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Generalized Euler system coupled with scalar tracer equation
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Non-dimensional Lorentz force
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Mesh adaptation for transient flows

Conclusions and Outlook



Numerical troubles

Convection in 1D | A

ou ou __
54-11%—0, v >0

u(z,0) = up(x), Vze (0,1) ol /\

u(0,t) =0, Yt >0 oif
finite difference approximation /

v \vg
backbard Euler time stepping D T T e SR o

Qualitative properties: nonnegativity, no creation of new extrema

Underresolved approximations: spurious wiggles, numerical diffusion
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Design criteria |

Model problem M = Cu, M =diag{m;}, C = {c;}

Local extremum diminishing scheme,  Jameson '93

mids = Y ci(u; —ug),  mi>0, >0, Vi, Vj#i
>

Maximum/minimum values cannot increase/decrease
Proof: maximum wu; at node ¢ implies u; > u;, Vj#1

cijluy —w) <0, Vji#i = <

General form m; d(ﬁi = cijluy —u;) +uy Z Cij
J

J#i
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Design criteria |l

Positivity-preserving scheme
If A is a monotone matrix (i.e. A=t > 0) and B > 0 then

Autl =By, u">0 = o'l =A"1By">0

Sufficient conditions for regular matrix A to be monotone

A has positive diagonal coefficients ai; >0, Vi
A has no positive off-diagonal entries ai; <0, Vj#i
A is strictly diagonally dominant Zj ai; >0, Vi

n+1l__ n

Two-level §-scheme M Y“—4 = Cu" ! + (1 — §)Cu™

Constraints on A = M — 0AtC and B = M + (1 — §)AtC
(0 < 6 < 1) yield computable bounds on the time step At.

J
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Galerkin finite element scheme

Continuity equation Jow |2+ V- (vu)] dx=0, Vw

Group formulation uR Y ujp;, vu R Y (Viug)e;
j J

Galerkin FEM Mcd% = Ku, Mc={m}, K ={k;}

mi; = fQ PiPj dx, kij = —C;j ' Vj, Cij = fﬂ @ngOj dx
Lumped mass high-order scheme ML‘é—;‘ = Ku
mi%zzku(u ul)"i'ulzkwv mi:zmij
JFi J

For P1/Q1 FEs m; > 0, Vi but k;; < 0 for some j #4. 4LED



Discrete upwind scheme

Low-order scheme ML‘é—? = Lu, L=K+D

mz dt Z lz]( uz) ol U; Z kij, l” Z 0, VJ 7é 7
J#i J
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Discrete upwind scheme

Low-order scheme ML% = Lu, L=K+D

miSE =3 Ly —ug) +wi > kij, L >0, Vji#Ed
=) 7

Properties of discrete diffusion operators D = {d;;}

di; = dji, Ydij=>dij=0 = duy=->d;
J i J#

Choice of artificial diffusion coefficients
dij = maX{_kija 0, _k'ji} kii = ki — dij ]{‘,} —+ d/i,j >0
dij = max{|ki;, [kjil} ki 4+ dij >0 kjjo= ki — di



Discrete upwind scheme

Low-order scheme ML% = Lu, L=K+D

mid;ti = 3 lgllng = i) == s )l lij >0, Vj#i
=) 7

m Properties of discrete diffusion operators D = {d;;}

di; = dji, Ydij=>dij=0 = duy=->d;
J i J#

m Choice of artificial diffusion coefficients
dij = max{—kij, 07 —k‘ji} k‘” = ]4}” — dij kij + dij Z 0
di; = max{|ki; |, |k;il} kji+dig 20 kjj = kjj —dij

Linear monotone methods are at most first order accurate!
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low-order approximation (a;; = 0) to be used near steep fronts



