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Vide hominem caecum dirigentes ad orbem,
te melius claudet oculos vestros,
incurvasti caputem tuum, expectare ricochetem,
... hinc aliquo modo esse, dixit scurra ad latronem,
illic est adeo confusionem, possum nihil levari,
percuties ipsum homo ibi, qui formidat uxor mea,
venire, et occupare meam quoque terram ...
. Ego sum agens chaos ... Non ego sum canebant artificis,
. quidam non possit emi, subiectae, cogitabant aut agebant,

. quidam iustus volo ad vigilate mundi exuret ...
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List of Abbreviations

The following abbreviations are conventionally used throughout the text. Abbreviations are intro-

duced for individual words recurring frequently and lengthy model names:

EQ equity

IR interest rate

DD displaced-diffusion
SV stochastic volatility

Model abbreviations:

H Heston (model)

CH Cheyette (model)
HW Hull-White (model)
LMM Libor Market Model

HHW Heston Hull-White (model)

HCH Heston Cheyette (model)

HCV Heston displaced-diffusion stochastic volatility Cheyette (model)
HLMM Heston displaced-diffusion stochastic volatility Libor Market Model

Abbreviations of affine hybrid model approximations:

H1HW Heston Hull-White (model) in the affine limit 1

H1CH Heston Cheyette (model) in the affine limit 1
H1CV Heston displaced-diffusion stochastic volatility Cheyette (model) in the affine limit 1
H2CV Heston displaced-diffusion stochastic volatility Cheyette (model) in the affine limit 2

HILMM  Heston displaced-diffusion stochastic volatility LMM in the affine limit 1

Abbreviations are occasionally combined, i.e HDDCH corresponds to Heston displaced-diffusion

Cheyette (model) - this is the HCV (model) without SV process.

iv



Chapter 1

Introduction

Whenever inverse transform techniques are applicable to the evaluation of derivative products, the
classical pricing methods based on solving Partial Differential Equations (PDE) or Monte-Carlo
(MC) schemes are outclassed in computational performance (at least for non-Bermudan products).
Consequently inverse transforms qualify as the methods of choice for model calibration purposes
where striving for an optimum calibration set requires roaming potentially vast parameter spaces.
Accessibility of the characteristic function (CHF) is the prerequisite to employ inverse transform
methods. A general formalism to obtain the CHF corresponding to a particular valuation model is
known, whenever the underlying system of stochastic differential equations (SDEs) is representable
in affine form.

The purpose of the thesis at hand is to derive an affine hybrid model which is capable to reproduce
smile effects both in equity (EQ) and interest rate (IR) components. Such a model has the potential
to evaluate derivative products sensitive to hybrid smiles. In this thesis the focus rests on a specific
class of hybrid valuation models where the Heston stochastic volatility approach on the EQ side is
combined with the Cheyette (CH) model on the IR side. Then, the complexity of the hybrid model
is controlled by the concrete choice of the Cheyette model volatility specification. For constant IR
volatility the plain Hull-White (HW) model is retained as limiting case of the Cheyette approach, and
in combination with the Heston EQ process the Heston Hull-White (HHW) hybrid system ensues.
The Cheyette model is amendable with the provision to include displaced-diffusion (DD) stochastic
volatility (SV) specifications. By DD model extensions normal and log-normal characteristics in
the IR component become entangled. Including an IR-SV process introduces smile effects on the
IR side. In combination with the Heston EQ process the resulting hybrid model is named Heston
DDSV Cheyette (HCV) model.

Depending on the number of correlated stochastic processes involved, hybrid models can be ordered
according to dimensionality and complexity. At the lower end of complexity, the HHW combines
the Heston process with a 1D short rate process. The HHW is capable to reproduce smile and
skew effects solely in EQ. At the high end of complexity, the Heston DDSV Libor Market Model
(HLMM) is constructed by coupling a Heston process in EQ with a multi-dimensional market model,
further supplemented by DDSV extensions on the IR side. In the HLMM smile and skew features are

representable both in EQ and IR components, however the high number of correlated processes makes



the model less tractible in practice. Affine versions of the HLMM require approximations making the
model Markovian. This implies simplifications to the drift components of IR stochastic processes,
usually associated with decisive reduction of the model dimensionality (for instance by freezing the
initial Libor rates). In this context the HCV model resembles a trade-off between complexity and
sophistication. The HCV incorporates hybrid smile features, and the approximations required to
obtain an affine model version are less severe. Dimensionality of the model is determined by the
specific choice of the stochastic volatility specification. In the simplest form the HCV is a 5D model,
and hence, model complexity is between the extremes of HHW and HLMM.

Hybrid models like the HCV are in general non-affine, in particular when EQ-IR correlations are
present. Central issue of the thesis at hand is to define and discuss approximations placing the HCV
within the class of Affine Jump-Diffusion (AJD) processes with the constraint to retain the full set
of correlations. The resulting affine model version is an approximation, but accessible to evaluation
by inverse transform methods. Checking the validity and the limits of the approximations involved
is also within the scope of the presented discussion. In this spirit the thesis is structured in the
following fashion:

Chapter 2 sketches in brevity the theoretical basics of affine stochastic processes and selected inverse
transform methods. Whenever SDEs adhere to the AJD process class, a general formalism exists to
derive the CHF. Knowledge of the CHF is essential to apply inverse transforms. There is a broad
variety of valuation techniques based on inverse transforms. However, the discussion refrains to two
selected methods which are popular in practice as illustrative paradigms, since the main focus of the
thesis rests on the study of affine approximations of the HCV model: The Carr-Madan Fast Fourier
Transform (FFT) and the COS expansion techniques. Whenever affine models within the thesis are
evaluated by inverse transforms, either of these two methods is applied.

Chapter 3 contains the essential points of the discussion: (i) At first, the affine approximations
derived in previous studies for HHW and HLMM are introduced.

(ii) Then, the characteristics of the HCV hybrid model are detailed. The key to prescribe HCV model
features is the volatility specification. The HCV features DD characteristics, and is in complexity
between HHW and HLMM. Accordingly, the HCV can be viewed as linking element between HHW
and HLMM: The HHW is the representative of low-dimensional hybrid models with IR component
based on Gaussian short rates. The HLMM qualifies as the paradigm of high-dimensional hybrid
models descending from log-normal market models.

(iii) Two affine limits are devised to place the HCV within the AJD process class. In the first affine
limit the intial interest rates are frozen in the DDSV volatility specification - this affine limit is
named HICV model. The second affine limit is more subtle and retains DD features by freezing
solely the initial volatility in the affine proxy of the IR component within the DDSV constraints
- this approximation is named H2CV. The HCV and the corresponding affine approximations are

central issues of the thesis at hand, in particular by virtue of the following points:

e The HCV model features true hybrid smile and skew, meaning that smile and skew traits

are resembled in the EQ as well as in the IR component of the hybrid model. The Heston



model shapes the EQ-SV component, and DDSV extensions introduce smile and skew in the

IR component.

e H1CV reproduces hybrid smiles excellently. H2CV is capable to represent both hybrid smile

and skew.

e The HHW results from the HCV model presuming a constant volatility specification. DD
extensions mix Gaussian model characteristics with log-normal contributions typical for the
HLMM. Hence, simply by the problem-orientated choice of model parameters, the HCV is
capable to assume characteristics either more closely related to the HHW, or to the HLMM,

respectively.

(iv) Finally, the affine HICV and H2CV models are validated with respect to model fidelity - this
means in effect, how well the full HCV hybrid model features are retained in the approximations.
Model validation is based on derivatives pricing results comparing the full model to the affine versions
in the spot measure QF as well as in the terminal measure Q7.

In chapter 4 the qualities of the HCV model are compared with HHW and HLMM. Here, full
models and corresponding affine approximations are actually employed in calibration settings and
subsequent hybrid product pricing.

The discussion is concluded in chapter 5 where the basic findings are summarized, and weak points

and critical issues are exposed as the inevitable loose ends to be tied up in future studies.



Chapter 2

Affine System and Inverse Transforms

The subsequent sections provide a brief introduction of theoretical prerequisites: The basic concept
of an affine SDE system and the general formalism to obtain the corresponding CHF are exposed
in section 2.1. Central issue of the thesis at hand is to derive the CHF of particular EQ-IR hybrid
models, which are described by a system of correlated SDEs. By means of suitable approximations,
the hybrid models under discussion are then placed within the AJD process class. As soon as the
CHF is known, the valuation of derivative products by inverse transforms becomes feasible.

In order to illustrate the pricing by inverse transform techniques, the Carr-Madan Fourier Transform
is introduced in section 2.3, and the basics of the COS expansion method are subsequently explained
in section 2.4. The two methods are selected out of the broader spectrum of inverse transform pricing
approaches, mostly because the methods are popular in practice and suitably well understood. The
exposition of inverse transform techniques is necessarily brief without the claim for completeness
- the details are found in the cited references. The focus of the thesis is on the derivation and
discussion of the HCV model and affine approximations (cf. chapter 3); employing Carr-Madan or
COS methods to evaluate affine models by inverse transforms is a deliberate as well as convenient

choice.

