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Isogeometric Analysis

following examples may be mentioned: shell buckling analysis is
very sensitive to geometric imperfections, boundary layer phe-
nomena and lift and drag are sensitive to precise geometry of aero-
dynamic and hydrodynamic configurations, and sliding contact
between bodies cannot be accurately represented without precise
geometric descriptions. Automatic adaptive mesh refinement has
not been as widely adopted in industry as one might assume from

the extensive academic literature because mesh refinement re-
quires access to the exact geometry, and thus it also requires seam-
less and automatic communication with CAD, which simply does
not exist. Without accurate geometry and mesh adaptivity, conver-
gence and -precision results are in many cases impossible.

Deficiencies in current engineering analysis procedures also
preclude successful application of important pace setting technol-

Fig. 1. Engineering designs are becoming increasingly complex. As the number of parts comprising an object increases, so too does the amount of time required for it to be
manufactured. Such growth in complexity makes analysis a time consuming and expensive endeavor. (Courtesy of General Dynamics/Electric Boat Corporation.)

Fig. 2. Estimation of the relative time costs of each component of the model generation and analysis process at Sandia National Laboratories. Note that the process of building
the model completely dominates the time spent performing analysis. (Courtesy of Ted Blacker, Sandia National Laboratories.)

�

Ted Blacker, Sandia National Laboratories
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My personal ‘top 3 features’ of IGA
1 Unified mathematical approach towards geometry modelling and PDE analysis

x(ξ, η) =
∑
i,j

xi,jN
p
i (ξ)N q

j (η)

u(ξ, η) =
∑
i,j

ui,jN
p
i (ξ)N q

j (η)

with B-spline basis functions Np
i of order p.

• PoU, local support, non-negative
• Geometry-preserving refinement
• Generic extension to high order
• Operations can be expressed at SpMVs
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My personal ‘top 3 features’ of IGA
2 ‘Meshing’ + design optimization becomes one global optimization problem

J.P. Hinz, A. Jaeschke, M. Möller, C. Vuik (2021). The role of PDE-based parameterization techniques
in gradient-based IGA shape optimization applications. CMAME 378, 113685.
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My personal ‘top 3 features’ of IGA
3 Cp−1-continuity enables direct simulation of higher-order PDEs

H.M. Verhelst, https://github.com/gismo/gsKLShell (v22.1)
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My personal ‘top 3 features’ of IGA
3 Cp−1-continuity enables direct simulation of higher-order PDEs

H.M. Verhelst, M. Möller, J.H. Den Besten, A. Mantzaflaris, M.L. Kaminski (2021). Stretch-based
hyperelastic material formulations for isogeometric Kirchhoff–Love shells with application to wrinkling.
Computer-Aided Design, 139, 103075.
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My personal ‘top 3 features’ of IGA
3 Cp−1-continuity enables higher-order material point method
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A material point method for snow simulation

Alexey Stomakhin?† Craig Schroeder† Lawrence Chai? Joseph Teran?† Andrew Selle?

†University of California Los Angeles ?Walt Disney Animation Studios

Abstract

Snow is a challenging natural phenomenon to visually simulate.
While the graphics community has previously considered accumu-
lation and rendering of snow, animation of snow dynamics has
not been fully addressed. Additionally, existing techniques for
solids and fluids have difficulty producing convincing snow re-
sults. Specifically, wet or dense snow that has both solid- and
fluid-like properties is difficult to handle. Consequently, this pa-
per presents a novel snow simulation method utilizing a user-
controllable elasto-plastic constitutive model integrated with a hy-
brid Eulerian/Lagrangian Material Point Method. The method is
continuum based and its hybrid nature allows us to use a regular
Cartesian grid to automate treatment of self-collision and fracture.
It also naturally allows us to derive a grid-based semi-implicit in-
tegration scheme that has conditioning independent of the number
of Lagrangian particles. We demonstrate the power of our method
with a variety of snow phenomena including complex character in-
teractions.

CR Categories: I.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Animation I.6.8 [Simulation and Model-
ing]: Types of Simulation—Animation

Keywords: material point, snow simulation, physically-based
modeling

Links: DL PDF WEB

1 Introduction

Snow dynamics are amazingly beautiful yet varied. Whether it is
powder snow fluttering in a skier’s wake, foot steps shattering an icy
snow crust or even packing snow rolled into balls to make a snow-
man, it is snow’s rich repertoire that makes it simultaneously com-
pelling for storytelling and infuriatingly difficult to model on a com-
puter. Artists typically use simpler techniques combined in various
ways to achieve snow effects [Kim and Flores 2008; Coony et al.
2010; Klohn et al. 2012], but these approaches are often tweaked
for one type of snow. This suggests the need for a specialized solver
that handles difficult snow behaviors in a single solver.

