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1. We consider the following method

Wy = Wy + Atf(tn, wy)

Wp+1 = Whp + At (alf(tn> wn) + a?f(tn-‘rla w:—f—l))
for the integration of the initial value problem y' = f(t,y), y(to) = yo.

(a) Show that the local truncation error of the above method has order O(At) if
a1 + a; = 1. Which value for a; and ay will give a local truncation error of order
O((At)?)?

(b) Demonstrate that for general values of ay and as the amplification factor is given
by

(c) Consider A < 0 and (a; + as)? — 8ay < 0. Derive the condition for stability, to be
fulfilled by At.

(d) We consider the following system of non-linear differential equations:

x) = —sinzy + 29 + ¢, 21(0) =0,
/

Th=mx — 13 79(0) = 1.

Show that the Jacobian of the right-hand side of (3) at t = 0 is given by:
-1 2
1 =2/

(e) Choose a; = ay = 3. For which values of At is the method applied to (3) stable
at t =07
2. We are looking for a difference formula of the form:

a_q

Qh) = T3 1(0) + T3 F(=h) + T2 F(=2h),

such that
f7(0) = Q(h) = O(h).
(a) Give the system of linear equations that has to be satisfied by ag, a_; and a_s.

(b) The solution of this system is given by ag = 1, a_1 = —2 and a5 = 1. Give,
using these values, an expression for the truncation error f"(0) — Q(h).
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3. We consider the one-dimensional convection-diffusion equation with Dirichlet bound-

v | [fz)
0 0

—210.0156
—3 1 0.1250
—310.4219
-1 | 1.0000

Table 1: The measured numbers

Using the Richardson method, give an estimate of the error f”(0) — Q(
the numbers given in Table 1.

1) using

ary conditions:

(a)

—eu” +u' =1, 0<z<l,

(4)

Where u = u(:[;), u/ — Z—Z and u// = %
Show that
1 — ez/e
u(zr) =x — TSy (5)

is the ezact solution to the boundary value problem (4).

We solve the boundary value problem (4) using central finite differences for the
diffusive term and upwind finite differences for the convective term.

For all interior nodes x; the discretization method reads

Wi — 2wt wi Wi — W

(Ax)? * Az =1, for j € {1,...,n}. (6)

with z; = jAz, (n + 1)Az = 1, where Az denotes the uniform step size.
Give a discretization method for the two boundary nodes x; and x,,.
Use a step size of Ax = 1/4 to derive the system of equations Aw = f. Take care

of the boundary conditions. The system must have three unknowns and three
equations, i.e. A is a 3 x 3 matrix and w and f are 1 x 3 column vectors.

You do not have to solve this system.

Will the discretization method (6) produce oscillatory solutions? Motivate your
answer.

For the answers of this test we refer to:
http://ta.twi.tudelft.nl/nw/users/vuik /wi3097 /tentamen.html
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