p ) + Shp (fh,p — Ah’p ug’p )) , m=0,1,...,11
2. Restrict the residual onto V), 1:
A1 0,v S |
rhal = Ih,p (fh'zp - Ahap u](l,p 1)> ’ Ih,p T Mh,l Mh7p71

with Mh’pJ = {((pi,zﬁj)}i’j, where ¢; € Vh’p and ¢j € Vh71

L7
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The complete multigrid algorithm — the outer p-multigrid part
1. Starting from u,(l?éo) apply v; pre-smoothing steps:

“g?})m) = ug?;am_l) + Shp (fh,p — Anp ug?;)m_l)) , m=0,1,.

.
2. Restrict the residual onto V), 1:

J— h71 (O?Vl) h71 Pp— -1
rh71 - Ih,p (fh'zp - Ahap uh,p ) ’ Ih,p T Mh,l Mh’pzl

with Mh’pJ = {((pi,iﬁj)}i’j, where ¢; € Vh’p and ¢j € Vh,l
3. Solve the residual equation with an h-multigrid method:

Apient = th1

L7
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The complete multigrid algorithm — the outer p-multigrid part

1. Starting from u(o 0) apply v; pre-smoothing steps:
0 0,m—1 0,m—1
UEL = ug,pm '+ Sh.p (fh,p — Anp uz(lpm )) ;o o m=0,1,...,1

2. Restrict the residual onto V), 1:
1 = L (fap— Anpuiy), Ty o= My  Miya
with My, 1 = {(¢i,%})}ij, where ¢; € V3, and ¥ € Vi
3. Solve the residual equation with an h-multigrid method:
Apient = th1
4. Project the error onto V}, , and update the solution:

u = )+ D (enn), = My, Mo,

7
TUDelft 24 / 69



The complete multigrid algorithm — the outer p-multigrid part

1. Starting from u(o 0) apply v; pre-smoothing steps:

= 4 S (i gl ) =01

2. Restrict the residual onto V), 1:
h,1 0,v Rl . ar—1
rh71 = Ih,p (fth - Ahpul(lp 1)) ) Ih,p T Mh,l Mh’pzl

with Mh’pJ = {((pi,iﬁj)}i,j, where ¢; € Vhyp and ¢j € Vh,l
3. Solve the residual equation with an h-multigrid method:

Apient = th1

4. Project the error onto V}, , and update the solution:

u = )+ D (enn), = My, Mo,

5. Apply v post-smoothing steps as in 1. to obtain ugl’;?) = ug(’]l’:'ﬁ”?) and repeat steps

1.=5. until || rékl))H < tol|| rl(l?l))ﬂ for some tolerance parameter tol.
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The complete multigrid algorithm — the outer p-multigrid part

1. Starting from u(o 0) apply v; pre-smoothing steps:

= 4 S (i gl ) =01

2. Restrict the residual onto V), 1:

h,1 0,11 h]_ .
=L, (fh,p — Ahpu,(w )), Ly = Mthhpl mass lumping

with Mh’pJ = {((pi,iﬁj)}i’j, where ¢; € Vhyp and ¢j € Vh,l
3. Solve the residual equation with an h-multigrid method:

Apient = th1

4. Project the error onto V}, , and update the solution:

;Lopyl) = (O ) 4 Ih (en1), IZ”{ = M,:; Mp1, mass lumping (B-splines!)

5. Apply v post-smoothing steps as in 1. to obtain ugl’;?) = ug(’]l’:'ﬁ”?) and repeat steps

1.=5. until || rékl))H < tol|| rl(l?l))ﬂ for some tolerance parameter tol.
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The complete multigrid algorithm — the outer p-multigrid part

1. Starting from u(o 0) apply v; pre-smoothing steps:

= 4 S (i gl ) =01

2. Restrict the residual onto V), 1:

_ thi (0,1) Rl oap—1 .
Th1 = Ih,p (fh,p - Ahpuhp ) , Ih7p = Mh’1 Mp p1 mass lumping

with Mh’pJ = {((pi,iﬁj)}i,j, where ¢; € Vhyp and ¢j € Vh,l
3. Solve the residual equation with an A-multigrid method:
Apient = th1
4. Project the error onto V}, , and update the solution:

u(UyVl) . (0 v1) + Ihvp(

hp . A1 : .
hp = en1), Ly7:= M, Mp1, masslumping (B-splines!)