Specialized solvers for specific phenomena are frequently used
in graphics and computational physics because achieving maxi-
mum resolution (and thus visual quality) requires efficiency. While
a fluid simulator can produce solid-like elastic effects (and vice

Figure 1: Rolling snowball. As the snowball moves down the
hill, compressed snow sticks, demonstrating that we can handle so-
called packing snow effect. c�Disney.

versa), it is not the most optimal strategy. When solids and flu-
ids are needed simultaneously, researchers have developed two-way
coupled systems to get good accuracy and performance for both
phenomena. Unfortunately, snow has continuously varying phase
effects, sometimes behaving as a rigid/deforming solid and some-
times behaving as a fluid. Thus, instead of discrete coupling we
must simultaneously handle a continuum of material properties ef-
ficiently in the same domain, even though such a solver may not be
most efficient for a single discrete phenomenon.

We present two main contributions that achieve these aims. First,
we develop a semi-implicit Material Point Method (MPM) [Sulsky
et al. 1995] specifically designed to efficiently treat the wide range
of material stiffnesses, collisions and topological changes arising in
complex snow scenes. To our knowledge, this is the first time MPM
has been used in graphics. MPM methods combine Lagrangian
material particles (points) with Eulerian Cartesian grids. Notably,
there is no inherent need for Lagrangian mesh connectivity. Many
researchers in graphics have experimented with hybrid grid and par-
ticle methods. For example, Zhu and Yang [2010] simulate sand as
a fluid using a PIC/FLIP incompressible fluid technique. In fact,
MPMs were designed as a generalization of the PIC/FLIP solvers
to computational solids. As with PIC/FLIP, MPMs implicitly han-
dle self-collision and fracture with the use of the background Eu-
lerian grid. This is essential given the many topological changes
exhibited by practical snow dynamics. Our second contribution is a
novel snow constitutive model designed for intuitive user control of
practical snow behavior. This is also designed to achieve our goal of

ACM Transactions on Graphics, Vol. 32, No. 4, Article 102, Publication Date: July 2013

Left: Stomakhin et al. (2013). A material point method for snow simulation. ACM Trans. Graph. 32.
Right: E. Wobbes, R. Tielen, M. Möller, C. Vuik (2021). Comparison and unification of material-point
and optimal transportation meshfree methods. Computational Particle Mechanics, 8, 113-133.
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But ...
IGA also has its challenges

• automatic BRep-CAD-to-VRep-analysis workflows (we really don’t care)
• efficient C>0 multi-patch coupling (Delft, Linz, ...)
• efficient assembly of linear and multi-linear forms (INRIA, Pavia, ...)
• efficient solution of linear systems of equations (Delft, Linz, ...)
• ...
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State of the art in IGA solvers

Direct solvers
• Performance study [Collier et al. 2012]
• Refined IGA [Garcia et al. 2018]

Preconditioning techniques
• Schwarz methods [da Veiga et al. 2012 & 2013]
• Sylvester equation [Sangalli & Tani 2016]
• Nonsymmetric systems [Tani 2017]
• BPX [Cho & Vásquez 2018]
• Fast diagonalization [Montardini et al. 2019]
• Space-time IGA [Hofer et al. 2019]
• Schwarz methods [Cho 2020]
• Directional splitting [Calo et al. 2021]
• Kronecker product [Loli et al. 2021]

p-multigrid techniques
• (Block-)ILUT smoother [Tielen et al. 2018, 2020]
• Multiplicative Schwarz smoother [de la Riva 2020]

h-multigrid techniques
• Full multigrid [Hofreither 2016]
• THB-splines [Hofreither et al. 2017]
• Symbol-based [Donatelli 2017]
• Boundary correction [Hofreither et al. 2017]
• Subspace corrected mass smoother [Takacs 2017]
• Multiplicative Schwarz smoother [de la Riva 2018]
• Biharmonic equation [Sogn et al. 2019]
• Immersed IGA [de Prenter et al. 2020]
• Bilaplacian equation [de la Riva et al. 2020]
• (Non-)conforming multipatch [Takacs 2020]