Algebraic flux correction

Residual difference f=(Mp—Mc)% — Du
Flux decomposition fz = Z fij7 fji = _fij
J#i
Antidiffusive fluxes fij = [mij% + dij] (u; — uy)
Enforcing positivity constraints fij =a;fij, 0< a4 <1
high-order approximation (a;; = 1) to be used in smooth regions

low-order approximation (a;; = 0) to be used near steep fronts

High-resolution scheme ML% =Lu+ f(u), fi=Y fij
i
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Roadmap of nonlinear FEM-FCT schemes

Nonlinear algebraic system for the two-level §-scheme, 0 <6 <1

(My — 6L = (M + (1 - )AL} + Atf(a,u")

Compute an explicit low-order approximation

Mpa = [My + (1 — )AtL]u"

Compute successive approximations to ™! until convergence
Apply Zalesak's limiter to constrain antidiffusive fluxes
Mrpu = Mpa + Atf(u(m),u")
Solve the linear system for the new solution u(™*1 & 7 +!

[My, — 0ALtLu™Y = M@
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Roadmap of linearized FEM-FCT schemes

Linearization of antidiffusive fluxes

f =My — Mc)at — Dut, uL%%, ul ~ ynt!

Compute a provisional low-order solution

[Mf, — 0AtLjul = [Mp, + (1 — ) AtL]u™

Compute an approximation to the time derivative

Meal = Kut or  Mpoul = Lu”

Apply Zalesak's limiter to constrain antidiffusive fluxes

Mpu™tt = Mpu® + Atf(ul, u™)



Solid body rotation

Crank-Nicolson time-stepping, Q1 elements, h = 1/128, At =103
U1 V.-(vu)=0 in Q=(0,1)x(0,1), wu=0 on Ip

v=(0.5-y,x-0.5)

"-u.um'iw
NG

(0,0) (1,0)

initial /exact solution t = 27k domain and velocity



Solid body rotation t = 27

low-order solution

nonlinear FEM-FCT solution linearized FEM-FCT solution



Remarks

High-resolution schemes for scalar conservation can be based on the

Galerkin method by enforcing mathematical constraints a posteriori

FEM-FCT schemes based on flux linearization provide an efficient

alternative to the nonlinear flux corrected transport algorithm

Algebraic flux correction can be generalized to hyperbolic systems
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mi%zzcz‘j(uj—ui), m; >0, c¢; >0, Vi,Vj#1
JF#i

= Model problem M =Cu, M =diag{™m;}, C={c;}

Generalized LED criterion for hyperbolic systems

M40 = S cy(uy —Uy), M; >0, Cpsd., Vi, Vi#i
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Design criteria Ill

Reminder: LED criterion for scalar equations

m; ddl;i = Z Cij(ll,j = Ui), m; > 0, Cij > 0, V’L, VJ 7& 7
JFi
Model problem M% =Cu, M =diag{m;}, C={ci;}
Generalized LED criterion for hyperbolic systems
Ml% = Z Cij(Uj — Ui), M; > O, Cij p.S.d., V’L, VJ #Z

J#i

Condition for matrix C;; to be positive semi-definite

xTc;;x >0, Vx <« all eigenvalues of C;; are non-negative



Hyperbolic conservation laws

Divergence form

au _ _ oF?
W+V~F—0, V-F—%:

Oz g

Quasi-linear form
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Hyperbolic conservation laws

Divergence form

au _ _ oF?
W+V~F—0, V-F—Ed:

Oz g

Group finite element formulation

Lumped mass Galerkin method

Quasi-linear form

SU LA VU=0, A¢=9E

U=>Ujp;, F=)Fp;
J J

ML) = Ku, K ={k;}



Hyperbolic conservation laws

Divergence form Quasi-linear form

d d
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Group finite element formulation U=> Ujp;, F=>Fp;
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Lumped mass Galerkin method ML% = Ku, K =({K;;}
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Hyperbolic conservation laws

Divergence form Quasi-linear form

d d
Y 4+V-F=0, v-F:§g% WA VU=0, A=

Group finite element formulation U=> Ujp;, F=>Fp;
J J

Lumped mass Galerkin method ML% = Ku, K =({K;;}
(I(U)z = — Zcij . Fj, Cij = fQ gDiV(pj dX, Zcij =0
J J
Decomposition of the right-hand side into edge contributions