5. Apply v post-smoothing steps as in 1. to obtain ugl’;)o) = u&’)"ﬁm and repeat steps

1.=5. until || rékl))H < tol|| rl(l?l))ﬂ for some tolerance parameter tol.
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The complete multigrid algorithm — the inner h-multigrid part

3.1. Starting from ugfio) apply vy pre-smoothing steps:

k keym—1 keym—1
ugzlm) : ul(z,lm )y Sh.1 (fhl - Ah1u( . )), m=0,1,...,11
3.2. Restrict the residual onto Vyy, 1:
Iop1 = I,thl’l (fh,l — A ugfiyl)) , Izh linear interpolation

3.3. Solve the residual equation by applying h-multigrid recursively or the coarse-grid solver:

Agp1ean1 = Top

3.4. Project the error onto V}, 1 and update the solution:

(k1) (k ) hio 1 (2h1\T
wer = w T (eana), L = (Ih,l )
3.5. Apply 2 post-smoothing steps as in 3.1. to obtain ugk;rl 0= gklyﬁyﬂ and repeat

steps 3.1.-3.5. according to the h-multigrid cycle (V- or W-cycle).
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Multigrid components

h-multigrid p-multigrid
restriction operator ihll linear interpolation IZ”I’ = M,;; Mp 1,
prolongation operator 12h 1= % (I% 1) Ih’; = M,:ﬁ Mp p1
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Multigrid components

h-multigrid p-multigrid
restriction operator ihll linear interpolation IZ”{ = M,;;) Mp1,p
prolongation operator 12h 1= % (12h 1) IZ’; = M,ﬁ Mp p1

incomplete LU factorization of Ay, , =~ Ly, Uy, whereby
smoothing operator all elements smaller than 1073 are dropped and the
amount of non-zero entries per row are kept constant

Y. Saad, ILUT: A dual threshold incomplete LU factorization, DOI: 10.1002/nla.1680010405

7
TUDelft 26 / 69


https://doi.org/10.1002/nla.1680010405

Multigrid components

h-multigrid p-multigrid
restriction operator ihll linear interpolation IZ”{ = M,;; Mp1,p
prolongation operator 12h 1= % (12h 1) IZ’; = M,ﬁ Mp p1

incomplete LU factorization of Ay, , = Ly, Uy, whereby
smoothing operator all elements smaller than 1073 are dropped and the
amount of non-zero entries per row are kept constant

Ay, , operator rediscretization

Y. Saad, ILUT: A dual threshold incomplete LU factorization, DOI: 10.1002/nla.1680010405
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Spectrum of the iteration matrix: Poisson on quarter annulus, p = 2

ILUT Gauss-Seidel

1 ‘ : : 1 :
| | . /

Q (%]
s 8 e
Kok M
2 o . 2 o ﬁ»—%}a@w
© % #
c c
E E

- | - \
- : : : -1

-1 -0.5 0 0.5 1 -1
Real axis Real axis

[

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Spectrum of the iteration matrix: Poisson on quarter annulus, p = 3

ILUT Gauss-Seidel
1 : 1 . ;
05 +f q 0.5
) (%)
] 3
> >
g O * g 0 -
= c
g &
E E
05t ] -0.5 -
-1 : : : -1 :
-1 -0.5 0 0.5 1 -1 -0.5
Real axis Real axis

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Spectrum of the iteration matrix: Poisson on quarter annulus, p = 4

ILUT Gauss-Seidel
1 : 1 . ;
0.5 1 0.5
R R
i i %::’; *; M o
E 0 * a 0 e a%ﬂk *
£ = e
(@] (@]
5] 5]
E E
05t ] -0.5 -
-1 : : : -1 :
-1 -0.5 0 0.5 1 -1 -0.5
Real axis Real axis

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Numerical examples

#1: Poisson’s equation on a quarter annulus domain with radii 1 and 2

p=2 p=3 p=4 p=5
ILUT GS |ILUT GS|ILUT GS | ILUT GS
h=201] 4 30 3 62 3 176 | 3 491
h=2"71] 4 29 3 61 3 172 3 499
h=28%] 5 30 3 60 3 163 3 473
h=2"9] 5 32 3 61 3 163| 3 452

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Numerical examples

1.2 —-0.7

#2: CDR equation with D = (_0'4 0.9

>, v =(0.4,-0.2)", and r = 0.3 on the unit

square domain

p=2 p=3 p=4 p=>
ILUT GS | ILUT GS | ILUT GS |ILUT GS
h=2F%] 5 — 3 — 3 — 4 —
h=2""7] 5 - 3 - 4 - 4 —
h=2"8 5 — 3 — 3 — 4 —
h=2"9] 5 - 4 — 3 — 4 —

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Computational efficiency: p- vs. h-multigrid

300 |-

200

CPU time in seconds

—_
o
(=)

R_é R_é R._é R._é
p=2 p=3 p=4 p=5

[ assembly N smoother(setup) Il solve
Comparison with h-multigrid method with subspace corrected mass smoother [Takacs, 2017]
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Computational efficiency: p- vs. h-multigrid

300 |- 2,000
1] w
2 2
S g 1,500
9 200 | 3
£ £
[0} [0}
£ £ 1,000
= =
z z
& 100 [- 5
500
0 [ Ew E @ Ew 0 = @ [} [} [}
o > o > o > o > o = o = o = o =
= O = O = O = O = O = O = O = O
T wn T (%] T (%] T %] 1 v 1 v 1 v 1 v
P P e P h P ) ) ) )
L £ L £ L £ L £ & £ & £ & £ & £
p=2 p=3 p=4 p=5 p=2 p=3 p=4 p=5