Transient problems
• Parallel splitting solvers [Puzyrev et al. 2019]
• Space-time solvers [Langer et al 2016]
• Space-time solvers [Loli et al. 2020]
• Space-time least-squares [Montardini et al. 2020]
• MGRIT-IGA [Tielen et al. 2021]
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Outline

1 Motivation and problem formulations

2 Part I: Multigrid methods for IGA
Introduction to h- and p-multigrid
ILUT smoother for single-patch IGA
Block-ILUT smoother for multi-patch IGA

3 Part II: Multigrid reduction in time (MGRIT)
Introduction to MGRIT
MGRIT-IGA

4 Conclusions
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Model problems
Part I: Convection-diffusion-reaction equation (CDR-Eq)

−∇ · (D∇u(x)) + v · ∇u(x) + ru(x) = f x ∈ Ω
u(x) = g x ∈ Γ

Part II: Heat equation (Heat-Eq)

∂tu(x, t) − κ∆u(x, t) = f x ∈ Ω, t ∈ [0, T ]
u(x, t) = g x ∈ Γ, t ∈ [0, T ]
u(x, 0) = u0(x) x ∈ Ω

d-dimensional connected Lipschitz domain Ω ⊂ Rd, its boundary Γ = ∂Ω, load vector
f ∈ L2(Ω), Dirichlet boundary conditions g, diffusion tensor D and coefficient κ, resp.,
divergence-free velocity field v, source term r, and u0 initial conditions
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Variational formulation
CDR-Eq: Find u ∈ H1

g(Ω) such that

a (w, u) = l(w) ∀w ∈ H1
0(Ω)

Heat-Eq: Given un ∈ H1
g(Ω) find un+1 ∈ H1

g(Ω) such that

⟨w, un+1⟩ + ∆t k(w, un+1) = ⟨w, un⟩ + l(w) ∀w ∈ H1
0(Ω)

with (bi-)linear forms defined as

a(w, u) :=
∫

Ω
∇w · (D∇u) + w (v · ∇u+ ru) dx ⟨w, u⟩ :=

∫
Ω
w udx

k(w, u) := κ

∫
Ω

∇u · ∇udx l(w) := ⟨w, f⟩
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Algebraic equations
CDR-Eq: Find uh,p ∈ Vh,p such that

Ah,p uh,p = fh,p

Heat-Eq: Find un+1
h,p ∈ Vh,p such that

[ Mh,p + ∆t Kh,p] un+1
h,p = Mh,p un

h,p + fh,p

The unknown solution vector is given by

un
h,p =

Nb∑
j=1

un
j φj(x), where un

j is the basis coefficient corresponding to φj ∈ Vh,p

and the system matrices and right-hand side vector are defined as

Ah,p = {a(φi, φj)}i,j , Kh,p = {k(φi, φj)}i,j , Mh,p = {⟨φi, φj⟩}i,j , fh,p = {l(φi)}i
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Ansatz spaces
FEA: element-wise ‘pull-back’

Vh,p = {v ∈ C0(Ω̄) : v|Tk
∈ Qp ◦ F−1

k , ∀Tk ∈ Th

v|Γ = 0}

with Qp the space of polynomials of degree p or less
uh,p

Ωh,p
T̂

F−1
k

IGA: patch-wise ‘pull-back’

Vh,p = span{φ̂j ◦ F−1
ℓ }

with φ̂j the jth B-spline basis function

Think of IGA patches as macro elements

uh,p

Ωh,p
Ω̂

F−1
ℓ

12 / 43



Ansatz spaces
FEA: element-wise ‘pull-back’

Vh,p = {v ∈ C0(Ω̄) : v|Tk
∈ Qp ◦ F−1

k , ∀Tk ∈ Th

v|Γ = 0}

with Qp the space of polynomials of degree p or less
uh,p

Ωh,p
T̂

F−1
k

IGA: patch-wise ‘pull-back’

Vh,p = span{φ̂j ◦ F−1
ℓ }

with φ̂j the jth B-spline basis function

Think of IGA patches as macro elements

uh,p

Ωh,p
Ω̂

F−1
ℓ

12 / 43



Ansatz spaces
FEA: element-wise ‘pull-back’

Vh,p = {v ∈ C0(Ω̄) : v|Tk
∈ Qp ◦ F−1

k , ∀Tk ∈ Th

v|Γ = 0}

with Qp the space of polynomials of degree p or less
uh,p

Ωh,p
T̂

F−1
k

IGA: patch-wise ‘pull-back’