Ci=—2.¢j = (KU)i=-=2> ci (Fj—F)
i i



Upwinding for the Euler equations

Representation based on homogeneity property F?% = AU, Vd
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Upwinding for the Euler equations

Representation based on homogeneity property F?% = AU, Vd

(KU)i = > Kij(Uj —Ui) + Ui oKij,  Kij = —Cij - A,
J

i
. . . —1 5
Eigenvalues of matrix Kij = RiinjRij , Ai; €R
M o=vigtleigle,  Aasa=wviy, s =i — el

_ _ 1
Vij = —Cij Vi, G = \/(7 = 1) (B +pi/pj — 5Ivil)
Rusanov-type artificial viscosities Lij = Kij + Djj, Dyj = dyjI

dij = max{|vi;| + |eij| cj, |vji| + |ejil e}, vji=—cji- Vi
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Flux correction for the Euler equations

High-resolution scheme ML% = Lu+F(U)

Dimensional-split flux limiting based on characteristic variables

Xd:j§z RZ] ’L]’ Gij = dla‘g{a }sz7 G(iij = [jo]_ngj

Synchronized flux limiting based on indicator variables, Ldéhner ‘87

F; = ajFiy, Q= mln{a”, } or ;= mln{aw, fj

i



Flux correction for the Euler equations

m High-resolution scheme ML% = Lu+F(u)

m Dimensional-split flux limiting based on characteristic variables

g];l RZ] ’Lj’ Gij = dlag{a }Gz]7 ng = [jo]_ngj

m Synchronized flux limiting based on indicator variables, Léhner '87

P

F; = ) oFij, 04 = mln{a”, } or oy = mln{a”, i

J#i

Choosing the 'best’ strategy is quite an art which requires a

good knowledge of the physics of the problem to be solved.



Double Mach reflection

Pre- and post-shock initial conditions in Q = (0,4) x (0,1)

Ppre 8.0 Ppost 1.4
Upre o 8.25 cos(30°) Upost - 0.0

l Upre ‘| - [ —8.25sin(30°) ] l Upost ] - l 0.0 ]
Ppre 116.5 Ppost 1.0

Time-dependend boundary conditions z(t) = % + 1‘1‘/23(”

1—‘pre = {LE < xs(t)ay = 1}» Fpost = {{E > xs(t)vy = 1}

FWall



Double Mach reflection, density profile at t=0.2

)

/ -
- R

Characteristic FEM-FCT vs. low-order solution




Remarks

High-resolution schemes for hyperbolic systems can be based

on a generalized local extremum diminishing criterion
Flux correction can be performed in characteristic variables

Conservative flux limiting based on a set of indicator variables

requires the synchronization of correction factors



|dealized Z-pinch implosion model revisited

Generalized Euler system coupled with scalar transport equation

oU B o¢ B
SV EU) =S80, S HV-(Ev) =0

Conservative variables, fluxes and source term

p pv 0
U=| pv |, &€=p\, F=| pvev+pl |, S= f
pE pEv + pv f-v

EOS for an ideal gas and non-dimensional Lorentz force term

pz(’y—l)p(E—;vF), f:§<l(t))2ér

I max Teff
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DU 4 gy . p(ukLHD) 4 (1 - 9)V - p(U™) =
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Coupled solution algorithm

Forn=20,1,...,n—1 time-stepping loop

For k=0,1,....k—1 outer coupling loop
m Update the low-order solution to the Euler system
For [=0,1,...,0—1 defect correction loop
UEDUT 1 gy - p(uHLIHD) 1 (1 - )V - F(U™) =
fs(vEFLIHD, €®) + (1 0)s(v",€")

m Update the low-order solution to the tracer equation

CFE 40V - ((EHIVERD) 4 (1 gV - () =0 |

u Apply synchronized FCT correction to Ul = U(E’l), L = 5(’5)