[ assembly N smoother(setup) Il solve [ assembly I smoother(setup) Il 100 solves

Comparison with h-multigrid method with subspace corrected mass smoother [Takacs, 2017]
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Computational efficiency: {h, p}-multigrid + {ILUT,SCMS}-smoother

SINDS-Buw-y
1N7I-8w-y
SNDS-Bw-d
1n7-8w-d

SINDS-Bw-y
178wy
SWDS-Bw-d
1n71-8w-d

SNDS-Bw-y
1n7-8w-y
SNDS-3w-d
1n7-8w-d

SINDS-Bw-y
1N71-8w-y
SWDS-Bw-d
1n7-8w-d

2,500 -
2,000 -
1,500 |-
1,000 +

Spuodas ul awi NddD

500 |-

SNDS-3w-y
178wy
SNDS-Bw-d
1n71-8w-d

SNDS-Bw-y
1n7-8w-y
SNDS-3w-d
1n7-8w-d

SINDS-Bw-y
1N71-8w-y
SWDS-Bw-d
1n7-8w-d

SINDS-Buw-y
1N7I-8w-y
SWDS-Bw-d
1n7-8w-d

| |
o o
o (=}
[a\] —

SpU0dds Ul Wil NdD

300

p=5

p=4

3
[ assembly I smoother(setup) Il solve

p

[ assembly I smoother(setup) Il 100 solves




Numerical examples: THB splines

#3: Poisson’s equation on the unit square domain

p=2 p=3 p=4 p=>
‘ ILUT GS ‘ ILUT GS ‘ ILUT GS ‘ ILUT GS
274 6 17 8 47 7 177 | 10 1033
275 6 16 7 44 8 182 | 7 923
2761 6 17 5 43 6 201 | 12 1009

==
I

500

1000

1500
2000

2500

3000

0 1000 2000 3000
nz = 267064

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Block ILUT

Exact LU decomposition of the block matrix A

A Arq Ly Uy o]
An,nN, Arn, B Ly, Uy, Cn, |
Air -+ Anor Arr By -+ By, 1 S
with
Np
_ _ 1 -1 _

Ay = Ly Uy, By=Ag U, ", Ce= L, Ary, S=Arr—>» B/Cy

=1

i1
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Block ILUT

Approximate LU decomposition of the block matrix A

Ay Arq Ly Uy Cy
ANpr AFNp - I:"Np fJNP C,{Vp ’
Air -+ Anyr Arr By -+ By, 1 S
with
Np
_ _ 1 . B

Ay = Ly Uy, By= AU, ", Ce= L, Ary, S= Arr — Z B, Cy

=

Let us replace Ly and Uy by their (local) ILUT factorizations (compute in parallel!)
NP
Ay~ Ly Uy, By= AU, ", Ce= L, Ary, S=Arr—> B/Cy
=1

I.C.L. Nievinski et al. Parallel implementation of a two-level algebraic ILU(k)-based domain
decomposition preconditioner, TEMA (S&o Carlos) 19(1), Jan-Apr 2018
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Numerical examples: Block-ILUT vs. global ILUT

#1: Poisson’s equation on the quarter annulus domain with radii 1 and 2

p= p=3 p=4 p=>5
# patches # patches # patches # patches
4 16 64 4 16 64 4 16 64 4 16 64
h=27°13(5) 4(7) 4(9) |3(5) 3(7) 4(11) | 2(4) 2(6) 4(—) | 2(4) 2(6) —(-)
h=27613(5) 3(5) 4(7)|3(5) 3(7) 4(10) | 3(6) 2(7) 3(11) | 3(5) 3(7) 3(10)
h=2"T13(5) 3(5 3(5) |3(5) 3(6) 3(8) |3(5) 2(6) 3(10) | —(5) 6(7) 3(11)

Numbers in parentheses correspond to global ILUT

R. Tielen et al. A block ILUT smoother for multipatch geometries in Isogeometric Analysis, To appear
in: Springer INAAM Series, Springer, 2021
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Numerical examples: Block-ILUT vs. global ILUT

1.2 —-0.7

#2: CDR equation with D = (_0'4 0.9

), v =(0.4,-0.2)", and r = 0.3 on the unit

square domain

p=2 p=3 p=4 p=>
# patches 7+ patches 7+ patches # patches
4 16 64 4 16 64 4 16 64 4 16 64
h=27°14(6) 4(8) 7(11)]3(6) 3(9) 5(15) | 2(6) 3(8) 5(15) | 2(5) 2(7) 4(14)
h=276|4(6) 4(7) 5(8) |3(6) 3(8) 4(10) | 3(7) 3(9) 4(13) | 3(7) 3(8) 3(13)
h=2"T14(6) 4(6) 4(7) | 3(6) 3(7) 3(8) |2(7) 3(7) 3(10) | 4(6) 3(8) 3(12)