Vh,p = span{φ̂j ◦ F−1
ℓ }

with φ̂j the jth B-spline basis function

Think of IGA patches as macro elements

uh,p

Ωh,p
Ω̂

F−1
ℓ

B-spline illustration taken from: H.Nguyen-XuanaLoc et al., DOI: 10.1016/j.tafmec.2014.07.008
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Condition number

where Mk and Kk are the mass matrix and the sti↵ness matrix of IGA approximation for a generic
k = 0, . . . , p � 1. In [16] the authors prove for d = 1, p � 1 and n � 2 (where n is the number of
elements, so that h ⇠ 1/n) that

�min(Mp�1) � c(p)h, �min(Kp�1) � ⇡2c(p)h. (65)

Other estimates about the clustering of the eigenvalues of the matrix corresponding to the IGA
approximation of the advection-di↵usion-reaction operator for d = 1 are proved in [16].

We have numerically computed the extreme eigenvalues of the mass and sti↵ness matrices for
both IGA-C0 and IGA-Cp�1 using the function eigs of Matlab for di↵erent values of h and p.
Starting from these values we have estimated the analytic behavior of the extreme eigenvalues
(and then the spectral condition number) of the IGA matrices w.r.t. both h and p.

For the sake of clearness, we anticipate in Table 3 the estimated behavior of the spectral
condition number of mass and sti↵ness matrices for all the three approaches (SEM-NI, IGA-C0

and IGA-Cp�1). In the next sections we show the numerical computed values and the estimated
behavior of the extreme eigenvalues and of the condition number of the mass and sti↵ness IGA
matrices.

4.1. IGA-C0 mass matrix

We denote with M0 the mass matrix associated with IGA-C0 approximation. Our numerical
results show that, for any value of h > 0 and p � 1, �min(M0) and �max(M0) behave as:

�min(M0) ⇠ hdp�d/24�pd, (66)

�max(M0) ⇠ hdp�d, (67)

Table 3: Behavior of the condition numbers of mass and sti↵ness matrices

SEM-NI IGA-C0 IGA-Cp�1

K(M) ⇠ pd ⇠ p�d/24pd

0

�1

p

log10 h

⇠
�

e
4

�d/h
4pd(hp)�d/2

⇠ epd

1

h = 1/p

K(K) ⇠ h�2p3
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log10 h
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�

e
4

�d/h
p�d/2h�d/2�14dp

⇠ pedp

25

From: P. Gervasio, L. Dedè, O. Chanon, and A. Quarteroni, DOI: 10.1007/s10915-020-01204-1
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Sparsity pattern: 2d single patch, p = 1
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Sparsity pattern: 2d single patch, p = 2
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Sparsity pattern: 2d single patch, p = 3
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Sparsity pattern: 2d multi-patch IGA-Cp−1, refh = 3
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Sketch of our solution strategy
• Coarsening in p reduces the stencil but not so much the number of unknowns

• p-multigrid with direct projection Vh,p ↘ Vh,1
• note that spaces are not nested (Vh,p ̸⊃ Vh,p−1 ̸⊃ . . . )
• ILUT smoother at single-patch level

• For p = 1, IGA-C0 reduces to FEA with Lagrange finite elements
• h-multigrid with established smoothers and coarse-grid solvers

• Exploit the block structure of multi-patch topologies by using a block-ILUT smoother
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where Mk and Kk are the mass matrix and the sti↵ness matrix of IGA approximation for a generic
k = 0, . . . , p � 1. In [16] the authors prove for d = 1, p � 1 and n � 2 (where n is the number of
elements, so that h ⇠ 1/n) that

�min(Mp�1) � c(p)h, �min(Kp�1) � ⇡2c(p)h. (65)

Other estimates about the clustering of the eigenvalues of the matrix corresponding to the IGA
approximation of the advection-di↵usion-reaction operator for d = 1 are proved in [16].

We have numerically computed the extreme eigenvalues of the mass and sti↵ness matrices for
both IGA-C0 and IGA-Cp�1 using the function eigs of Matlab for di↵erent values of h and p.
Starting from these values we have estimated the analytic behavior of the extreme eigenvalues
(and then the spectral condition number) of the IGA matrices w.r.t. both h and p.