2.1 Characteristic functions of affine processes

The hybrid models under discussion are represented by a system of correlated stochastic processes.
Whenever the model system is within the class of affine jump-diffusion (AJD) processes, there exists
a general formalism to derive the corresponding CHF [21]. The CHF derivation basically adheres to
the following line of argumentation:

Consider an n-dimensional Markovian stochastic process with vector of state variables X; on a fixed

filtered probability space (Q, F, Q). In differential form

the model (without jumps) represents the mapping out of some pre-defined subspace S € R — R”
by a system of stochastic differential equations (SDE) with drift u(X;) : S — R", instantaneous

covariance Yx = o(X;)oT(X;) : S — R™ " and F;-measurable independent Brownian drivers



Wi (t) : S x Q — R"™, respectively. The model is within the class of AJD processes when drift,

instantaneous covariance and associated interest rate component r(X;) are representable in the affine

form:
u(Xe) = ao+aX; Y(ag,a1) € R" x R™", (2.2)
o(X)oT(Xe) = (co)ij + (c1);Xs V(co, 1) € R s RPM (2.3)
r(X;) = ro+riX; Y(ro,m) € R xR (2.4)

For an affine model the corresponding discounted CHF under the risk-neutral measure QQ ensues to
(cf. [21])
d(u, Xy, t,T) = EQ[e~ Ji' redstin'Xr) oy A +B (ur)X, (2.5)

discounted by the time-lag to maturity 7 = T — t. The CHF is by definition the Fourier transform
of the probability density. For a random process represented by the state variables X; = [z, ...]" and
X1 = [y,..]T , and with the deliberate choice u = [u, 0, ...,0]" , the connection between discounted

CHF and density gives us

o T ')
S X t,T) = /_ /t & fre(y, C2)dC dy = /_ by (ylo)dy (2.6)

with ( = — ftT rsds, and ¢(-|z) the discounted risk-neutral probability density for given x, respec-
tively. Here and throughout the thesis Fourier transforms are denoted by ’'hatted’ (*) variables.
As shown in [21] the coefficients obey complex-valued ordinary differential equations (ODE) of the

following form
1

—A(u,7) = —ro+Blag+ gBTCOB, (2.7)
1

—B(u,7) = -r+aB+ 5BTclB, (2.8)

where B(u, 7) is the vector of state variables in Fourier space with a spectrum of wave numbers
u € C", and A(u, 1) is the time-lag component, respectively.

With the choice u = [u,0,...,0]" (with u € R) at time ¢t = T the apparent boundary condition is
obtained

d(u, Xy, t = T,T) = EQe™' X7 | Fp] = efuor, (2.9)

This boundary condition fixes the set of initial conditions A(u,0) and B(u,0) at 7 = 0 of the
corresponding first order ODE system, thereby determining the CHF coefficients in equations (2.7),
(2.8) above.

The discussion of interest rate processes is often simplified by the choice of an appropriate probability
measure. Transformations of probability measure from the risk-neutral spot measure Q” to the time
T-forward measure Q7 = T rely on the dynamics of the zero-coupon bond. Prices of zero-coupon
bonds P(t,T) maturing at T' are obtained at time ¢ from the affine exponential representation of

the CHF shown above by simply setting u = O:

P(t,T) = ¢p(u=0,X;,t,T) = eAO+BIO.NX, (2.10)



This way the zero-bond prices for the various hybrid models discussed in the main thesis chapters

are retained.

2.2 Pricing equation and inverse transforms

For a contingency claim on the underlying with value S; (at time t), the pricing equation is straight-

forwardly formulated as the risk-neutral expectation

V(t,S;K) = E° {e*ftT’”SdSV(T,ST;K)U-}, (2.11)
Vet = [ Vikoy ey, (2.12)

of the derivative payoff V(T, St; K) at maturity 7. An equivalent alternative is the formulation as
integral over probability density with the logarithms k£ = In K of the strike, y = In S7 of the asset
value at expiry T, and x = In S; of the spot asset value, respectively. For a simple call option the
payoff then assumes V (T, S7) = (S7 — K)* , or in alternative formulation V (y; k) = (e¥ — eF)*.
Whereas the probability density is rarely known in practice, the CHF as the corresponding Fourier
transform is often available. So the intriguing point is to formulate the pricing equation in a form
where the CHF is used instead of the integral over probability density, and then to obtain the deriva-
tive price by applying the corresponding inverse transform.

This is done in the Carr-Madan method by a Fourier-Laplace transformation of the pricing equation
(as shown in section 2.3 below), and by a cosine series expansion in the COS method (as outlined
in section 2.4), respectively.

There are many other approaches to engage pricing problems by inverse transforms, promoted for
instance in the work of Lewis [9b], Lee [9¢c|, Lipton [22], Attari [23], and Bates [24], respectively.
Within the present context the discussion is limited to the Carr-Madan and COS methods. All
concrete numerical evaluations of affine models by inverse transforms within the thesis are done
using either Carr-Madan or COS techniques.

The selective choice of these two methods is easily motivated: Carr-Madan is one of the first and
most popular publications [9a] employing the basic Fourier-Laplace transform for derivative pric-
ing. COS is one of the recent works within the field [5, 6], and exhibits extremely high evaluation
performance. Both methods work in log-strike-space and, as a consequence thereof, are capable to
price an entire vector of strikes simultaneously [11b]. This is beneficial for the discussion of smile
effects, and when used in real-world calibration problems, well suited for the use in an optimization
routine. Both methods are efficient, well-behaved in practical problems, and generally accepted in

the financial community.



2.3 Fourier-Laplace transform: Carr-Madan pricing

The basic idea of the Carr-Madan method [9a] is to use the Fourier transform
Clu) = / e Gt 2 ) dk (2.13)

— 00

of the pricing equation of a European call option

Otz k) = eo* /jo (e¥ — eF) by (y|z)dy (2.14)
= eV (t, 2 k). (2.15)

This is actually the pricing equation exposed in equation (2.12) above, supplemented by an expo-
nential damping factor with parameter . The damping factor ensures integral convergence.

The original derivations of the Carr-Madan method assume deterministic interest rates. As EQ-IR
hybrid models are central to the discussion at hand, we present here an extension towards stochastic
interest rate scenarios.

With the Fourier transform of the call option price C'(u), the actual call price is obtained in the

Carr-Madan approach as result of the inverse transformation:

—ak

Vit,ak) = & R[/Oooemké(u)du}, (2.16)

™

where R[] corresponds to the real part of any complex-valued argument. For the Carr-Madan results
shown in this thesis, the inverse transform integral is numerically evaluated by the Fast Fourier
Transform (FFT) after discretization with the Simpson rule. Numerical accuracy is determined
by the number of discretization points N (should be a power of two for FFT performance), the
extension of the integration domain (the upper cut-off of the semi-infinite integral), and a judicious
choice for the damping parameter «. The typical number of discretization points in the Carr-Madan
calculations performed in this thesis range from N = 2!2 to 2'6. The choice of the upper boundary
Umaz 1S problem-orientated (typical values are w4, > 1000) and determined in combination with
the parameter «; the general constraint is that for given IV the Carr-Madan result remains stable up
to a pre-set accuracy even when the upper boundary is increased and the corresponding « is slightly
varied.

In [9a] the Fourier transform of the call option price C'(u) is derived explicity as function of the
discounted CHF:

Clu) = / dkemk/ dy e®®(e¥ — e¥) oy (y|x) (2.17)
e(a+1+iu)y ea+1+iu

- - d 2.1

/ ov () <a+iu a+1+iu> 4 (2.18)

B d(u—i(1+ ), S, t,T)
a2 ta—u+iuRa+1) (2.19)

To overcome difficulties in performing the contour path integration in the complex plane, Carr &

Madan introduced a parallel shift along the real axis to avoid the discontinuity at the origin (please



refer to the original publication [9a] for details). In order to avoid numerical instability for high

option values, in [9a] a modification to the pricing formula is derived in the form

o) = (3lu—ia) = Afu-+ia))/2, (2.20)
with 5(u) = 1;”—%—W (2.21)

in combination with the pricing equation

- 1 o0

Vt,z k) = I smb(ak) /_OO exp(—iuk)é(u)du. (2.22)
For the derivative payoffs calculated in this thesis, both pricing formulas give equivalent results.
The derivations are shown for the particular case of a call option. The corresponding formulations
for the put option payoff are obtained by the substitution @ — —a. These vanilla payoff types are
sufficient for the present discussion, since calibration scenarios are limited to vanilla options on the
EQ side, and caplets/floorlets/swaptions on the IR side. Derivative pricing by affine hybrid models
is here deliberately restricted to combinations of vanilla instruments with these payoff types.
In the case of a call option the damping parameter « is necessarily positive with an upper limit a,qz
depending on the particular CHF employed. For the practical problems in the present discussion
the typical value range of 0.1 < a < 1.3 is observed for call payoffs. There is no simple theory for
the optimal choice of a. Therefore a 'pseudo-optimal’ «,, is determined for each individual hybrid
model evaluation problem by the general presumption, that the Carr-Madan result is expected to

remain stable for slight variations around this «, value.

2.4 Fourier series expansion: COS method

The COS method is based on the idea to expand the probability density in the pricing equation into
its Fourier-cosine series. The COS method is a viable alternative to the Carr-Madan approach. For
the affine hybrid models within this thesis, both COS and Carr-Madan methods are applied to pricing
problems; mostly to cross-check results by using two alternative approaches and implementations,
but in some instances also to study, whether one method shows superior performance in a particular
pricing scenario.

