Extra exercises

Section 6.2

1. ED={(t,y)|0 <t <1,-2 <y <5} and f(t,y) = (¢+ 1)|y|- Is f(¢,y) Lipschitz-continuous
in the variable y?

2. (a)

(b)

Let D={(t,y)|0 <t <2,—00 <y < oo}. Is f(t,y) =y — t* + 1 Lipschitz continuous in
the variable y?

Is the initial value problem

d
d—g:y—t2+1,0§t§2,y(0):1

well posed?

Section 6.3

—
o
-~

What’s the general formula for Euler Forwards, with equidistant stepsize h?

Compose the formula for equidistant Euler Forwards approximation for the initial value
problem: 3 =y —t2+1,0 <t <2, y(0) = 2. Use n = 10.

Calculate 3 steps and then compare with the exact solution, y(t) = (t + 1)% + e’

What’s the general formula for Euler Backwards, with equidistant stepsize h?

Compose the formula for equidistant Euler Backwards approximation for the initial
value problem: 3/ =y —t>+1,0 <t < 2, y(0) = 2. Use N=10

Calculate 3 steps and then compare with the exact solution, y(t) = (t + 1)% + e’

What’s the general formula for Trapezoidal rule, with equidistant stepsize h?

Compose the formula for equidistant Trapezoidal rule approximation for the initial
value problem: 3y’ =y —t>+1,0 <t < 2, y(0) = 2. Use n = 10.

Calculate 3 steps and then compare with the exact solution, y(t) = (¢t + 1) + ¢’.

)
(d) Compare the error of the Trapezoidal rule with those of the Euler methods.
4. (a) What’s the general formula for Modified Euler, with equidistant stepsize h?
(b) Compose the formula for equidistant Modified Euler approximation for the initial value
problem: 3/ =y —t24+1,0 <t <2, y(0) = 2. Use n = 10.
(c) Calculate 3 steps and then compare with the exact solution, y(t) = (t + 1)% + €.
Section 6.4
1. (a) Apply Euler Forwards to the test equation.
(b) What is the amplification factor?
2. (a) Apply Euler Backwards to the test equation.
(b) What is the amplification factor?
3. (a) Apply the Trapezium-rule to the test equation.



(b)
(c)

What is the amplification factor?

Apply Modified Euler to the test equation.
What is the amplification factor?
Given: y' = —5y? +4,  y(0) =0.

Compute A in the point (f, 9), when § > 0 (Hint: use the theory mentioned in the
stability of a general initial-value problem)

Is the previously given initial value problem stable?
When is Euler Forward stable?
Given: y' = —20y? + 4, y(0) = 3.

Compute A in the point (£,9), when ¢ > 0 (Hint: use the theory mentioned in the
stability of a general initial-value problem)

Is the previously given initial value problem stable?
When is Euler Backward stable?

7. What is the exact solution for the test equation?

8
9

. What is the order of 7,11 for Euler Forward?

. What is the order of 711 for Euler Backward?

Section 6.5

What is the general formula for Runge Kutta 47

Given the initial value problem 3’ = y—t2+1,0 <t < 2,y(0) = 2. Do 3 steps with RK4
with » = 0.2 and compare the solution of step 3 with the exact solution y = (t+1)% 4.

2. (a) Given the initial value problem y’ = —4y? +5,y(0) =5
Compute A as function of y.
(b) Is the initial value problem stable for § > 07
(c) When is Runge Kutta 4 stable?
Section 6.6
1. (a) Given the initial value problem y’ = —4y? + 5,y(0) = 2.
Do one step with Euler Forwards with stepsize h = 0.1.
(b) Do two steps with Euler Forwards with stepsize h = 0.05.
(¢) What is the order of Euler Forwards?
So what is the value of p?
(d) Make an approximation of the error made.
2. (a) Given the initial value problem 3y’ =y — 2 + 1, y(0) = 2.

Do one step with Modified Euler with stepwidth A = 0.1.
Do two steps with Modified Euler with A = 0.05.
What is the order of Modified Euler?