For the sake of clearness, we anticipate in Table 3 the estimated behavior of the spectral
condition number of mass and sti↵ness matrices for all the three approaches (SEM-NI, IGA-C0

and IGA-Cp�1). In the next sections we show the numerical computed values and the estimated
behavior of the extreme eigenvalues and of the condition number of the mass and sti↵ness IGA
matrices.

4.1. IGA-C0 mass matrix

We denote with M0 the mass matrix associated with IGA-C0 approximation. Our numerical
results show that, for any value of h > 0 and p � 1, �min(M0) and �max(M0) behave as:

�min(M0) ⇠ hdp�d/24�pd, (66)

�max(M0) ⇠ hdp�d, (67)

Table 3: Behavior of the condition numbers of mass and sti↵ness matrices
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• note that spaces are not nested (Vh,p ̸⊃ Vh,p−1 ̸⊃ . . . )
• ILUT smoother at single-patch level

• For p = 1, IGA-C0 reduces to FEA with Lagrange finite elements
• h-multigrid with established smoothers and coarse-grid solvers

• Exploit the block structure of multi-patch topologies by using a block-ILUT smoother

• robust with respect to h, p, Np, and ‘the PDE’
• computational efficient throughout all problem sizes
• applicable to locally refined THB-splines
• good spatial solver for transient problems (Part II)

16 / 43



The complete multigrid cycle

p = 3 h

p = 2 h

p = 1 h

p = 1 2h

p = 1 4h

p-multigrid

h-multigrid

IGA-Cp−1

IGA-C0

(Block-)ILUT Gauss-Seidel direct solve
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The complete multigrid algorithm – the outer p-multigrid part
1. Starting from u(0,0)

h,p apply ν1 pre-smoothing steps:

u(0,m)
h,p := u(0,m−1)

h,p + Sh,p

(
fh,p − Ah,p u(0,m−1)

h,p

)
, m = 0, 1, . . . , ν1

2. Restrict the residual onto Vh,1:

rh,1 = Ih,1
h,p

(
fh,p − Ah,p u(0,ν1)

h,p

)
, Ih,1

h,p := M−1
h,1 Mh,p,1

mass lumping

with Mh,p,1 = {(φi, ψj)}i,j , where φi ∈ Vh,p and ψj ∈ Vh,1
3. Solve the residual equation with an h-multigrid method:

Ah,1 eh,1 = rh,1

4. Project the error onto Vh,p and update the solution:

u(0,ν1)
h,p := u(0,ν1)

h,p + Ih,p
h,1 ( eh,1) , Ih,p

h,1 := M−1
h,p Mh,1,p

mass lumping (B-splines!)

5. Apply ν2 post-smoothing steps as in 1. to obtain u(1,0)
h,p := u(0,ν1+ν2)

h,p and repeat steps
1.–5. until ∥ r(k)

h,p∥ < tol∥ r(0)
h,p∥ for some tolerance parameter tol.
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The complete multigrid algorithm – the inner h-multigrid part
3.1. Starting from u(k,0)

h,1 apply ν1 pre-smoothing steps:

u(k,m)
h,1 := u(k,m−1)

h,1 + Sh,1
(

fh,1 − Ah,1 u(k,m−1)
h,1

)
, m = 0, 1, . . . , ν1

3.2. Restrict the residual onto V2h,1:

r2h,1 = I2h,1
h,1

(
fh,1 − Ah,1 u(k,ν1)

h,1

)
, I2h,1

h,1 linear interpolation

3.3. Solve the residual equation by applying h-multigrid recursively or the coarse-grid solver:

A2h,1 e2h,1 = r2h,1

3.4. Project the error onto Vh,1 and update the solution:

u(k,ν1)
h,1 := u(k,ν1)

h,1 + Ih,1
2h,1 ( e2h,1) , Ih,1

2h,1 := 1
2

(
I2h,1
h,1

)⊤

3.5. Apply ν2 post-smoothing steps as in 3.1. to obtain u(k+1,0)
h,1 := u(k,ν1+ν2)

h,1 and repeat
steps 3.1.–3.5. according to the h-multigrid cycle (V- or W-cycle).
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Multigrid components

h-multigrid p-multigrid

restriction operator I2h,1
h,1 linear interpolation Ih,p

h,1 := M−1
h,p Mh,1,p

prolongation operator Ih,1
2h,1 := 1

2

(
I2h,1
h,1

)⊤
Ih,1
h,p := M−1

h,1 Mh,p,1

smoothing operator
incomplete LU factorization of Ah,p ≈ Lh,p Uh,p, whereby
all elements smaller than 10−13 are dropped and the
amount of non-zero entries per row are kept constant