Finishing touches

Uniform dissipation for the Euler system and the tracer equation
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Finishing touches

Uniform dissipation for the Euler system and the tracer equation

=di;1, dij = max{| —cij - vj| + [cijl ¢j, | — cji - Vil + [ejil ¢}

Flux limiting based on density, pressure and tracer variables

_— P P
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Pressure-based flux correction implies non-negative energy

p>0 = pE=p/(y—1)+3[v[*>0



Finishing touches

Uniform dissipation for the Euler system and the tracer equation
=dijl,  dij = max{| —ci; - vj| +[cijl ¢, | = cji - Vil + [cjil e}

Flux limiting based on density, pressure and tracer variables

Fi = ) aijFij, fi= Y aijfij, oy =min{al;, 0l af;}
i i

Pressure-based flux correction implies non-negative energy

p>0 = pE=p/(y—1)+3[v[*>0

No additional fail-safe post-processing is required



|dealized Z-pinch implosion

Non-dimensional initial conditions

10 If r << RO 6 .
pl=9 10° ifre[Ry,Ro+4] ¢ = { (1)0 :tﬁefw[.fg’ oA
05 If r> R() =+ A

v =00, p=10, Ro=1, A=005 1reg=10"% Ina=1.0

Time: 0.0
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|dealized Z-pinch implosion

Non-dimensional initial conditions

10 If r << RO 6 .
p=1{ 105 ifre[Ro,Ro+A] €= { 10° ifr € [Ro, Ro+ A
05 ifr>Rp+A

v =00, p=10, Ro=1, A=005 1reg=10"% Ina=1.0

Time: 0.0

Time: 0.9




|dealized Z-pinch implosion

Non-dimensional initial conditions

1.0 ifr <Ry
o= 106 ifre [Ro, Ro + A] ¢ = {
05 ifr>Rp+A

v/ =00, p'=10, Ry=1 A=0.05 7eg=10"% TIpau=10

108 ifr e [Ro,Ro + A]
0 otherwise

Time: 0.0

Time: 1.1




Dynamic mesh adaptation

Conformal refinement algorithm Bank, et al. '83

subdivide marked elements regularly (red rule)

eliminate ‘hanging nodes’ by transition cells (green rule)

JASNYANNIRIN

red refinement/recoarsening green refinement/recoarsening

v /ANMML




Dynamic mesh adaptation, cont'd

Vertex-locking algorithm is used to reverse mesh refinement
Nodal generation function provides all necessary information:

element type, inter-element relationship, refinement level, ...




Dynamic mesh adaptation, cont'd

m Vertex-locking algorithm is used to reverse mesh refinement
m Nodal generation function provides all necessary information:

element type, inter-element relationship, refinement level, ...

A 2 2
2 2 2 2 2
> 5 5 .
£ = 5 3 grid level 2
=1
s 2
—
g
= 1 1
= .
QE) 1 1 1 1 1 grid level 1
o 1 1
2
=9 0 0 0
g
< grid level 0




Solid body rotation

Crank-Nicolson scheme, P;/Q; elements, hy, = 1/512, At =103
U 1V.(vu)=0 in Q=(0,1)x(0,1), wu=0 on I'p




Conclusions and Outlook

Algebraic flux correction techniques can be used to compute highly

accurate and symmetric solutions to prototypical Z-pinch implosions

Globally coupled solution strategy makes it possible to treat the

Euler system and the scalar tracer equation one after the other

Mesh adaptation is a handy tool to compensate the artificial
diffusion of the low-order method in the vicinity of steep fronts