Make an approximation of the error made.



Section 6.7

Give, in vectorform, the general formula for Euler Forwards.
Do a step with Euler Forwards, with stepwidth A = 0.1 for the system:
u) = —duy — 2us + cos(t) + 4sin(t)
uh = 3ug + ug — 3sin(t)
with initial values u1(0) = 0 and uz(0) = —1.
Compare the answer with the exact solution
ur(t) = 2e7'—2e 2 +sin(t)
ug(t) = —3e t+2e72.

Write the equation y” — 2y’ + y = te? — ¢, with initial values y(0) = 1 and 3'(0) = 2 as
a system of first order differential equations.
Do one step with Euler Forwards with stepwidth A = 0.1

Compute the error wiht the exact solution y(t) = 3e’ — 2 — t + £t3¢’.



Answers of the extra exercises

Section 6.2

1.0<t<1,-2<y<5
By definition, we know that f(¢,y) is Lipschitz continuous in y if there exists L > 0 such
that: [f(£,51) — f(t,y2)] < Lly1 — va|
|t yr) = f( )| = [(E+ Dlya| — (&4 1)]ye]|

= [t + Ullyr| — ly2l] < 20y — yo
So f(t,y) is Lipschitz continuous with L = 2.

2. (a) If f(t,y) is Lipschitz continuous, we must have \%(Ly)\ < L for all (¢,y) € D.

A(y—t>+1
‘ (y 9% ) — |1| =1

So the function is Lipschitz-continuous with L = 1.

(b) (Theorem 6.2.21) f(t,y) = y —t> + 1 is continuous on D and Lipschitz-continuous in
1y, so the problem is well posed.

Section 6.3

1. (a) wpy1 = wp + hf(tn, wy)
(b) h=220=0.2,t, =0.2n, wy =2
Wpt1 = Wp+ hf(tn; wn)
= wy,+0.2(w, —t2 +1)
= wy +0.2(w, —0.04n2 + 1)
= 1.2w, — 0.008n% + 0.2

(c) We use the formula from 1b

wy ~ u(ty)) = 1.2-we—0.008-0%+0.2

= 1.2:240.2
2.6

wy ~ u(ty) = 1.2-w; —0.008- 1% +0.2
= 1.2-2.6 —0.008 + 0.2
= 3.312

w3y = u(t3) = 1.2- wo — 0.008 - 22 + 0.2
= 1.2-3.312-0.032+0.2
= 4.1424

3 steps = t3=0.2-3=0.6
y(0.6) = (0.6 + 1)2 + €6 = 2,56 + €6 = 4.3821188
The absolute error is equal to: |y(0.6) — ws| = |4.3821188 — 4.1424| = 0.2397188

2. (a) Wpy1 = Wy + hf<tn+17 wn—i—l)
(b) h =232 =02, t, =0.2n, wy = 2
Wpy1 = Wy +0.2(wpp1 — 2, +1)

Wy, + 0.2(wpq1 — 0.04(n +1)2 4+ 1)
Wy, + 0.2(wpp1 — 0.04(n% +2n + 1) + 1)
Wy, + 0.2w,, 11 — 0.008n% — 0.016n — 0.008 + 2
wy, — 0.2wy, 11 — 0.008n% — 0.016n + 0.192
0.8w,11 = wy, — 0.008n% —0.016n + 0.192

Wpi1 = 1.25w, — 0.01n% —0.02n + 0.24



(¢) We use the formula from 2b

woy = 2

w, = 1.25-wy—0.01-02—-0.02-0+0.24
= 1.25-240.24
= 274

wy = 1.25-w; —0.01-12-0.02-140.24
= 1.25-2.74—0.01 — 0.02 +0.24
= 3.635

w3 = 1.25-ws —0.01-22—-0.02-2+0.24
= 1.25-3.635 — 0.04 — 0.04 +0.24

4.70375

3 steps = t3=0.2-3=0.6
y(0.6) = (0.6 + 1)2 + €6 = 2,56 + €6 = 4.3821188
The absolute error is equal to: |y(0.6) — ws| = |4.3821188 — 4.70375| = 0.3216312