Ah,p operator rediscretization
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Spectrum of the iteration matrix: Poisson on quarter annulus, p = 2
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Spectrum of the iteration matrix: Poisson on quarter annulus, p = 3
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Spectrum of the iteration matrix: Poisson on quarter annulus, p = 4
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Numerical examples
#1: Poisson’s equation on a quarter annulus domain with radii 1 and 2

p = 2 p = 3 p = 4 p = 5
ILUT GS ILUT GS ILUT GS ILUT GS

h = 2−6 4 30 3 62 3 176 3 491
h = 2−7 4 29 3 61 3 172 3 499
h = 2−8 5 30 3 60 3 163 3 473
h = 2−9 5 32 3 61 3 163 3 452

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
22 / 43
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Numerical examples

#2: CDR equation with D =
(

1.2 −0.7
−0.4 0.9

)
, v = (0.4,−0.2)⊤, and r = 0.3 on the unit

square domain

p = 2 p = 3 p = 4 p = 5
ILUT GS ILUT GS ILUT GS ILUT GS

h = 2−6 5 − 3 − 3 − 4 −
h = 2−7 5 − 3 − 4 − 4 −
h = 2−8 5 − 3 − 3 − 4 −
h = 2−9 5 − 4 − 3 − 4 −

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Computational efficiency: p- vs. h-multigrid
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Computational efficiency: {h, p}-multigrid + {ILUT,SCMS}-smoother
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Numerical examples: THB splines
#3: Poisson’s equation on the unit square domain

p = 2 p = 3 p = 4 p = 5
ILUT GS ILUT GS ILUT GS ILUT GS

h = 2−4 6 17 8 47 7 177 10 1033
h = 2−5 6 16 7 44 8 182 7 923
h = 2−6 6 17 5 43 6 201 12 1009

0 1000 2000 3000
nz = 267064

0

500

1000

1500

2000

2500

3000

R. Tielen et al. 2020, DOI: 10.1016/j.cma.2020.113347
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Block ILUT
Exact LU decomposition of the block matrix A

A11 AΓ1
. . . ...

ANpNp AΓNp

A1Γ · · · ANpΓ AΓΓ

 =


L1

. . .
LNp

B1 · · · BNp I




U1 C1
. . . ...

UNp CNp

S

 ,

with

Aℓℓ = Lℓ Uℓ, Bℓ = AℓΓ U−1
ℓ , Cℓ = L−1

ℓ AΓℓ, S = AΓΓ −
Np∑
ℓ=1

Bℓ Cℓ

Let us replace Lℓ and Uℓ by their (local) ILUT factorizations (compute in parallel!)

Aℓℓ ≈ L̃ℓ Ũℓ, B̃ℓ = AℓΓ Ũ−1
ℓ , C̃ℓ = L̃−1

ℓ AΓℓ, S̃ = AΓΓ −
Np∑
ℓ=1

B̃ℓ C̃ℓ
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Block ILUT
Approximate LU decomposition of the block matrix A

A11 AΓ1
. . . ...

ANpNp AΓNp

A1Γ · · · ANpΓ AΓΓ

 ≈


L̃1

. . .
L̃Np

B̃1 · · · B̃Np I




Ũ1 C̃1
. . . ...

ŨNp C̃Np

S̃

 ,
with

Aℓℓ = Lℓ Uℓ, Bℓ = AℓΓ U−1
ℓ , Cℓ = L−1

ℓ AΓℓ, S = AΓΓ −
Np∑
ℓ=1

Bℓ Cℓ

Let us replace Lℓ and Uℓ by their (local) ILUT factorizations (compute in parallel!)

Aℓℓ ≈ L̃ℓ Ũℓ, B̃ℓ = AℓΓ Ũ−1
ℓ , C̃ℓ = L̃−1

ℓ AΓℓ, S̃ = AΓΓ −
Np∑
ℓ=1

B̃ℓ C̃ℓ

I.C.L. Nievinski et al. Parallel implementation of a two-level algebraic ILU(k)-based domain
decomposition preconditioner, TEMA (São Carlos) 19(1), Jan-Apr 2018
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Numerical examples: Block-ILUT vs. global ILUT
#1: Poisson’s equation on the quarter annulus domain with radii 1 and 2

p = 2 p = 3 p = 4 p = 5
# patches # patches # patches # patches

4 16 64 4 16 64 4 16 64 4 16 64
h = 2−5 3(5) 4(7) 4(9) 3(5) 3(7) 4(11) 2(4) 2(6) 4(−) 2(4) 2(6) −(−)
h = 2−6 3(5) 3(5) 4(7) 3(5) 3(7) 4(10) 3(6) 2(7) 3(11) 3(5) 3(7) 3(10)
h = 2−7 3(5) 3(5) 3(5) 3(5) 3(6) 3(8) 3(5) 2(6) 3(10) −(5) 6(7) 3(11)