The foundations of the COS method are elaborated in [5, 6], along with the key derivations regarding
the application of the COS method to calculate the contingent claim prices with the COS technique
for European, American and Bermudan type exercise conditions. Selected results originally derived
in [5] are reproduced in the following.

The Fourier-cosine series is capable to represent a function ¢;(x) supported on a finite interval
0 € [a,b] with a,b € R/{—00, +00}:

N—-1
. . ’ r—a
o1(x) = ngnm; Akcos(b_almr> (2.23)
. n k —i 2k
with A4, = =R {d)l (b_”a>e bak] (2.24)
~ b .
and ¢1(z) = 5= [ e™“P(u)du. (2.25)

a



The modified symbol E/ indicates, that the initial term in the sum is weighed by % The inverse

Fourier integral can be well approximated by ¢;(x) on the truncated domain Q € [a, b] as
p(x) = 5= / etp(u)du ~  ¢i(z) = 5= / e (u)du. (2.26)
R Q

Such approximative presumptions generally work well with probability densities ¢(z) as underlying
functions, as these functions are well-behaved entire functions (for clean definitions regarding this
terminology pls. cf. [38]) decaying sufficiently rapidly with x moving towards infinity.

As additional approximations of the COS method, the cosine series coefficients are calculated from

the CHF based on the untruncated Fourier integral

N k . km
F, = ZR [qs <ﬁ) e—%a“] ~ Ay, (2.27)

and the cosine series are cut-off at a finite (usually small) N = N,,,.. For typical pricing problems
within this thesis Nyae = 2% is used.

These are specifics of the COS method required as prerequisite to evaluate derivative payoffs within
the affine hybrid models studied in the next chapters.

In general, the time-t value V'(¢,5;) of a contingent claim with strike K on the underlying asset
S; with European exercise condition at expiry 7T is obtained as conditional expectation in the risk-

neutral measure

V(t.s) = B[ KV SR = [VEg)Sov. dady, (2.28)
Q
T
with (= —/ rsds,
t
and x=1In(So/K), y=In(Sr/K),

where S corresponds to the asset price at maturity. This is actually a slightly adapted version of
the pricing equation introduced in equation (2.12) above. The particular choices u = [u,0, ..., 0]

and X7 = [y, ...]" lead to

du, Xy, t,T) = REQeSHn'Xr)
T . .

= / d¢ / gy (y, (|z)dy = / ™Mby (y|x)dy, (2.29)
¢ Q Q

for the discounted CHF. According to [5] the conditional expectation is represented via cosine ex-

pansions as follows,

by (ylr) = ! Ay () cos (Z - alm) : (2.30)

b
with Ak(I) e ﬁ/d)y(yh)ms (?Z—



and the derivative value is given by

Vi, t)

with Vj,

2
b—

o
I

z) Vi, (2.31)

(T,y) cos (—/mr) dy.
a

For the specific case of a European call payoff the COS pricing equation finally results in the following

explicit form [5]:

b
call _ 2
V ~ b—a /
0

with
1
c,d) = ————
Xk( ) 1+(k_7r
+ bk_—”asm
and

E#0: plc,d) = bk_—ﬂ“[sin(

k=0: plc,d) = d—ec

y—a
mkﬂ> dy = ﬁK(Xk(Ovb) -

¥r(0,0)),(2.32)

(2.33)

(2.34)

An analogous derivation leads to the explicit expressions for put options (cf. [5] for details).

10



Chapter 3

Full-Scale Hybrid Models

3.1 The Problem: Hybrid Evaluation by Inverse Transforms

The discussion at hand focuses on hybrid models comprised by EQ and IR asset class components.
Such kind of hybrid models exist in various degrees of sophistication. Financial models strive to
reproduce characteristic features observable in real world markets. A feature is observable in case
it is relevant to the pricing of financial instruments. When equating sophistication with the num-
ber of individual features the model incorporates quantitatively in high fidelity, more sophisticated
models are comprised by a higher number of underlying stochastic processes. Higher dimensionality
corresponds to higher complexity, especially when the model components are likewisely correlated.
Within the present context hybrid models containing EQ-IR correlation are denoted as full-scale
models.

For the hybrid models under discussion, the highest level of complexity is defined by models where
implied smile and skew of market quotes are represented individually in the equity (EQ) as well as
the interest rate (IR) parts, and both model components are correlated. On the EQ side, the focus
rests on the Heston stochastic volatility (SV) model where the corresponding characteristic function
(CHF) is well known. On the IR side, various models are linked: A straightforward approach is to
use 1D short-rate models, though Hull-White based short rate models show deficits to incorporate
smiles and skews in the IR component. On the highest complexity level the IR side is represented
by Libor market models (LMM). The concepts of local and displaced-diffusion stochastic volatility
(DDSV) as extension of the standard LMM [32, 33| are capable to capture an IR skew and smile
observed in the market. LMMs are by design of the drift term high-dimensional, non-Markovian
and non-affine, rendering the application of inverse transform methods impossible without restrictive
approximation assumptions.

Application of Fourier methods relies on the CHF' to be representable at least in semi-closed form.
With increasing sophistication of the hybrid model at hand, the approximations necessary to obtain
the CHF become progressively more involved.

The following three sections contain the foundations and central derivations of the thesis. In section

3.2 the Heston Hull-White (HHW) model as the most simple hybrid model under consideration is
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introduced. The HHW model interlinks implied volatility smile features in the Heston EQ compo-
nent (‘equity smiles’) with a 1D short rate process on the IR side. The essentials of the Heston,
HW and HHW models are exposed together with the derivation of the corresponding CHFs. Details
of the CHF calculation are explicitly shown in the referenced appendices. The approximations of
non-affine terms in the HHW are described following the work in [1, 2, 3]. The CHF derivations
of the basic processes contain the techniques and pertinent details applied in the subsequent CHF
calculation of the more complex hybrid models.

Section 3.3 describes an implementation of the Heston DDSV LMM (HLMM) model and the corre-
sponding affine approximation as originally derived in [4]. The HLMM is capable to represent smile
and skew in the IR component. In combination with the Heston model, the smile effects in EQ and
IR are linked, and hence, the HLMM can reproduce hybrid smiles. The HLMM is the most complex
model under consideration and severe approximations are required to obtain an affine version of the
HLMM.

In section 3.4 the concept of the Heston DDSV Cheyette (HCV) model is introduced. The HCV
model is an attempt to bridge between the practical feasibility of SV short rate approaches and
the complexity of DDSV LMMs. We intend to substantiate the idea of coupling the Heston SV
model for EQ and a low-dimensional Markovian IR process (with displaced-diffusion SV extensions)
in the HCV model. The HCV model can represent IR skew and smile effects in hybrid derivatives.
Hence, the HCV can represent hybrid smiles, while being less complex than the HLMM. By virtue
of approximations the HCV is placed within the AJD process class. Affine HCV approximations are

evaluable by inverse transform methods.

3.2 Heston Hull-White Model (HHW)

The Heston Hull-White (HHW) model combines the Heston model in equity (EQ)

dSt == Ttstdt + \/’U_tStdWI (t), (31)
dve = k(D — v)dt + y/vedW, (¢), (3.2)

with a classical Hull-White (HW) mean reversion process on the interest rate (IR) side
dry = MO(t) — r)dt + ndW,.(¢). (3.3)

In this section the basic facts about the HHW hybrid model are summarized; this also encompasses
both constituent processes, the Heston model for the EQ, and the HW model to represent the IR
component, respectively. Heston and HW models are both well-studied and discussed in a variety
of original publications. Therefore, the summary here is very selective with one pervasive motiva-
tion: To show how the CHFs corresponding to these models are derived, and whenever applicable,
to explain, which approximations are devised to make the models affine. All CHF derivations are
included; however, the complete derivations are deferred to appendices to keep the recapitulation

of previous work and basic findings concise within this section. In the following only particular
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aspects of the derivations in the appendices are highlighted, as these results are important for the

later discussion. We start with the summary of basic facts and model acronyms conventionally used

throughout the thesis:

(i)

Heston EQ-SV model:

The Heston model [8] assumes a SV process for EQ prices S; (z; = log S;) and mean-reverting

dynamics for the stochastic variance process v;. The corresponding Brownian drivers are
related by the EQ-SV correlation coefficient p,,dt = dW,dW,. All Heston process variables
are described in detail in Appendix A.1. The CHF of the Heston process is also derived
in Appendix A.1 following the method of [21]. The Heston process in log-space is already
affine, and therefore the CHF is obtainable without any approximations. When calculating the
CHF according to [21], each equation of the underlying SDE system transfers to one Fourier
coefficient (as solution of one first order ordinary differential equation as elaborated in section
2.1 above). According to the derivations in Appendix A.1 the EQ-SV process (represented by
vy) relates to the Fourier coefficient D(u,7) in the Heston CHF as

‘i)H(’U,, Xt, t, T) _ eA(u,T)-l—B(u,‘r)mt-i-D(u,T)vt' (34)