3. (a) Wp41 = Wy + %[f(tnvwn) + f(tn-i-lvwn-i-l)]

Wpt1 = Wp+ %[(wn —tn + 1)+ (wpp1 —th g +1)]
= wy 4+ ZZ(w, —0.04n2 + 1+ wpy1 — 0.04(n + 1)2 + 1)
= wp +0.1w, —0.004n% 4+ 0.1 4 0.1(w, 41 — 0.004(n? +2n + 1) 4 0.1
= w, + 0.1w, — 0.004n2 + 0.1 + 0.1w, ;1 — 0.004n> — 0.008n — 0.004 + 0.1
= 1.lw, + 0.1w,; 1 — 0.0087% — 0.008n + 0.196

0.9wp4+1 = 1llw, — 0.008n2 — 0.008n + 0.196
win = G — 00z 0088, oos

(c) We use the formula from 3b

woy = 2

wy = 1—%71} —O$~027%~0+%
= 09 2+ %9
= 2.662222

wy = 3.453827

wy = 4.385789

The absolute error is equal to: |y(0.6) — ws| = |4.3821188 — 4.385789| = 0.00366995

(d) When we compare the errors of the three previous methods, we see the Trapezoidal
rule method has the smallest error.

4. (a) Wpi1 = wp + hf(tn, wy)
W1 = Wy + %[f(tmwn) + f(tns1, Wnt1)]
(b) h =232 =02, t, =0.2n, wy =2

wn+1 = wp+ hf(tn; wn)
= 1.2w, —0.008n% + 0.2  see question about Euler Forwards
Wni1 = Wn+ Bwn =2+ 1+ W1 — 2, +1]

= w, + 0.1(w, — 0.04n% + 1 + 1.2w,, — 0.008n2 + 0.2 — 0.04(n + 1)2 + 1)

= wy 4 0.1w, — 0.004n2 + 0.1 + 0.12w,, — 0.0008n2 + 0.02 — 0.004n>
—0.008n — 0.004 + 0.1

= 1.22w, — 0.0088n2 — 0.008n + 0.216

(c) We use the formula from 4b

woy = 2

w; = 1.22-240.216
= 2.656

wy = 3.43952

wy = 4.3610144

The absolute error is equal to: |y(0.6) — ws| = |4.3821188 — 4.3610144| = 0.021104



Section 6.4

1.

(a)

(b)
(a)

v =Xy,  y(0)=1wo

Wp4+1 = Wp + hf(tn; wn)
= w, + h(Awy,)
= (14+hNw,
14 hA
v =Xy,  y(0)=uyo
Wn4+1 = Wp + hf(tn—i-la wn+1)
= wp + hAwy41
Wn+1 — h)\wnJrl = Wn
(I =hNwpt1 = wy
Wptl = TxWn
1
1—hA
v =Xy, y(0)=uyo
Wp4+1 = Wnp + %[f(tna wn) + f(tn+17 wnJrl)
= w,+ %[/\wn + Awp41]
(1 -5 )wn+1 = (1 + %)wn
1452
Wn41 1_hAX Wn,
14582
=

v =Xy,  y(0)=1wo

wnJrl = wp+ hf(tna wn)
= w, + hAw,
= (1+ h)\)wn
Wpt1 = Wp+ 3 [f(tna wn) + f( n+1; barwnJrl)

= %[/\wn + A1+ AN wy,]
5 AWy, + (>\ + hA?)w,
(1 + "/\+1’;>\+ B2 \2)ap,,
= (1+hr+ h2>\2)
1+ hX+ $h2N2

We have f(t,y) = —5y* + 4. Linearization gives:

y =9+ =95 (E9) + (=15 (1,5)
So we have A\ = ﬂ(t 9) = —10y

The initial value problem is stable when A < 0.
A =—107 <0 for § > 0 and that was given, so the problem is stable.