Numbers in parentheses correspond to global ILUT

R. Tielen et al. A block ILUT smoother for multipatch geometries in Isogeometric Analysis, To appear
in: Springer INdAM Series, Springer, 2021
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Numerical examples: Block-ILUT vs. global ILUT

#2: CDR equation with D =
(

1.2 −0.7
−0.4 0.9

)
, v = (0.4,−0.2)⊤, and r = 0.3 on the unit

square domain

p = 2 p = 3 p = 4 p = 5
# patches # patches # patches # patches

4 16 64 4 16 64 4 16 64 4 16 64
h = 2−5 4(6) 4(8) 7(11) 3(6) 3(9) 5(15) 2(6) 3(8) 5(15) 2(5) 2(7) 4(14)
h = 2−6 4(6) 4(7) 5(8) 3(6) 3(8) 4(10) 3(7) 3(9) 4(13) 3(7) 3(8) 3(13)
h = 2−7 4(6) 4(6) 4(7) 3(6) 3(7) 3(8) 2(7) 3(7) 3(10) 4(6) 3(8) 3(12)

Numbers in parentheses correspond to global ILUT

R. Tielen et al. A block ILUT smoother for multipatch geometries in Isogeometric Analysis, To appear
in: Springer INdAM Series, Springer, 2021
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Numerical examples: Block-ILUT vs. global ILUT
#4: Poisson’s equation on the Yeti footprint

p = 2 p = 3 p = 4 p = 5
block global block global block global block global

h = 2−3 4 5 2 4 2 4 2 4
h = 2−4 4 8 3 5 3 5 2 4
h = 2−5 4 8 3 6 3 5 3 5

R. Tielen et al. A block ILUT smoother for multipatch geometries in Isogeometric Analysis, To appear
in: Springer INdAM Series, Springer, 2021
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Outline

1 Motivation and problem formulations

2 Part I: Multigrid methods for IGA
Introduction to h- and p-multigrid
ILUT smoother for single-patch IGA
Block-ILUT smoother for multi-patch IGA

3 Part II: Multigrid reduction in time (MGRIT)
Introduction to MGRIT
MGRIT-IGA

4 Conclusions

• robust with respect to h, p, Np, and ‘the PDE’
• computational efficient throughout all problem sizes
• applicable to locally refined THB-splines
• Good spatial solver for transient problems (Part II)
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Part II: Multigrid reduction in time (MGRIT)

T0 T1 · · · TNt/m

t0 t1 · · · tm tNt∆tF

∆tC = m∆tF

0 2 4 6 8 10

1

2

3

Time

So
lu

ti
on

0 2 4 6 8 10

1

2

3

Time

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16th

Copper Mountain Conference on Multigrid Methods 2013
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Sketch of the MGRIT algorithm
Heat-Eq: Find un+1

h,p ∈ Vh,p such that

[ Mh,p + ∆tF Kh,p] un+1
h,p = Mh,p un

h,p + fh,p

Writing out the above two-level scheme for all time levels yields

Ah,p uh,p =


Ih,p

−Ψh,p Mh,p Ih,p

. . . . . .

−Ψh,p Mh,p Ih,p





u0
h,p

u1
h,p

...

uNt
h,p

 = ∆tF


Ψh,p fh,p

Ψh,p fh,p

...
Ψh,p fh,p


with

Ψh,p = [ Mh,p + ∆tF Kh,p]−1

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16th

Copper Mountain Conference on Multigrid Methods 2013
33 / 43



Sketch of the MGRIT algorithm
Heat-Eq: Find un+1

h,p ∈ Vh,p such that

[ Mh,p + ∆tF Kh,p] un+1
h,p = Mh,p un

h,p + fh,p

Writing out the above two-level scheme for all time levels yields

Ah,p uh,p =


Ih,p

−Ψh,p Mh,p Ih,p

. . . . . .