Numbers in parentheses correspond to global ILUT

R. Tielen et al. A block ILUT smoother for multipatch geometries in Isogeometric Analysis, To appear
in: Springer INAAM Series, Springer, 2021
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Numerical examples: Block-ILUT vs. global ILUT

#4: Poisson's equation on the Yeti footprint

p=2 p=3 p=4 p=5
‘ block global | block global | block global | block global
h=23] 4 5 2 4 2 4 2 4
h=2"%] 4 8 3 5 3 5 2 4
h=27° 4 8 3 6 3 5 3 5)

R. Tielen et al. A block ILUT smoother for multipatch geometries in Isogeometric Analysis, To appear
in: Springer INAAM Series, Springer, 2021
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Part Il: Multigrid reduction in time (MGRIT)
Atc = mAtr

Ty Ty
AR T N N TR N
I B S R |
v

Solution

Time

Time

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16"

Copper Mountain Conference on Multigrid Methods 2013



Sketch of the MGRIT algorithm

Heat-Eq: Find uz’;l € Vi such that

[Mpp + Atp Kppl up bt = My i, + fa

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16"
Copper Mountain Conference on Multigrid Methods 2013
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Sketch of the MGRIT algorithm

Heat-Eq: Find u}f;l € Vi such that

[Mpp + Atp Kppl up bt = My i, + fa

Writing out the above two-level scheme for all time levels yields

- - - 0 - - -
Inp Upp Whpthp
1
_\I’h,p Mh,p Ih,p Unp Qh,p fh,p
AhpUhp = _ _ .| =Atr
N,
I “UhpMpp  Tnpl L] LW hp fhpd

with
Upp = [Mpy + Atp Kpp) ™!

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16"
Copper Mountain Conference on Multigrid Methods 2013
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Sketch of the MGRIT algorithm, cont'd

Reordering of Ay, into (F)ine and (C)oarse time levels yields

[ Arpp AFC]

. Ir 0| |Aprp O Ip A;—%AFG
Acr Acc

_lACFA;; ICH 0 S||o Io

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16"
Copper Mountain Conference on Multigrid Methods 2013
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Sketch of the MGRIT algorithm, cont'd
Reordering of Ay, into (F)ine and (C)oarse time levels yields

[AFF AFC]

. Ir 0| |Aprp O Ip A;—%AFG
Acr Acc

- lACFA;; IC] l 0 S||o Io
with block-diagonal fine-level system matrix

Thp
“VhpMap  Inp

Arr = IN,/m,N,jm ®

_\I’h,p Mh,p Ih,p

mXxm blocks

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16"
Copper Mountain Conference on Multigrid Methods 2013
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Sketch of the MGRIT algorithm, cont'd
Reordering of Ay, into (F)ine and (C)oarse time levels yields

[AFF AFC]

. Ir 0| |Aprp O Ip A;—‘};AFC
Acr Acc

- lACFA;; IC] l 0 S||o Io
with block-diagonal fine-level system matrix

Thp
“VhpMap  Inp

Arr = IN,/m,N,jm ®

_\I’h,p Mh,p Ih,p

mXxm blocks

and the Schur complement S = Acc — Acr A;}w Apc

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16"
Copper Mountain Conference on Multigrid Methods 2013
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Sketch of the MGRIT algorithm, cont'd

Approximate the Schur complement

I I
_ _(‘I’h,th,p)m I - _(I)h,th,p I

—(UppMp )™ 1 Py, My, 1

with coarse integrator
—1
Ppp = [Mpyp + Atc Kpyp]

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16"
Copper Mountain Conference on Multigrid Methods 2013
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The MGRIT-IGA V-cycle

[ =0 --&----------mmmmmooooo o At

l= ---\'-0- ----------------- [ -- Atm
=2 ----- \" ———————————— / Atm?
=3 -------- x‘ ------ /\- ------- Atm
l=4 ----------- x'l/\- ---------- Atm?*

® relaxation M exact solve '\ restriction /' interpolation
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MGRIT-IGA implementation

G+Smo: Geometry plus Simulation Modules
® open-source cross-platform IGA library written in C4+-+ dz

¢ dimension-independent code development using templates

¢ building on Eigen C++ library for linear algebra

XBraid: Parallel Multigrid in Time
® open-source implementation of the optimal-scaling %@ & E"a
multigrid solver in MPI/C with C++ interface) o wnome e RIS

¢ extendable by overloading callback functions

Try it yourself
https://github.com/gismo/gismo/tree/xbraid/extensions/gsXBraid
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https://github.com/XBraid/xbraid

Numerical examples: Strong scaling of MGRIT-IGA

#5: Heat-Eq with h = 276 spatial resolution solved for N; = 10.000 time steps with
backward Euler method on 128 Xeon Gold 6130 CPUs (2.10GHz, 96GB, 16 cores)

I 64 cores
D 128 cores
D 256 cores
D 512 cores
— ©

2 2 D 1024 cores

D 2048 cores

104

T T TTTT]
4
R

991
598
] 398
415

] 214

103

102 =
10! l
10° ‘

2

p:

I sequential

CPU times

0
[ T157
83
Lol ciml

p=3 p=4 p=5

R. Tielen et al. 2021, arXiv:2107.05337
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Numerical examples: Speed-up of MGRIT-IGA

#5: Heat-Eq with h = 279 spatial resolution solved for N; = 10.000 time steps with
backward Euler method on 128 Xeon Gold 6130 CPUs (2.10GHz, 96GB, 16 cores)

e p=2

647 ] p =3
p=4
32* — p=>5
——  |deal
o 16 |
7
% 8l .
Q
o
(%] 47 B
2, |
1, |

! ! ! ! ! !
64 128 256 512 1024 2048
cores

R. Tielen et al. 2021, arXiv:2107.05337
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Numerical examples: Weak scaling of MGRIT-IGA

#5: Heat-Eq with h = 275 spatial resolution solved for N; = cores/64 - 1.000 time steps
with backward Euler method on 128 Xeon Gold 6130 CPUs (2.10GHz, 96GB, 16 cores)

I 64 cores

104 E E| D 128 cores

= E D 256 cores

L ] I 512 cores

103 = = D1024 cores

$ F B I2048 cores
IS = ]
= - i
) 2 .
a 107¢ E
(@) = m
10t £ -

10°

R. Tielen et al. 2021, arXiv:2107.05337
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Do we really need p-multigrid or would a standard solver be good enough?
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Do we really need p-multigrid or would a standard solver be good enough?
No!

CG solver on 3 x 1 cores p-mg-ILUT on 3 x 1 cores

1 1 1 1 1 | 1 1 1 1
Ip=20p=3lp=4alp=5| . Ip=20p=30p=4llp=5 |
10* ¢ E EE I 3
i 2 KR : i |
g 10° - R B - ERR U
§ F ~ 3 3 ] F "s g§§ﬁ ]
2 2L - S | i i R |
EL) 10 E E 102§ L E
10" ¢ ERRUIN :

10° 100 T
Nt =250 N¢{ =500 Nt = 1000 Ny = 2000 N; =250 Ny =500 Ny = 1000 N¢ = 2000
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Do we really need p-multigrid or would a standard solver be good enough?
No!

CG solver on 3 x 2 cores p-mg-ILUT on 3 x 2 cores

= 1 1 1 1 1 - L | 1 1 1 |
lp=20p=30p=4lp=5 ] lp=20p=30p=4lp=5 i
10* | 2 - 10t E
- ~ ~ B - :
i A S i ]

g 107 o 2 3 S Ui .

g . - § 1 E o wu8§ ]

+ L ] I gy 23~ ]

: © —

6 102 E ~ E 102 g 5
10% ¢ ERR U= <
100 100

Nt =250 N¢ =500 Nt = 1000 N¢ = 2000 N; =250 Ny =500 Ny = 1000 N¢ = 2000

4 n
TUDelft 46 / 69



Further reading on IGA solvers

R. Tielen, M. Moller, D. Géddeke and C. Vuik: p-multigrid methods and their comparison to
h-multigrid methods within Isogeometric Analysis, CMAME 372 (2020)

R. Tielen, M. Méller and C. Vuik: A block ILUT smoother for multipatch geometries in Isogeometric
Analysis, In: Springer INAAM Series, Springer, 2021

R. Tielen, M. Moller and C. Vuik: Multigrid Reduced in Time for Isogeometric Analysis, Submitted
to: Proceedings of the Young Investigators Conference 2021.

R. Tielen, M. Moller and C. Vuik: Combining p-multigrid and multigrid reduced in time methods to
obtain a scalable solver for Isogeometric Analysis, arXiv:2107.05337

R. Tielen: p-multigrid methods for isogeometric analysis, doctoral thesis, TU Delft, to be defended
in Oct. 2021
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Analysis-suitable parametrizations: PDE-based parametrization techniques
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Notation

Jacobian of the push-forward mapping

J = Te Ty
Ye Y

Metric tensor of the push-forward mapping

G=gTy[*e X X X)) _ (911 912
Xp - Xg Xn- Xy 921 922

i1
TUDelft 49 / 69



Problem formulation

Let O = [0,1]2 and x(&,7) = (x(&, 1), y(& )T, x: @ — Q C R2. Furthermore, let a

homeomorphic boundary correspondence x| = I' with [:= 0 and I' := 99 be given.

The aim is to extend the mapping into the interior such that it is bijective and (optionally)
satisfies additional ‘grid" quality criteria (e.g. local orthogonality of grid lines).

7
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Solution strategy
Let us represent the geometry mapping in terms of a given! B-spline basis B p
thp(gan) = Z X]@](S?ﬁ) + Z X]@](§777)7 Xj € ]R27 92)] € Bh,p
Jj€TB JjeJr

Here, Jp and Jr are index sets that identify the basis functions that vanish and do not
vanish at the boundary, respectively. Formally, 75N J; =0 and JgNJr = {1,2,..., Np}.