D(u, ) is obtained in closed form as solution to an analytically solvable Riccati differential
equation (for the explicit form of D(u,T) please see Appendix A.1, equation A.12). The Ric-
cati equation has an analytic solution whenever the coefficients are at least piece-wise constant.
The Fourier coefficient D(u, ) persists in the CHF solution of all hybrid models in this thesis
where an Heston EQ-SV model is involved. The mathematical form of D(u,7) remains the
same, irrespective of whether the models are derived in the spot measure Q7 or the terminal
measure Q7 (this fact will be elaborated for the hybrid models in several sections below, and
becames evident by comparison of the explicit derivations shown in Appendices B and C, where
hybrid models are derived unter Q7 as well as QT respectively). Please note that the state-
ment is entirely true only when the EQ-SV and IR process are not correlated (corresponding
to pur = 0, which is presumed for all the discussions within this thesis). This quality of the
SV process on the EQ side is distinct from the SV process on the IR side of hybrid models. As
shown in section 3.5.1 (the HCV model under QF) and section 3.5.2 (the HCV model under
QT) the mathematical representation of the IR-SV process is susceptive to changes of measure.
The pure Heston model results as limiting case whenever the hybrid models under discussion
are considered in a parameter limit where stochastic IRs become deterministic. All numerical
implementations of hybrid models employed in the present context are validated in the Heston
limit against the Heston parameter sets listed in Appendix D.1). The model test sets encom-
pass cases where the Feller condition 42 < 2k is violated (i.e. the stochastic variance process

can become zero a.s.), as is observed in realistic calibration scenarios.

HW IR model:

The HW process serves as paradigm for Gaussian short rate models and is well-studied in the
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(iii)

(iv)

literature. Details of the HW process are introduced in Appendix A.2. The HW IR model
is already affine, and hence, the corresponding CHF is derivable without approximations as
shown in Appendices A.2.1 and A.2.2. For the HW model the prices of zero bonds and cer-
tain European contingent claims (i.e. IR caplets) exist in analytic form (cf. Appendix A.3.2).
The analytic values of HW zero bond and caplet prices serve as cross-check for all numerical
implementations of hybrid models in this thesis. Furthermore, the numerical HW model imple-
mentations are cross-checked with literature results for a selected model test set (cf. Appendix
D.2). The HW model is the limiting case of the Cheyette model for constant volatility specifi-
cation 7; — 1. The connection between the HW and Cheyette model is detailed in Appendix

A.3.1.1. This connection is also used in consistency checks throughout the thesis.

3F-HHW (’Three-Factor-HHW’) model:

In the HHW SDE system with Brownian drivers for EQ (W), SV (W,), and IR (W), three
different likewise correlations are possible: EQ-SV p.,, EQ-IR p,.., and IR-SV p,, correla-
tion (here IR-SV denotes the relation between the IR process and the SV process of the EQ

component), respectively. When the full set of all three correlation factors is non-zero, the
system is called the 3F-HHW model. The 3F-HHW model is not within the class of Affine-
Jump-Diffusion (AJD) processes. Therefore the CHF corresponding to the 3F-HHW model is

unknown.

Full-scale hybrid model and the full-scale HHW model:

The crucial point for the hybrid models under discussion is the non-vanishing EQ-IR correla-

tion (ps, # 0). This correlation determines the coupling between the EQ and IR asset classes.
All hybrid models in this thesis have the Heston ansatz with non-vanishing EQ-SV correlation
(pzv # 0) as the EQ component. In combination with non-vanishing EQ-IR correlation p,, # 0
we call this a full-scale hybrid model, since the stochastic processes on the EQ side and the IR
side of the hybrid model are coupled.

It should be noted that the full-scale hybrid model is not necessarily capable to represent hy-
brid smiles. Hybrid smiles imply that the model features smile/skew effects in the EQ as well
as the IR component. Whereas the Heston model introduces smile/skew effects on the EQ side,
the HW model cannot reproduce smile effects and shows only the skew inherent to Gaussian
models on the IR side. In the later sections we introduce hybrid models with a SV process
on the IR side in order to capture IR smiles and skew. In combination with the Heston EQ
component, such models then feature hybrid smiles.

Throughout the thesis we deliberately neglect the correlation between the IR side and the
SV process on the EQ side (p,, = 0), and hence, strictly speaking we consider a 2F-HHW
model. Both 2F-HHW and 3F-HHW models are non-affine, and within the present context
both are denoted as full-scale hybrid models. This denotation is adopted for all models derived
in this thesis. Whenever the EQ-IR correlation is non-zero, we speak of a full-scale hybrid
model. Presuming p,,, = 0 in the HHW model is simply out of convenience; as shown in [1] the

methods devised to make the 2F-HHW model affine are straightforwardly extended towards
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the 3F-HHW model. The construction of approximations to place full-scale hybrid models
within the AJD process class and derive the corresponding CHF is the central motivation of
this thesis. In section 3.2.1 below, we introduce the affine approximations devised in [1] to
make the 2F-HHW and 3F-HHW models affine. The 2F-/3F-HHW concepts are capable to
capture implied volatility smile and skew effects in the EQ component, and to incorporate
certain peculiarities of a realistic interest rate term structure for EQ derivative contracts with

long time to maturity [10a).

(v) 1F-HHW (’One-Factor-HHW’) model - the "uncorrelated” HHW model:
When Heston EQ-SV and HW IR components are combined into a hybrid model, but remain
uncorrelated (p,, — 0), the 1IF-HHW model results. Negligible EQ-IR correlation is the
decisive difference with respect to a full-scale hybrid model. The 1F-HHW still retains the

affine characteristics of the constituent processes and the CHF is analytically derivable in

closed form, as detailed in Appendix B.1:

(i)lF—HHW (’U,, ze, 0,7, T, t) _ eAlF(u)T)+B(uvT)It"'D(u7T)Ut+C(uvT)Tt (35)

Explicit solutions and interpretation of the Fourier coefficients A;p(u, 1), B(u,7), C(u,7) and
D(u, 7) are deferred towards Appendix B.1 (and relevent cross references therein). The CHF is
reiterated here to emphasize the point that the CHF corresponding to the affine approximations
of the 1F-/2F-/3F-HHW model differ solely in the functions Ayp(u,7)/Asp(u,7)/Asr(u, ),
respectively; the effect of non-vanishing EQ-IR correlation pg, is included in this Fourier coef-
ficient.

The 1F-HHW serves as paradigm for the derivation of the CHF of EQ-SV IR hybrid mod-
els. The CHF is the analytic reference case for all hybrid model implementations in the limit
per — 0. For the 1F-HHW model analytic pricing formulas exist for European contingent
claims in equity. Call option prices within the 1F-HHW framework are derived in Appendix

B.1.2 and are applied to model validation throughout the discussion.

3.2.1 Affine Heston Hull-White (HIHW)

Affine model approximations are based on the idea to project non-affine model components on
deterministic functions. In [1] the problem of the CHF for the full-scale Heston Hull White (=
HHW with full set of correlations, in particular including the essential "hybrid’ connection between

EQ und IR components by assuming non-vanishing p,..) is addressed. The instantaneous covariance
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matrix of the HHW model (associated with the SDE system shown in equations (3.1) to (3.3))

Ut PxovYVt pmrn\/m
Yx, = Poa YVt VUi per YUt (3.6)
Pra/Ti Pro YN/t n?
= IxI,
NG 0 0
with LXt = pvm/y\/v—t va’)/\/v_t 0 ’
Przl] LTUT] ern
and Lmv =V 1- p%va Lr'u = (prv - prmpmv)/Lm'uu er =V 1— P%z - L?«m
contains non-linear terms ;3 = X31 and Y23 = X3 in the state variable \/v;. Lx, is the

Cholesky decomposition of the covariance matrix to express the HHW process in differential form

by uncorrelated Brownian drivers,

dx, AW, (t)
dry dW,.(t)

The HHW model is placed within the class of AJD models by approximating the non-affine terms

/vt in the covariance matrix with its corresponding expectation value:

Vi ~ E[y/T) (3.8)

Though E[,/v;] is known analytically in closed form for CIR-type processes [30al, the expressions
involve infinite sums of I" functions and are therefore somewhat tedious to handle in computational
approaches. In order to improve the computational tractability and efficiency, [1] introduces a

projection of the expection onto a deterministic function
E[\/vi] =~ a + be™ " = §,(t), (3.9)

with constant model specific parameters a,b and c. For the original definition of these parameters
pls. cf. [1] (in particular section 3.1 therein); details of the projection technique are given in section
3.5.1 below, where the applicability is extended towards the Heston Cheyette and Heston DDSV
Cheyette models.

The full-scale HHW model with deterministic approximation of non-affine terms is referenced as
H1HW (the acronym is from [1]) and is within the AJD model class since the covariance matrix

takes the form:

Ut PzoY Ut ParOy (t)
Ext = Poz YVt 'YZ’Ut Pw’}/ﬁév (t) . (310)
Prandu(t)  proynoy(t) n?