−Ψh,p Mh,p Ih,p





u0
h,p

u1
h,p

...

uNt
h,p

 = ∆tF


Ψh,p fh,p

Ψh,p fh,p

...
Ψh,p fh,p


with

Ψh,p = [ Mh,p + ∆tF Kh,p]−1

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16th

Copper Mountain Conference on Multigrid Methods 2013
33 / 43



Sketch of the MGRIT algorithm, cont’d
Reordering of Ah,p into (F)ine and (C)oarse time levels yields[

AF F AF C

ACF ACC

]
=
[

IF 0
ACF A−1

F F IC

] [
AF F 0

0 S

] [
IF A−1

F F AF C

0 IC

]

with block-diagonal fine-level system matrix

AF F = INt/m,Nt/m ⊗


Ih,p

−Ψh,p Mh,p Ih,p

. . . . . .
−Ψh,p Mh,p Ih,p


︸ ︷︷ ︸

m×m blocks

and the Schur complement S = ACC − ACF A−1
F F AF C

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16th

Copper Mountain Conference on Multigrid Methods 2013
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Sketch of the MGRIT algorithm, cont’d
Approximate the Schur complement

S =


I

−(Ψh,p Mh,p)m I
. . . . . .

−(Ψh,p Mh,p)m I

 ≈


I

−Φh,p Mh,p I
. . . . . .

−Φh,p Mh,p I


with coarse integrator

Φh,p = [ Mh,p + ∆tC Kh,p]−1

S. Friedhoff, et al. A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel, 16th

Copper Mountain Conference on Multigrid Methods 2013
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The MGRIT-IGA V-cycle

l = 0 ∆t

l = 1 ∆tm

l = 2 ∆tm2

l = 3 ∆tm3

l = 4 ∆tm4

relaxation exact solve restriction interpolation
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MGRIT-IGA implementation
G+Smo: Geometry plus Simulation Modules

• open-source cross-platform IGA library written in C++
• dimension-independent code development using templates
• building on Eigen C++ library for linear algebra

XBraid: Parallel Multigrid in Time
• open-source implementation of the optimal-scaling

multigrid solver in MPI/C with C++ interface
• extendable by overloading callback functions

Try it yourself
https://github.com/gismo/gismo/tree/xbraid/extensions/gsXBraid
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Numerical examples: Strong scaling of MGRIT-IGA
#5: Heat-Eq with h = 2−6 spatial resolution solved for Nt = 10.000 time steps with
backward Euler method on 128 Xeon Gold 6130 CPUs (2.10GHz, 96GB, 16 cores)
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R. Tielen et al. 2021, arXiv:2107.05337
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Numerical examples: Speed-up of MGRIT-IGA
#5: Heat-Eq with h = 2−6 spatial resolution solved for Nt = 10.000 time steps with
backward Euler method on 128 Xeon Gold 6130 CPUs (2.10GHz, 96GB, 16 cores)
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Numerical examples: Weak scaling of MGRIT-IGA
#5: Heat-Eq with h = 2−6 spatial resolution solved for Nt = cores/64 · 1.000 time steps
with backward Euler method on 128 Xeon Gold 6130 CPUs (2.10GHz, 96GB, 16 cores)
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Do we really need p-multigrid or would a standard solver be good enough?
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Conclusion

MGRIT-IGA + p-multigrid with (block-)ILUT smoother
• robust with respect to h, p, Np, and ‘the PDE’
• computational efficient throughout all problem sizes
• applicable to locally refined THB-splines
• good strong and weak scaling in no. of cores and Nt

What’s next?
• MGRIT-IGA with THB-splines and adaptive refinement in time
• extension to nonlinear PDEs and higher-order time integrators
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Further reading

R.Tielen, M. Möller, D. Göddeke and C. Vuik: p-multigrid methods and their comparison to
h-multigrid methods within Isogeometric Analysis, Computer Methods in Applied Mechanics
and Engineering, Vol 372 (2020)

R. Tielen, M. Möller and C. Vuik: A block ILUT smoother for multipatch geometries in
Isogeometric Analysis, In: Springer INdAM Series, Springer, 2021

R. Tielen, M. Möller and C. Vuik: Multigrid Reduced in Time for Isogeometric Analysis,
Submitted to: Proceedings of the Young Investigators Conference 2021.

R. Tielen, M. Möller and C. Vuik: Combining p-multigrid and multigrid reduced in time
methods to obtain a scalable solver for Isogeometric Analysis, arXiv:2107.05337

Thank you for your attention!
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