1\We will see that the ‘right’ basis is constructed step by step via adaptive local refinement

7
TUDelft 51 / 69



Solution strategy
Let us represent the geometry mapping in terms of a given! B-spline basis B p
thp(gan) = Z X]@](g’n) + Z X]@](§777)’ Xj € ]R27 @J € Bh,p
Jj€TB JjeJr

Here, Jp and Jr are index sets that identify the basis functions that vanish and do not
vanish at the boundary, respectively. Formally, 75N J; =0 and JgNJr = {1,2,..., Np}.

In a first step, we will determine the position of the boundary control points x;, j € Ip
such that xy, (&, 7 \F =I" (homeomorphic boundary correspondence).

1\We will see that the ‘right’ basis is constructed step by step via adaptive local refinement
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Solution strategy
Let us represent the geometry mapping in terms of a given! B-spline basis B p
Xup(€n) = D x25(Em + Y x@i(6&m), % ER® §j € Bup
Jj€TB JET:

Here, Jp and Jr are index sets that identify the basis functions that vanish and do not
vanish at the boundary, respectively. Formally, 75N J; =0 and JgNJr = {1,2,..., Np}.

In a first step, we will determine the position of the boundary control points x;, j € Ip
such that xy, (&, 7 \F =I" (homeomorphic boundary correspondence).

In a second step, we will extend the geometry mapping into the interior, that is, we will
determine the position of the inner control points x;, j € Z; such that the resulting
mapping is bijective and (optionally) satisfies additional ‘grid" quality criteria.

1\We will see that the ‘right’ basis is constructed step by step via adaptive local refinement
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Step 1: constructing B-spline boundary curves from analytic contours

Let the boundaries of ) and €2 be subdivided into four segments S = {n,s,w, e}

Uﬁo‘:f‘ and Ufa:F

aES a€eS

with corresponding homeomorphic boundary transformations
f* .5 5T ac€S
Furthermore, let
=¢ = (6068 ] and Z5 = [808, o Reip

be uniform open knot vectors for the north/south and east/west boundary curves,
respectively, and V,Ol‘p the corresponding one-dimensional B-spline spaces.

7
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Step 1: constructing B-spline boundary curves from analytic contours

For each @ € S we individually do the following:

° Lg(f‘a)—project f onto V,‘;"p with the two corner points constrained to the values of
£¢(0) and £%(1) to obtain the initial B-spline curve fj
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Step 1: constructing B-spline boundary curves from analytic contours

For each @ € S we individually do the following:

° Lg(f‘o‘)—project f onto Vﬁ"p with the two corner points constrained to the values of
£¢(0) and £%(1) to obtain the initial B-spline curve fj

¢ define the element-wise average residual function as error indicator

(o7 1 Q (67
B0 = 3 o [ I8, — )1 ar

exEY'

where e;. denotes a one-dimensional element on r (defined by the unique values of the
knot vector) and |eg| its length in the parametric domain.
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Step 1: constructing B-spline boundary curves from analytic contours

For each @ € S we individually do the following:

° Lg(f‘a)—project f onto Vﬁ"p with the two corner points constrained to the values of
£(0) and £%(1) to obtain the initial B-spline curve fi

¢ define the element-wise average residual function as error indicator

(o7 1 Q (67
B0 = 3 o [ I8, — )1 ar

exEY'

where e;. denotes a one-dimensional element on r (defined by the unique values of the
knot vector) and |eg| its length in the parametric domain.

e Elements for which the above error indicator is too large are refined by adding an
additional knot in the center. The projection and refinement steps are then repeated
until all elements are sufficiently accurate or a maximum refinement level is reached.
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Step 1: constructing B-spline boundary curves from point clouds
In many engineering applications, boundaries are given as ordered sets of points, i.e.
P®={p{,p3,...Pia}, Q€S
For each of the four boundary segments, let us recursively define
=10+ pi — pi—1ll, 1=2,3,...,M“
starting at [{ = 0. From that we compute the arc-length parametrized sequence

o, lla - (0%
(= i=12...M
Ma

Furthermore, let

(t.1) fa=n
. o t,0) ifa=

XB = {XJ L J e jB}v m (t) = EO t% :fg :zV

(L) fa=c
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Step 1: constructing B-spline boundary curves from point clouds

The aim is to select x; € Xp such that xp p(m*(t)) ~ p§* at the parametric values.

We perform a least-squares regression (possibly with stabilization) to minimize
2 2
R X5) = 3 (3 bonatom 020 =g [ 001" )
aES S

where v > 0 is a parameter and J; denotes the directional derivative in tangential direction.