For simplicity we presume p,, = 0 for the moment, but as shown in [1] the entire argumentation
holds for non-vanishing p,, equally well. Derivation and solution of the defining ODEs for CHF
Fourier coefficients are completely analogous to the 1IF-HHW case elaborated in Appendix B.1. The
Fourier coefficients B(u,7), D(u,7),C(u,T) are equivalent to the 1IF-HHW case, the sole deviation

is an additional term in

AHle(u,T) = AlF—HHW(UaT)+prz77/ 5U(T—T)B(U,T)C(U,T)d7', (311)
0
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with solution

T
pmn/ 50(T — 7)B(u, 7)C(u, 7) dr = iuliu — 12
0

{—ge_CT(l —e)+ar — £(1 - e ) + bA(l — e_T(’\_c))

c—

= pranla(u, 7). (3.12)

Apparently the additional term is a pure function of w, and hence, the zero coupon bond value
remains unaffected by p,,. Consequently, the zero bond values for the single correlation 1F-HHW
model and full-scale HHW model are equivalent (!).

Finally, with Ag1gw (u, 7) of equation (3.8) the CHF of the HIHW results in canonical fashion, i.e.

‘i)HlHW (u7 T v, e, 6, T) = eAHlHW(uv"')"‘B(u;T)wt+D(U;T)Ut+c(u;7)rt, (3_13)

where the Fourier coefficients B(u, 7), C(u,7) and D(u,7) are described in detail in Appendix B.1.
With affine hybrid model versions HIHW and the corresponding CHFs available, derivatives pricing
with these models is accessible to inverse transform and direct integration techniques (at least for
those kinds of derivatives which are in general evaluable by inverse transform methods). In general
the results obtained in the spot and terminal measures are equivalent, albeit numerical errors are
susceptive to the particular choice of measure. The relation between numerical error characteristics
and choice of measure is detailed later in the discussion of the affine versions of the Heston DDSV

Cheyette model.

3.3 Smiles in Equity and Interest Rate
3.3.1 Displaced-Diffusion Stochastic Volatility Libor Market Model

Hybrid models can be constructed with various different IR components. In the previous sections the
IR component was defined by the HW model. The HW model is based on a 1D short-rate process
with inherent limitations: For instance, the HW model is a Gaussian model showing inherently
large skew features in IR implied volatilities. Furthermore, as 1D model the HW approach is
incapable to represent IR derivatives depending on the evolution of more than a single forward rate,
like i.e. CMS spread products which are based on the difference of forward rates with different
tenor structure. In order to resolve such insufficiencies, market models were devised within the
HJM framework. When the market model is based on Libor forward rates, the Libor Market
Model (LMM) results as fundamentally different ansatz compared to the HW short-rate process
previously discussed. The LMM is inherently high-dimensional, since for a given set of maturities
T =A{T}r = {To, T1,Ts,...,Tn} each maturity is represented by one individual stochastic process
for the corresponding Libor rate L(t,Ti—1,Tk) = Li(t) (with each Libor forward rate based on the
tenor structure 7, = T}, — T—1). When presuming the Libor rates to be log-normally distributed,
the implied volatilities associated with IR products modeled with the LMM are flat. In the original
LMM model IR smile and skew features are absent.

In the following we discuss an extension of the LMM as IR component of hybrid models. The
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extended LMM model is denoted as the Displaced-Diffusion (DD) Stochastic Volatility (SV) Libor
Market Model (LMM). The DDSV LMM is capable to reproduce smile and skew features observed in
the implied volatility surface derived from the interest rate market. IR skew features are introduced
by the DD concept. IR smile is controlled by a correlated IR stochastic volatility (IR-SV) process,
analogous to the EQ-SV process in the Heston model on the EQ side of the hybrid model.

In [31] the stochastic process driving each of the Libor forward rates,
dLy(t) = ok (¢) (e (t)dt + dWi (1)), (3.14)

was generalized towards a DD volatility specification of functional form
O'k(t) = Sk(t)q)k(t,Lk(t)). (315)

This is the DD LMM where the overall stochastic volatility level in model characteristics is deter-
mined by the value of sj(t). The DD ansatz [32, 33| is based on the idea to mix normal and log-normal
behaviour in the stochastic processes underlying the Libor rate evolution, thereby controlling the

skew of implied IR volatilities with
Du(t,Lr(t)) = br(t)Lg(t) + (1 —bg(t))Li(0). (3.16)

Therein 0 < b (t) < 1 controls the mixture between log-normal and normal model contributions. IR
skew and smile were successively introduced as amendments to the standard Libor Market Model
(LMM). Then [32, 33] further augmented the DD LMM by a stochastic variance process z; to
establish the full DDSV LMM concept:

dLi(t) = sp(t)Pr(Lr(t), t)\/ze(Vzepn(t)dt + dWi (1)), (3.17)
with IR — SV process

and correlations

AWidW, = predt and  dW;dWy, = piedt. (3.19)

The IR-SV process is of Cox-Ingersoll-Ross (CIR) type like the EQ-SV equivalent in the Heston
process, with mean-reversion rate (3, mean-reversion level Z (conventionally to be set to z = zg = 1,
since the overall IR-SV level is already adjustable via the choice of s), and volatility € of the IR
variance process, respectively.
In general, all aforementioned DDSV model parameters are time-dependent. However, the focus
of the discussion at hand relies on affine model approximations accessible to evaluation by inverse
transforms. Therefore the DDSV parameters s; and by are presumed to remain constant as one of
the approximations necessary to derive an affine version of the DDSV LMM.
Assuming simple compounding the tenor structure 7, = T} — Tx_1 defines the connection between
the Libor rates Ly(t) = L(t, Ty—1,T}), and the zero (coupon) bond P(t,T)) = Pp,)(t) value, as
P(t,Ty) 1

P(t.Th—1) 1+ 7aLp(t)’ (3.20)

18



with m(t) = min(k : t < Ty). The choice of measure determines the drift term and numeraire
corresponding to each Libor rate process. Conventional choices are the spot Libor (SM) measure QF
(where the Libor process corresponding to the instantaneous forward rate at the respective moment
is a martingale, and the numeraire is the rolling over bank account described by dB; = Ly, )(t) Bydt
and By = 1), or, alternatively, the TV = Q7 forward or terminal (TM) measure (where the terminal
Libor rate at maturity Tv 41 is a martingale, and all other Libor processes are transformed into this

particular measure Q7). Then, drift and numeraire assume the following explicit form:

Measure | Drift | Numeraire
N
TN-Fwd (TM) Q7| u(t) = = > P570pn | Pt Ty) = ——miol
i=k+1 H 1+TiL(t,T¢71,Ti)
i=m(t)+1
. B b si®i (4L (1)) m(t)
Spot Libor (SM) Q up(t) = > T Pik B(t) = Py (t) T[T 1+ 7Lt T, T;)
i=m(t) - i=1

DDSV LMM: Interest Rate Smile - Large Skew DDSV LMM: Broad Interest Rate Smile — Moderate Skew
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Figure 3.1: Comparison of Interest Rate (IR) smiles and IR skews observed in Monte-Carlo simu-
lations of the DDSV LMM model. The overall implied volatility level is determined by the choice
of si. Left: IR-SV scenario where normal and log-normal DD IR contributions have equal weight
(b = 0.5). Data show in blue corresponds to maturity T = 5 and s = 25%; data plotted in red
is obtained at 7" = 10 and with s = 30%. With Gaussian model contributions present, implied
caplet volatilites show a significant skew. The solid lines correspond to the DD LMM case where
the IR-SV process is absent. Overlayed in broken lines are the implied volatilities in the case IR-SV
contributions are introduced (§ = 0.1, e = 70 %). Right: The influence of short rate skew features
diminuishes in the limit b, — 1 corresponding to the log-normal case, DD LMM model results shown
as broken lines). Distinct IR-SV features are observed for IR-SV volatility assuming huge values
of e = 120 % (solid lines). For demonstration purposes the overall volatility level determined by s
is permuted compared to the left part of the figure. 7' = 5 is the blue data with s; = 30%; data
plotted in red is obtained for 7' = 10 with s, = 25%.
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In Fig. 3.1 the impacts of DD and SV contributions on caplet implied volatilities are illustrated both
as individual effects and in combination. Solid lines show implied volatility effects solely as result
of DD contributions. The DD contributions plotted as solid lines are isolated in the limit z; — z=1
(resulting from the choices 8 — 0 or 5> 1, and € — 0), where modifications by the IR-SV process
become negligible. This corresponds to the DD LMM model case. Here the base skew is disclosed by
simulations without stochastic variance contributions. By tuning the DD parameter by, the relative
weight of normal and log-normal components in the DDSV LMM is adjusted. The pure LMM case
corresponds to by=1 with flat implied volatilities; the Gaussian model case is obtained in the limit
br — 0. In general the increase of Gaussian normal contributions is associated with pronounced skew
features. Results are shown for T'= 5 (blue) and T' = 10 (red) years to maturity, initially presuming
a flat forward curve at L;(0) = 5% p.a. level for all initial Libor rates. The overall volatility level is
determined by the choice of s in the DDSV LMM model. Implied caplet volatilities are obtained for
s = 25% and s, = 30% in both plots of Fig. 3.1 (in the left part s = 25% corresponds to maturity
T = 5, in the right part results at maturity 7 = 10 are demonstratively shown for s, = 25%).
In the left part of Fig. 3.1 a comparatively large base skew is generated by the skew parameter
br, = 0.5 (as by controls the mixture of log-normal and normal components of the LMM). Whether
the IR smile is significant is controlled by mean-reversion rate 8 and volatiliy € of the IR stochastic
variance process; in the left panel § = 0.1 and € = 70% give rise to base skew with smile features.
When calibrating to market data, € values are usually below 50% - this already indicates the fact
that IR smile contributions in realistic data of hybrid products are generally of course much smaller
than EQ smile effects. In order to emphasize IR smile effects, the smile features are prominent for
demonstration purposes in the right part of Fig. 3.1 by choosing small mean-reversion f = 0.3 and
large volatility e = 120% in the IR-SV process. Here the base skew becomes much less prominent

by the choice b = 0.9; then Libor rates are assumed to evolve 'quasi’-lognormal.