Euler Forwards is stable when |Q(hA)| = |1 + hA| < 1.

11— 10k < 1

1 < 1-10gh < 1
Soo 5 < _iogh < 0
L > h > 0

5y —
So stable for h < Si

f(t %) —20y +4
SL(t,9) = —40§



(b) We have § > 0, so A < 0. So the initial value problem is stable.

(c) Euler Backward is stable when |Q(hA)| = |4~ | < 1.

Because 40yh > 0, we have 1 4+ 40yh > 1 and so we have 0 < 1+40yh < 1. And Euler
Backwards is stable for all h.

7. The exact solution is given by y;11 = eh’\yj.
8. We can write e"* as it Taylor-expansion:

€M =14 hA+ $h2X2 + Lh3N% 4 O(hY).
e"—Q(hA hA+O(h?)—
}?( ) _ L+hat (h) (1+hN) _ o(h).

Now we get 741 =

9. 1ig = (h/\) 1+hA+1h >\2+O(h )~ ()
. ]Jr =

1+hA+3 h2,\2+0(h3) (1+h>\+h2)\2+0(h3)) _ —=1R®N*+O(h®) _ on?) _ O(h)
h - I - h = .

Section 6.5

1. (a) Wp4+1 = Wy + = [k‘l -+ 2k2 + 2]{}3 + k4]
with k1 = hf(tn,wn)

(t h Wy, + ]{31)

Wit + Thw, + k)

k‘4 = hf(t + h Wy, + k‘3)

(b) h=0.2,t, =0.2n



w0:2

kh = 0.2(11)0 — t% + 1)
= 0.2(2-0.04-02+1)
= 0.6
ks = 0.2(wp+0.5-0.6 — (to +0.5-0.2)% + 1)

0.2(2+0.3—0.01+1)
0.658

ks = 0.2(wo+0.5-0.658 — (to +0.5-0.2)2 + 1)
= 0.2(2+0.329 — 0.001 + 1)
= 0.6638

ks = 0.2(wp+ 0.6638 — (o +0.2)% + 1)
= 0.2(2+0.6638 — 0.04 + 1)
= 0.72476

w; = 2+ £[0.6+2-0.658 +2-0.6638 + 0.72476
= 2.661393

ki = 0.2(2.661393 — 0.04 + 1)
= 0.7243

ky = 0.2(2.661393 +0.5-0.7243 — (0.2 4 0.1)* + 1)
= 0.7867

ks = 0.2(2.661393 +0.5-0.7867 — (0.2 + 0.1)2 + 1)
= 0.7929

ks = 0.2(2.661393 4+ 0.7929 — (0.2 + 0.2)% + 1)
= 0.8589

wy = 2.661393 + £[0.7243 + 2 0.7867 + 2 - 0.7929 + 0.8589)
= 3.451793

ki = 0.2(3.451793 — 0.16 + 1)
= 0.85836

ky = 0.2(3.451793 + 0.5 - 0.85836 — (0.4 + 0.1)% + 1)
= 0.92619

ks = 0.2(3.451793 +0.5-0.92619 — (0.4 + 0.1)% + 1)

0.93298

ke = 0.2(3.451793 +0.93298 — (0.4 4+ 0.2)% + 1)
= 1.00495

wy = 3.451793 + £[0.85836 + 2 - 0.92619 + 2 - 0.93298 + 1.00495]
= 4.38207

3steps =t =0.2-3=0.6,5(0.6) = (0.6 + 1) + €6 = 4.3821188
|y(0.6) — ws3| = [4.3821188 — 4.38207| = 5.0467 - 10~

2. (a) f(¢, %) = —4y? +5
A= %(t’@) = 78?]
(b) For every § > 0 we have A = —83 < 0, so the problem is stable.
(c) RK4 is stable if |Q(hA)] = |1+ kXA + 2(hA)2 + 2(hA)3 + & (hA)* < 1
—1 <1+ RhA+ 3(RA)? + S(hA)? + 55 (RA)* < 1
According the book, the left-hand side is true for every h\, so also for every —8hg. The
righthand-side is true when h < 28 = 2.8 — 28