The mismatch
i = [np (m(£)) — B¢
is used as error indicator. If ¥ > tol we insert an additional knot €)', 1at the center of the
2

knot span [§f*, £ 4] C Ef that contains the parameter value .
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Step 1: result
ﬂ3
L1 1 1 1111111

A A

crerer Tl
ﬂ]
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Step 1: result
ﬂ3
L1 1 1 1111111

A A

crerer Tl
ﬂ]
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Overview of methods to compute inner control points (step 2)

¢ Algebraic methods
® QOptimization based methods

® convex/non-convex cost function
® unconstrained/constrained optimization

e PDE based methods

® parabolic, hyperbolic, and elliptic schemes
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Overview of methods to compute inner control points (step 2)

¢ Algebraic methods
® QOptimization based methods

® convex/non-convex cost function
® unconstrained/constrained optimization

e PDE based methods

® parabolic, hyperbolic, and elliptic schemes
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Algebraic methods

Idea: generate a mapping by evaluating a closed-form expression

Coon'’s patch approach

x(&mn) = (1=8x(0,7
0

There is no guarantee that the resulting mapping is bijective, that is, free of foldings.
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Optimization based methods

Idea: generate a mapping by solving the minimization problem

/QalQl(x)—i—agQg(x)—k...d§—>mip st. x[p=T

xe

where aj > 0 and the cost functions Qx(x) are as follows:

length: Q(x) = [[xe[|* + [|x,*
uniformity: Q(x) = ||X££||2 + 2||X;§n||2 + ||X7777||2
Liao: Q(x) = g2 + 20% + 92
area: Q(x) = det J?
(area) orthogonality: Q(x) = g11922 or Q(x) = 9%2

. 2 . 2
eccentricity: Q(x) = <X§ X€€> n (Xn qu)
g1 922

Again, there is no guarantee that the resulting mapping is bijective.
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Optimization methods, cont'd

Penalization: a possible remedy to mitigate grid folding is to impose an infinite barrier
close to the boundary of the feasibility region, e.g.

Winslow: Q(x) = 91(11:%
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Optimization methods, cont'd

Penalization: a possible remedy to mitigate grid folding is to impose an infinite barrier
close to the boundary of the feasibility region, e.g.

Winslow: Q(x) = 91(116—1-%

Constrained optimization: another approach is to augment the optimization problem with
constraints that ensure that the resulting mapping is bijective (non-trivial!).
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Optimization methods, cont'd

Penalization: a possible remedy to mitigate grid folding is to impose an infinite barrier
close to the boundary of the feasibility region, e.g.

Winslow: Q(x) = 91(11;-%

Constrained optimization: another approach is to augment the optimization problem with

constraints that ensure that the resulting mapping is bijective (non-trivial!).

[Hinz et al. 2020]: in the context of IGA det J is a piecewise-polynomial function of higher
polynomial degree that can be projected onto a spline basis that contains it.

A sufficient condition for det J > 0 is that all coefficients of the basis expansion are positive
(as B-spline basis functions are strictly positive on their support).

However, we need an initial guess that already satisfies the constraint.
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Elliptic grid generation (EGG)

Instead of starting from the push-forward mapping x : Q) — Q C R? let us consider the
inverse mapping x ' = £ : Q — () and impose the Laplace problem

Aé=0 inQ st £p=T
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Elliptic grid generation (EGG)

Instead of starting from the push-forward mapping x : Q) — Q C R? let us consider the
inverse mapping x ' = £ : Q — () and impose the Laplace problem

Aé=0 inQ st £p=T

Assumlng that 2 C R? is an open, simply connected domain that is topologlcally equivalent
to 2 = [0,1]2 and a homeomorphic boundary correspondence Elr = I is given one can
show (Chap. 9, Castillo: Mathematical Aspects of Numerical Grid Generation, SIAM 1991)
that the exact solution is bijective. This only holds for planar parametrizations and only if
the target domain is convex (that's why we start with the pull-back mapping).
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Elliptic grid generation (EGG)

Instead of starting from the push-forward mapping x : Q) — Q C R? let us consider the
inverse mapping x ' = £ : Q — () and impose the Laplace problem

Aé=0 inQ st £p=T

Assumlng that 2 C R? is an open, simply connected domain that is topologlcally equivalent
to O = [0,1]? and a homeomorphic boundary correspondence Elr = [is given one can
show (Chap. 9, Castillo: Mathematical Aspects of Numerical Grid Generation, SIAM 1991)
that the exact solution is bijective. This only holds for planar parametrizations and only if
the target domain is convex (that's why we start with the pull-back mapping).

Let is invert the above problem and scale it to obtain a nonlinear elliptic problem

L(x) = 922X¢e — 2919Xen + GuiXey _ 0 inQ st r
g11 + 922 + €

Since g11 > 0 and g2 > 0 the denominator is strictly positive for some parameter € > 0.
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Elliptic grid generation (EGG), cont'd
Variational problem find x € V2 := {w € H2(Q) x H2() : w

p = I'} such that
/U-E(x) dE=0 VoeWi
Q

The discretized version is obtained by letting Vﬁ,p,{F,O} := [span Bh,p]2 +b.c = ano} for a
B-spline basis By, that is at least C'! and seeking xp p € Vl21,p,F such that

/Qo-h’p “L(xpp) A€ =0 Vonp € Vﬁ,p,O

This is a nonlinear problem for the inner control points x;, j € Jr as the boundary control
points x;, j € Jp are fixed through the Dirichlet boundary condition xpp|p = I'hp.