3.3.2 Heston DDSV Libor Market Model (HLMM)

By combining the DDSV LMM concept as IR component with the standard Heston process as EQ
component, the Heston DDSV LMM (referenced by the acronym HLMM) hybrid model is con-
structed. The HLMM is a hybrid model by our conventional denotations used throughout the
thesis: The entire discussion of HLMM results is based on the full-scale HLMM hybrid model with
non-vanishing EQ-IR correlations (this means in effect, that the correlations between Heston EQ
component and Libor rates are in general non-zero p, # 0V k). Furthermore the HLMM features
hybrid smiles: The Heston EQ component can represent EQ smile and skew effects, the DDSV LMM
is capable to generate IR smile and skew observed in the IR markets, and EQ and IR smiles are
likewisely correlated in the full-scale model.

In the numerical implementation as basis of the present discussion, the spot rate r; in the Heston

component is obtained as instantaneous Libor rate r; = Ly, )(t) without any further interpolation.
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The HILMM as the affine approximation of the HLMM

In general, LMM models are due to the drift term strongly path-dependent, and consequently the
DDSV LMM model is non-Markovian and non-affine. In [4] several approximations are imposed
in order to render the HLMM SDE system in affine form. Particularly the Libor rates Ly(t) are
frozen to the initial value Lj(0). This removes the path-dependency in the drift term arising from
the sum over the Libor rates. The non-affine terms from the IR-SV process (see equation (3.15))
are approximated by assuming z; ~ F[z:] = §,(¢) in analogy to the approximations discussed in [1]
(cf. section 3.2.1 above for HICH/HIHW model approximations originally devised in [1]). In [4] all
non-affine terms are rigorously linearized by adopting and extending the ideas published in [1]; for
instance, EQ-SV and IR-SV processes are assumed to evolve independently and can be projected
onto the corresponding expectations like \/v;\/Z; ~ E[\/v;\/Z] ~ E[\/v]E[\/Z]. Thereby the affine
version of the HLMM SDE system in the terminal measure Q7 (referenced by the acronym H1LMM
in the following) is placed within the AJD process class.

Details of the HILMM derivation are found in the original publication [4]. In the following sections
the full-scale HLMM model is implemented employing Monte-Carlo schemes, and the Carr-Madan
and COS methods are prepared to price within the affine version HILMM. These implementations
are benchmarked for selected simulation parameters and derivative products. Particular traits of

the Monte-Carlo implementation are exposed briefly below.

Benchmarking HLMM /H1LMM implementations

In order to validate the Heston DDSV LMM model implementations, the results obtained by Monte-
Carlo (MC) simulation and inverse transform techniques (COS and Carr-Madan method) are com-
pared with the reference results in [4], section 5.1 (with a particular focus on table 5.1 therein). The
simulation setup and the choice of parameters are as described in [4], section 5.1:

The Heston model is set up with k = 1.2, v = vg = 0.1, v = 0.5, and p,, = —0.3, respectively. The
Heston model model is coupled with p.r = 0.5 to a DDSV LMM with s = 0.25, b, = 0.5, § =1,
z = 1, and € = 0.1, respectively. The IR-SV process is neither correlated to the EQ nor the IR
model components (p,r = 0 and py, = 0 for all Libor rates Ly, p,, = 0); the correlation matrix of
the Libor rates is p;r = 0.98 for ¢ # k, and unity otherwise.

The results obtained by inverse transform evaluation of an equity call option with the affine deter-
ministic approximation of the Heston Libor Market Model (HILMM) show excellent agreement (cf.
Fig. 3.2, left part), Monte-Carlo results obtained for the full-scale HLMM model are in reasonable
agreement (cf. Fig. 3.2, right part) with the reference results published in [4].

Another benchmark of the MC implementation of the HLMM follows from pricing a hybrid product
as suggested in [4] (section 5.3 therein), where the hybrid named Minimum of Several Assets is
priced. Hybrid products are considered in some detail in chapter 4 below, and the description of
the specifics of the Minimum of Several Assets payoff construction is found in section 4.2. For the
parameter set employed in [4], this hybrid derivative contains EQ and IR asset class components

and is evaluated as function of the relative EQ contribution k in Fig. E.6. The calculated hybrid
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Figure 3.2: Comparison of equity call option values obtained within the Heston DDSV LMM
(HLMM) and the corresponding affine model version HILMM. Model parameters follow the de-
scription in [4] (section 5.1 and Appendix E therein). Left: Comparison of COS method results for
the affine HILMM model with [4], Table 5.1 therein. Right: Comparison of Monte-Carlo implemen-
tation results of the full-scale HLMM model with [4], Table 5.1 therein. MC resullts are obtained
with 2 - 10° simulations and k, = 20. The typical MC standard error level is 45 bp.

prices are in very good agreement with the results presented in [4], giving credit to the validity of
the HLMM implementation.

Certain supplementary consistency checks were applied prior to the aforementioned pricing results:

e For by = 0, s = 1 the displaced-diffusion contribution cancels out. When the stochastic
variance process is fixed at z; = zp = const; this corresponds to the limit 5 — co and n — 0.

Then, the IR-SV process becomes quasi-deterministic and the LMM model remains.

e The Andersen QE scheme has been validated separately for the Heston case with the parameter
sets of the original publication [7], and via cross-check with the analytical solution for the test

parameter sets listed in Appendix D.1.

Monte-Carlo implementation of the full-scale HLMM model

The HLMM is implemented in one version where the DDSV LMM component is based on the spot
Libor (SM) measure QF, and an alternative version where the DDSV LMM component is evaluated
in the terminal measure (TM) Q7. Crucial point in LMM implementations is the efficient evaluation
of the drift term. Under Q7 the drift term is calculated by an iterative predictor-corrector (IPC)
scheme (cf. [17] for details), which is adapted to account for the DDSV amendments to the model.
The IPC scheme allows to use tenor-based time stepping (in [17] this is called long stepping) . Quite
contrarily, the QF implementation employs a straightforward Euler scheme for the drift calculation,

and the discretization errors introduced compared to the IPC scheme are compensated by introducing
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substeps within each maturity tenor interval T; < ¢ < T;41 with 1 < k < kg and kg = 20 a typical
number for the simulations presented in the discussion at hand.
For each Monte-Carlo path the following routine is completed for each time step t — t + At along

the entire time frame 0 < ¢t < Ty of the discretization:
1. Advance the IR-SV process variable z; — 2;11 by an adaption of Andersen’s QE scheme [T7].

2. Proceed an individual time step in the DDSV LMM implementation, either in the spot measure

QP or the terminal measure Q7.

3. Advance the Heston stochastic volatility process, based on Andersen’s Quadratic Exponential
(QE) scheme with martingale correction. Depending on the realization of the DDSV LMM
component, either the EQ spot or forward stock prices are employed. The Libor spot rate is

obtained from DDSV LMM results by setting 7y = L, (t) without further interpolations.

3.4 Bridging between Short Rate and Market Model: The
Cheyette Approach

3.4.1 Markovian Dynamics by Separable Volatility Specification

Hybrid models with a Hull-White IR component are well understood and, due to the low-dimensionality
of the underlying system of SDEs, are widely used in practical applications. However HW short rate
based models fail to capture market features like IR smiles. Striving to represent as much market
observables as possible, market models are designed to model the entire forward curve by an HJM
based volatility specification when computationally feasible, and are combined with concepts like
displaced diffusion and an additional stochastic volatility process in order to account for IR smile
and skew. DDSV LMMs are inherently non-Markovian and high-dimensional, and hence, by design
not well suited for the application in calibration problems or dynamic hedging algorithms.