[T -85 89
Section 6.6
1. (a) h=0.1,t, =0.1n,wy =2
wy = w0+hf(t0,w0) = 2—|—O.1(—4w(2) +5)
= 240.1(-4-445) = 09



(b) h= 0.05,11)0 =2

w1 = wo+ hf(to, wo) = 2+ 0.05(—4w? +5)
= 240.05(—4-4+5) = 1.45
we = Wi+ hf(tl, wl) = 145+ 005(—411}% + 5)

= 1.45+0.05(—4-145>+5) = 1.2795
(¢) O(h),sop=1.

(d) According to paragraph ”Global error and error proximation”we have e(t, %) = y(t) —
y(t, ) ~ 5= y(t, &) — y(t, h)] = 715[1.2795 — 0.9] = 0.3795

2. (a) h=0.1,t, =0.1n,wy =2
wy = wo + hf(to,wo)

= 2+40.1(wo—t3+1)

= 24+01(2-0+1)
2.3
wy = wo+ &[f(to, wo) + f(t1, w1)]
2+ 0.05[wg — t3 + 1+ wy — 7 + 1]
240.052—-0+1+23—(0.1)% +1]

= 2.3145
(b) h = 0.05, ¢, = 0.051,wp = 2
w1 = wy+ hf(to,wo)

= 2+0.05(wp — 3+ 1)
= 2+40.05(2-0+1)
= 215
wy = wo+ %[f(to, wo) + f(t1,w1)]
2+ 0.025[wo — 3 + 1+ wy — 5 + 1]
= 2+40.025[2—-0+1+2.15—(0.05-1)% + 1]
= 2.1538125
Wy = w1+ hf(ty,w)
= 2.1538125 + 0.05(2.1538125 — 0.05% + 1)
= 2.311378
wy = wi+ L[f(t1,w1) + f(t2, w2)]
= 2.1538125 4 0.025[2.1538125 — 0.05% 4+ 1 + 2.311378 — 0.12 + 1]
= 2.315130

(¢) Order 2

(d) p=2
e(t,h) =y(t) —y(t. &) ~ 5[yt &) — y(t, h)] = 72=[2.315317 — 2.3145] = 0.000272

Section 6.7

(b) T I “h —4ul — 2uf + cos(0.1n) + 4sin(0.1n)
up ™ | | up 3ul + uf — 3sin(0.1n)
u] [0
ud | | —1
wt ] [ 0O 401 —4-0—2-—1+ cos(0) + 4sin(0)
ud | 1 : 3-04 (—1) — 3sin(0)

o[

_{ 4 ] i { o ] - { o ]



2.

1step,sot=0.1-1=0.1
u1(0.1) = 270 — 2¢702 4 5in(0.1) = 0.27205
u2(0.1) = =371 42702 = —1.07705

(¢) ui(t) — ul| = |0.27205 — 0.3| = 0.02795
lus(t) — ud| = | — 1.07705 + 1.1] = 0.02295

(a) 1 =y with 21(0) =
xo =y’ with T2 (0) = 2
. Tho= xo
So we get: I,2 = Opy— At tet —t

w [ 4] =

(1]
2
:x’f":l | = xy
”*1}_[5E }+h{2x fx1+()1ne
1
2

““[ 2-1401.0.¢

1))

=y~x =12

(¢) One step = ¢t=0.1-1=0.1
y(0.1) =3e%! —2 - 0.1+ £ -0.1% - "1 = 1.21570
ly(0.1) — y| = [1.21570 — 1.2 = 0.0157

NI =3

H
|

gfl gfl 4 _9
3. (a) Jn = 61;21 81;5 = ( 3 1 )
Ouy Ous

(b) J":<—01 12)

(¢) In vectorial form, we can write this system as:

n+1 n n
xtl — | 11 Ll = T 4p L2
xht xy —sina}

Then Jn:< 0 ,1L
—coszy? O

10

—0.1n ]

0.1~0]