We solve this root-finding problem with a Newton-type algorithm combined with a multigrid
solver to speed up convergence. Details can be found in the doctoral thesis by Jochen Hinz.
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Examples
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Parametrization of the U.S. state of Indiana with 2338 bicubic THB-spline basis functions.




Examples

T

Parametrization of North-Rhine Westphalia with 2676 bicubic THB-spline basis functions.
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Examples

Three-patch parametrization of the fluid passage of the twin-screw rotary compressor with
tensor-product bicubic+linear B-splines with special treatment for CY multi-patch coupling.
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Design optimization of a cooling element

Design parameters

Fu sin(my)

A:(wkaykark)7 k:1727374

Governing equation

—kAuMN(x) + 1073uM (x) = Aexp (—%) in Q*
—Reooling + Frsin(ry) on I'}
K Opu(x) = cooling L
( ) { _hcooling on I'* \ F%,
with
: i A
_ - "k ~ T
hcoollng kzz:l 20”X _ Xk”2 (u (X) )

All details can be found in: J. Hinz et al. The role of PDE-based parameterization techniques in
gradient-based IGA shape optimization applications. CMAME 378, 113685, 2021.
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Design optimization of a cooling element, cont'd

The aim is to minimize the ‘idealized manufacturing costs' of the cooling element such that
the heat source temperature T (u*, 2*) does not exceed the upper bound Tp.x = 80.

Optimization problem

1
J(ur, QN X) = / 1dS + Z 007 myin st Tnax — T > 0
(928 A€A

where A is the space of all ‘admissible’ designs (30 additional inequalities), i.e. the active
coolers do not overlap and the genus of Q* does not change (no topology change).

Solution strategy

EGG ¢ IGA ¢ luat compute dJ |POPT
AE=2 0 ud o S J(ud Qh ,Q ) comeute, s A
;P P h,p dOL

All details can be found in: J. Hinz et al. The role of PDE-based parameterization techniques in
gradient-based IGA shape optimization applications. CMAME 378, 113685, 2021.
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Design optimization of a cooling element, cont'd

TC(

1.0 4
65

0.8 -
60
0.6 - 55
0.4 - 50
% 45

0.2 1
40

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Temperature field uﬁop of the initial guess of the cooling element, Jﬁ‘op = 10.66
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Design optimization of a cooling element, cont'd

T(Z

1.0
70
0.8 65
0.6 - 60
55

0.4 -
50
S=== 40

0.00 025 050 075 1.00 125 150 1.75 2.00

Temperature field of uffp the cooling element after ¢ = 4 iterations
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Design optimization of a cooling element, cont'd

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

0.00

7 iterations

Temperature field ufp of the cooling element after ¢




Design optimization of a cooling element, cont'd

1.0 ===

0.8 1

0.6 1

0.4 -

0.2 1

T

e +— ==
T -

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Temperature field uf‘:g of the cooling element after £ = 10 iterations
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Design optimization of a cooling element, cont'd

1.0 ==
0.8 - 65
0.6 - 60
55
0.4 A
50
0.2' % 45
EE==ma 40

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

. 13 . . .
Temperature field uf‘lp of the cooling element after ¢/ = 13 iterations
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Design optimization of a cooling element, cont'd

1.0 -
70
0.8 65
0.6 jzzzz 60
55

0.4 1
50
0.2 = 45
=== 40

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Temperature field uf‘llf) of the cooling element after ¢ = 15 iterations, Jﬁ‘ls =6.29
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Further reading on IGA parametrization techniques ahs design optimization

J. Hinz: PDE-based parameterization techniques for isogeometric analysis applications, doctoral
thesis, TU Delft, 2020

J. Hinz, A. Jaeschke, M. Méller and C. Vuik: The role of PDE-based parametrization techniques in
gradient-based IGA shape optimization, CMAME 378:113685, 2021

A. Shamanskiy, M. Gfrerer, J. Hinz and B. Simeon: [sogeometric parametrization inspired by large
elastic deformation, CMAME 363:112920, 2020

J. Hinz, J. Helmig, M. Moéller and S. Elgeti: Boundary-conforming finite element methods for
twin-screw extruders using spline-based parametrization techniques, CMAME 361:112740, 2020

J. Hinz, M. Méller and C. Vuik: An IGA framework for PDE-based planar parametrization on convex
multipatch domains, In: Proceedings of IGAA 2018

J. Hinz, M. Moéller and C. Vuik: Spline-based parameterization techniques for twin-screw machine
geometries, In: |OP Conf. Series: Material Science and Engineering 425(1):012030, 2018

M. Moller and J. Hinz: Isogeometric analysis framework for the numerical simulation of rotary screw
machines, In: 10P Conf. Series: Material Science and Engineering 425(1):012032, 2018

J. Hinz, M. Moller and C. Vuik: Elliptic grid generation techniques in the framework of isogeometric
analysis applications, CAGD 65, 2018
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