A viable approach to bridge between the simplicity of HW and sophistication of market models
is to control the volatility structure of the Heath-Jarrow-Morton (HJM) framework by ’a priori’
assumptions on the functional constraints by the Cheyette model [17¢|. The result is a Markovian
system with adaptable degree of dimensionality which allows for displaced-diffusion and stochastic
volatility extensions. In the following, the Cheyette model is introduced within the context of the
DDSV concept. Then, the DDSV Cheyette system as IR component is combined with a Heston EQ
component to constitute a new hybrid model framework. Finally, affine approximations are studied
which place the Heston DDSV Cheyette model within the AJD process class and open the path to
efficient evaluation by inverse transform techniques. Benchmarking the quality of the affine versions
(referenced by the acronyms HICV and H2CV) with the full Heston DDSV Cheyette model, gives an
indication of the validity of affine approximations and prepares to understand the comparison with
the other short rate and LMM based hybrid models in the calibration and hybrid product valuation

scenarios of the next chapter.
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Cheyette Model Characteristics and Affine Model Features

The HIM framework [17b] is based on the idea to model the risk-neutral time evolution of the entire

yield curve by the dynamics of the forward rate f;(7T):
dfy(T) = 6@, T)dt+o’(t,T)dW(t) for T >t, (3.21)

where 6(¢,T) is the corresponding drift and o/ (¢, T) the volatility of each forward rate, respectively.
According to [17b] the risk-neutral forward rate dynamics are completely determined by the initial
market yield curve f}(T) as exogenous model input in combination with a given volatility structure
o/ (t,T). In this form the HJM framework has practical drawbacks: The yield curve consists of
an infinite number of individual stochastic processes (in the LMM this is overcome by defining a
discretization on the basis of Libor rates with given tenor structure), and the drift is highly path
dependent and non-Markovian. Essential point of the Cheyette model [17¢] is to separate the forward

rate stochastic volatility structure of the HJM framework
ol (¢, 17) =) gu(MHf, i=1,...n , (3.22)
k=1

into a product of a deterministic function g (7') depending on maturity 7 and a Markovian process
HF. The Cheyette separable volatility model removes path dependency, and hence, the model is
within the applicability of the Feynman-Kac theorem. In the case of single factor volatility n = 1

the Cheyette model with state vector X; = [z, y;]T in differential form reads:

dxc,t = (yt - )\xc,t)dt + ntdWc(t)a (323)
dy, = (17 —2Xye)dt, (3.24)

where

e 1., represents the Markovian Cheyette process (this is basically the short rate) with Brownian
driver We(t);

e y; is the second state variable, coupling the mean-reversion level and the volatility. In the
special und restrictive case of deterministic volatility 7, = 7(t) the second dimension becomes
deterministic, y; = y(t). The essential advantage of the Cheyette model compared to the
classical short rate models is the option to incorporate a stochastic volatility specification
e = n(t, e, Yt, 2t ), the integral part of the discussion at hand. The particular choice of the
stochastic volatility process z; for the interest rate (IR) component controls the model features

encompassing an IR smile.
e )\ is the reversion rate of dZ.: = —AZ.+dt + ndW,(t) of the first state variable.

The dimensionality of the Markovian Cheyette system is basically controlled by the specific form of
the single-factor volatility:
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e 3D Markovian Cheyette systems are obtained in case of full stochastic volatility specification
e = n(t, Te, Yi, 21), where the volatility connects to the state variable z., of the basic interest
rate process and is combined by a separate SV process z;. The DDSV Cheyette concept
discussed below is inherently 3D. In general, the situation that 7; depends on other state
variables gives rise to non-affine characteristics. Then, suitable approximations bring the

system within the AJD process class and make inverse transform techniques applicable.

e 2D Markovian Cheyette systems result in configurations where 1, = n(t, z.) connects at least

to the Brownian driver W,(¢) of the basic IR process.

e 1D Markovian Cheyette systems are generated by presuming deterministic 7 = n(t); narrowing
the constraints towards 77, =const to be constant results in system features with straightforward

correspondence to the HW short rate model.

3.4.2 Displaced-Diffusion Stochastic Volatility (DDSV) Concept in the
Cheyette Model

In principle the Displaced Diffusion (DD) concept as originally introduced into the LMM framework
[31] is directly transferable into the Cheyette setting by adapting the volatility specification:

n(t,xc,t, Zt) = Sk(t)(bk(t)ﬂ't + (1 — bk(t))ﬂ'o)\/z—t = s, (1) Pr (), (3.25)
with Tt = f(O, t) + Le,t

The volatility is constructed by defining a certain basis level s;(t) and a IR skew parameter by (¢).
The Cheyette system assumes the basis level in the limit by — 0 and z; — Z=1 where implied
volatility flattens out. In the limiting case by — 1 the DD conformalization assumes log-normal
behaviour corresponding to flat implied volatility structure without skew modifications. With by
decreasing towards 0 as lower boundary, by 7; the skew features in the implied volatility structure
are pronounced. Though s (t) and by (t) are in general time-dependent, in the present discussion the
DDSV Cheyette system is based on constant DD parameters. IR smiles are introduced by a separate

stochastic variance (IR-SV) process analogous to the Heston SV component on the EQ side, i.e.
Zt = ﬁ(g - Zt)dt + 6\/Z_tdWZ (t), (326)

where 8(t) = B=const and €(t) = e=const correspond to the IR-SV mean reversion and volatiliy of
variance, respectively, assumed to be constant here.
Consistency with the DDSV LMM approach is enforced by denoting the following connection to the

forward rate volatility structure (cf. [33] for details on the derivation):

n(t, Tep,2t) = —[%Bc(t,T)]flsk(t)(bkwt + (1 = b)mo)v/ 2t (3.27)
= AT (b, 4 (1 — b))z (3.28)

The quantity B.(t,T) is the drift component in the Cheyette zero bond formulation (cf. section
A3.2).
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3.4.3 HHW as limiting case of the Heston Cheyette model (HCH)

The HHW model is equivalent to the Heston Cheyette model (HCH) when certain constraints are
imposed on the Cheyette model as the IR component. As the HHW and the associated affine
approximations are well-studied in previous publications [1, 2], we use the HHW as limiting case to
cross-check the derivations and implementations of the introduced HCH and HCV models. In section
3.4.1 the Cheyette (CH) model was introduced as a Markovian IR model with variable degrees of
freedom. The dimensionality and complexity of the Cheyette model is controlled by the underlying
volatility specification 1, = n(t,z}), where xi i € {1,...,n} are the Markovian state variables of the
n-dimensional system. The Cheyette concept is based on introducing constraints on the volatility
specification of market models; Cheyette models are Markovian by design and rendered as specific
group within the IR models created by the Heath-Jarrow-Morton (HJM) framework.

In the limiting case of a Cheyette system under the constraint of constant volatility 7; — n=const,
the state variable y; decouples from z.; and becomes deterministic (cf. section 3.4.1 for a description

of the Cheyette state variables and Appendix A.3 for calculation details):
y(t) = L(1—e ) (3.29)

For constant volatility n the connection between the CH and HW models is then contained in the

relation between CH and HW mean reversion levels, i.e.

0(t) = f(0,t)+ 3:2£(0,t) + y(b). (3.30)

The CH/HW connection is equally valid for the corresponding CHFs - the connection between CH
CHF and HW CHF Fourier coefficients is shown in Appendix A.3.1.1 and based on the relation

Yp(u,7) = gt Ch(u,7), (3.31)

where Y (u, 7) is the Fourier transform coefficient of the y(¢) process, and Cg(u, 7) the corresponding
Fourier coefficent of the IR process r;, respectively. The subscript B indicates that the relation is
derived under the spot measure Q. Following the same line of thoughts, the connection of CH/HW
IR components is carried into the corresponding hybrid models. The HHW/HCH correspondence is

based on the integral relations of Fourier coefficients

| voterir =~ [ chunar
_2(1iiu)‘[3(u77-):/ Cp(u,7)y(t)dr (3.32)
0

These integral relations are detailed in Appendix B.2 and actually represent substantial parts of
the affine HICH/HIHW model Fourier coefficients Agicp(u,7) and Apgigw (u, 7) as discussed in
section 3.2.1.

These model characteristics are previewed here to emphasize the following line of argumentation: The
connection between HW and CH IR components and corresponding affine hybrid HIHW and H1CH
models in the limiting case n=const is well-defined. All numerical implementations presented are

validated in the sense that when parameters are tuned to assume this limit, the theoretically expected
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connection between these models is observed numerically when employing inverse transforms or
direct evaluation methods.

For the HHW/HCH IR components analytic prices of contingent claims are available as derived
in Appendix F. Such analytic prices are used to cross-check the numerical implementations as is

further detailed in Appendix F.

Affine model derivation in the spot Qf and the terminal measure Q7

The derivation of the affine version of the full-scale Heston Cheyette (HCH) hybrid model (through-
out the present discussion referenced by the acronym H1CH) proceeds in analogy to the HIHW
derivations outlined above. The details of the HICH derivation in the spot measure QF are given
in Appendix B.2.

There are two intriguing features of the affine HIHW and H1CH models: (i) When the EQ-SV
process and IR process are uncorrelated (p,» = 0, which is the case for all instantaneous covariance
structures within this thesis), the explicit form of the stochastic variance process on the EQ side
is independent of the choice of measure; however, the IR component transforms according to the
specific measure applied. (ii) The discounting decouples from the EQ-SV component upon transfor-
mation from QF to the terminal measure Q7.

The HIHW model derivation in the terminal measure Q7 is detailed in Appendix C.1, and in the
same line of argumentation the transformation to the terminal measure is transferred to the HICH
model in Appendix C.2.

The Fourier cofficient C(u,7) corresponding to the IR component is equivalent for both hybrid

models assuming the form
Cplu,7) = +(Q+iuN)e ™ —1)=—+(1—e ) +iue™7, (3.33)
under the spot measure QF, and
Cr(u,m) = —3(1—e ), (3.34)

under the terminal measure Q7 respectively.