Future plans for the Z-pinch implosions model

Analysis of the coupled solution vs. operator splitting approach

Mesh adaptation based on reliable error indicators/estimators




Constraints on the time step size

Two-level O-time stepping scheme, 0<6 <1
n+1
u,

m;— At—ui = QZciju}H'l +(1-190) Zciju;l, cij >0, Vj#i
j J

System matrices A= Mg —0ALC, B =M+ (1-0)AtC

Off-diagonal entries  a;; = —0Atc;; <0, b;j = (1 —0)Ate;; >0

Diagonal coefficient  a;; = m; — 0Atc; > 0AtL Y ¢;; >0, Vi
i

Diagonal coefficient  b;; = m; + (1 — )Ate; >0, Vi



Zalesak’'s multidimensional FCT limiter

Input: raw antidiffusive fluxes f;;, auxiliary solution

Sums of positive/negative antidiffusive fluxes into node i

]DZ-Jr = Z maX{O, fij}’a P; = Z min{07 fij}

J#i J#i




Zalesak’'s multidimensional FCT limiter

Input: raw antidiffusive fluxes f;;, auxiliary solution

Sums of positive/negative antidiffusive fluxes into node i

= Zrnaux{O7 Jigalss P = z:min{O7 fiaals
J#i JF#i
Upper/lower bounds based on the local extrema of @

p
@ =&

( ~max ~ Mi  —min ~

U - ui)’ Q; = Kt(uz - ul)




Zalesak’'s multidimensional FCT limiter

Input: raw antidiffusive fluxes f;;, auxiliary solution

Sums of positive/negative antidiffusive fluxes into node i
= Zrnaux{O7 Jigalss P = z:min{O7 fiaals
J#i J#i

Upper/lower bounds based on the local extrema of @

m;, . . _ My,
Qf = @™ —a),  Qf = @ —a)
Correction factors for the pair of fluxes f;; and f;; = —fi;

+ g L _ .
o Qi [ min{R" R} if fi; 20
Ri —mln{l,Pi}; azg—{ mln{R:,Rj} if fij <0

@
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Mesh genealogy

Triangulation 7, (€, Vi), m = 0,1,2,... consists of
Em:{Qk:k:].,...,NE} and Vm:{vi:z':l,...,NV} J

nodal generation function g : V,;, — Ny is defined recursively

0 if v, €V
g(Vi) o— VI;leal_)\il g(Vj) +1 if v; €Tk =2 N
V) +1 it v € O\ 0Q
Vgrgékg( j)+1 i K\ O

represents number of subdivisions = prescribe maximum depth

characterizes elements and their relation to neighboring cells
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Mesh re-coarsening

Re-coarsening algorithms (vertex-based approach)
‘lock’ vertices step-by-step which must not be removed
delete ‘free’ vertices/elements and restore macro cells

initialize d(v;) := g(v;), Vv; €V, = d(v;)=0,Vv; €

vertex V; € V,, is locked, i.e. d(v;) := —|d(v;)] if
V; belongs to an element which is marked for refinement
vV, belongs to a red element which should not be coarsened
there is an edge 45 such that g(v;) < g(v;) for some v; € V,,

vertices are locked to preclude the creation of blue elements

Result:  Vertex v; is locked if d(v;) < 0; otherwise it can be deleted.
All vertices of the initial mesh are locked by construction!



Step-by-step illustration

Refinement algorithm: initial mesh




Step-by-step illustration

Refinement algorithm: mark elements for regular refinement




Step-by-step illustration

Refinement algorithm: perform regular refinement
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Step-by-step illustration

Refinement algorithm: mark elements for regular refinement
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Step-by-step illustration

Refinement algorithm: perform regular refinement + transition cells




Step-by-step illustration

Re-coarsening algorithm: vertices from initial mesh are locked




Step-by-step illustration

Re-coarsening algorithm: keep cells and lock connected vertices
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Step-by-step illustration

Re-coarsening algorithm: lock vertices if there are younger neighbors
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Step-by-step illustration

Re-coarsening algorithm: lock vertices to preclude blue elements

0 1 G




Step-by-step illustration

Re-coarsening algorithm: remove vertices and update elements
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Dynamic mesh adaptation for the Euler equations
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