It is important to note that the decoupling of the EQ-SV and IR processes under the measure
QT means that both processes evolve and can be modeled separately. However, the EQ-SV and
IR processes remain correlated, so the hybrid correlation in the full-scale models remains. The
corresponding EQ-SV/IR coupling parameters p,, and ps. are included in the Fourier coefficients
Ampw (u,7) and Ao (u, 7), respectively.

The decoupling is indicated by subdividing the covariance matrices of the hybrid models as indi-
cated by the broken lines in the relevant Appendix C.1 for the HIHW and C.2 for the HICH. The
separation of the hybrid components has favorable consequences for the numerical implementations
(in particular of Monte-Carlo and PDE schemes), since the EQ-SV part can be modelled as a 2D
process in the forward measure, where discounting is accomplished straightforwardly by an analyt-
ically determined zero bond value. The advantages in computational performance are obvious in

contrast to the full 3D SDE system present under the spot measure Q.
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As already pointed out, the crucial point is that the change of measure solely affects the Fourier
coeflicients associated to the IR process component. The EQ-SV component of the hybrid model
remains unaffected. When discussing the Heston DDSV-Cheyette model below, the essential differ-
ence is the introduction of an IR-SV process; then the SV component on the IR side will also be
responsive to changes of measure. This is the difference in SV contributions between the EQ and
IR side.

The implications are multiple, as for Heston DDSV Cheyette models the EQ-SV and IR-SV compo-
nents remain entangled upon transformation from QF to Q7' and hence, the dimensional reduction
observed by the separation of hybrid components is not applicable, putting constraints on the nu-

merical implementations!

3.5 Hybrid Smiles in Markovian Systems
3.5.1 The Heston DDSV Cheyette Model in the Spot Measure

Combining the Heston process as equity component with the DDSV Cheyette model on the interest
rate side creates a correlated SDE system governing the Heston DDSV Cheyette model, thereafter
referenced by the acronym HCV:

drsy = (m — 4)dt + /o dWe(t), (3.35)
dvy = K0 —v)dt + v/ e dWy (1),
drey = (yr — Awe)dt + nedWe(t),
dze = P(Z— z)dt + /2 dW, (1),
dye = (0} — 2)ye)dt,
with
T = f(0,t)+ zey,

mo= VEs)bOm + (L= bi(t)m0) = Vs (HBi(t),

and correlations py,dt = dWodW,, pepdt = AW .dW,, pe.dt = dW.dW.,, pepdt = AW AW, py.dt =
dW,dW,. The SV processes of the EQ and IR components are ’a priori’ presumed to be uncor-
related (p,, = 0). Furthermore, to simplify the analysis the correlation between EQ-SV and IR
processes are also assumed to be negligible p., = 0; this is for the sake of clarity, since an extension
to include this correlation type is straightforward. For the discussion at hand an interest rate with
a single-factor Cheyette volatility, k& = 1, and constant parameters for the volatility s (t) = si of
the IR variance process and displaced-diffusion conformalization by (t) = by are considered. In the

later discussion an extension towards the multi-factor volatility framework becomes feasible.
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3.5.2 The Heston DDSV Cheyette Model in the Terminal Measure

The forward stock price,

St
Pt.T) P

|

F =

(3.36)

is a martingale under the T-forward measure. For specific EQ-IR hybrid systems like the HHW /HCH
systems the transformation from the risk-neutral measure (Q°) to the T-forward (terminal) measure
(QT) gives rise to advantages: In the SDE hybrid system the equations governing the IR process
are decoupled from the equations determining the forward price process. Consequently, the Heston
EQ-SV component can be modeled separately from the IR process. The transformation Q° — QT
is elaborated in detail in Appendices C.1 and C.2 for the HHW and HCH models, respectively. The
influence of EQ-IR correlations is still represented by the correlation parameters pg,., pzc. contained
within the EQ-SV model components under the forward measure. The dimensional reduction from
3D in the spot to 2D in the forward measure has favourable effects on the computational implemen-
tations.

However, the situation gets more involved, as soon as an IR-SV component is included in the hybrid
model. The essential point of the Heston DDSV Cheyette (HCV) system is that the volatility of the
IR component 1; = n(t, ;) is driven by a stochastic variance process; then, y; becomes a stochastic
variable, and consequently the IR-SV Cheyette component is a 3D Markovian system. The DDSV
IR component is introduced into the HCV system by

ne = \/Z_tSkq)k(t,.’L'c)t) = \/Z_tSk(bkﬂ't =+ (1 — bk)ﬂ'o) Wlth Ty = f(O,t) =+ (Ec7t =Tt. (337)

Though the zero bond value in the DDSV Cheyette model is solely a function of z.; and y:, the
influence of the IR-SV process is contained implicitly in y; and shows in the zero bond dynamics as
is detailed in the derivations below.

By transformation to the forward measure, IR-SV contributions are contained in the forward EQ
price dynamics, and hence, the Heston EQ-SV system contains the IR-SV variable z; as additional
third dimension. However, the situation becomes more involved in the presence of DD contributions,

since then the IR volatility specification

e = n(ta Zt, IC,t) = \/Z_tskq)(ta ICi)v (338)

becomes a function of both z; and x.,. This volatility specification is present in the zero bond
dynamics dP;/P; and thereby carried into the forward dynamics dF;/F;.
The connection between the specific choice of measure and the dimensionality of the SDE system is

for the HCV model summarized as follows:

e The full-scale HCV model is an inherently 5D system both in the spot measure QF as well as
in the terminal measure Q7. The underlying SDE system as well as the CHF depend on all

five Markovian state variables S, v¢, T¢ ¢, Yt, 2, irrespective of the specific choice of measure.
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e When DD contributions are not taken into account and only the pure IR-SV process is present,

the volatility specification simplifies to

ne = n(t, zt) = VzesePr(t). (3.39)

This is achieved for instance by freezing the interest rates in the initial state in the volatility
specification, as is elaborated below within the constraints of the affine deterministic limit
H1CV of the HCV model. The HICV model, which represents a 5D Markovian system under
the spot measure QF , then separates into EQ-SV x IR-SV = 3D x 3D SDE systems upon
transformation to the forward measure Q7. The IR-SV process variable z, is the linking

element between hybrid components.

e As soon as DD contributions are fully taken into account with ®; from equation (3.24) this
implies a functional dependence of the form &), = Pp(t,z.), and hence, the HCV model
system remains 5D. In this case there is no obvious computational advantage gained upon

switching towards Q7 .

In the following the transformation of the HCV model from spot measure QF towards the terminal
measure Q7 is discussed in detail.

We consider the general SDE system,
dX, = p®(X;)dt + Lx,dWO(t), (3.40)

with state variable vector [y:, z¢, Te.t, Ut, ST, drift term

252 % — 2y,
B(z — 2)
pl(Xy) = Yt — ATet : (3.41)

0 0 0 ! 0 0
0 €%t 0 ! 0 0
Lx, = | 0 pezsi®ry/zt Leesp®ryz ) 0 | 0__|: (342)
|
|
|

with components

L. = 1- pgza Ly = i V Pve = PvzPezy Ly, = V 1- P%z - L'[Q;cv

Lxc - i(pxc - pxzpcz)7 Lz'u - LLw(va — PxzPvz — Lxchc)7 Lzz = \/1 - p%z - L%c - L%m

and the corresponding vector of uncorrelated Brownian drivers WO(t) = [WS (t), WO(t), WO(t),
WO(t), Wo(t)]!. The superscript ‘0’ indicates that at this point the drift and Brownian drivers
are still considered in the spot measure QF.

In detail, we deal with the stock dynamics

ds;

t

Tedt + Pran/VAW? + Lyon/sdWE 4 Ly /UrdW? + Loy /0rdW?, (3.43)
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and the zero coupon bond dynamics, as follows,

dP, ~ ~
?t = mdt+ ,/ztskfkachS = mydt + Bc(pczw/ztskfl)deS + Lcm/ztskfbdeé))
t
= mdt + /Zsk Pk Be(pezdW? + LecdW?)  with  Bo(t,T) = —+(1 —e™7),
dP,\*
so that (f) = zs;®iB2dt and
t

dP,\ (dS
- (?‘*) (f) = V2056 PkBe(pazpes + LecLge)dt. (3.44)
t t

The zero bond dynamics contain the IR stochastic variance process explicitly, even though the
stochastic variance appears only implicitly in the corresponding zero bond formula. Then, the
forward dynamics are given in the following form:

dF;

? - (Ztsiq)iBs - chSk‘I)ch\/Z_t\/U_t)dt + (pxz\/v_t - pczskq)k\/z_th)dWZO
t

+  (Loev/Vt = Leev/Zesk @k Be)AW? + Ly /UrdWY + Lyor/vrdWY. (3.45)

The Girsanov kernel obtained from the zero bond dynamics, to perform the transformation from the

risk-neutral towards the T-forward measure QF — Q7' reads

awy 0 awr
de Pez \/Z_tsk(I)ch dWE
dWw? = Leey/Zisp®pBe | dt+ | dwl |. (3.46)
awo | | o AW T
dWO 0 aw!

Since the forward price is a martingale under the T-forward measure F; = ET[Fr|F;], the forward

dynamics need to be driftless, i.e.

dFt - (pzz\/v_t - pczskq)k\/z_th)de + (ch\/v_t - Lccskq)k\/z_th)dWcT
+ Lo JurdW.r + Loy /ordWrE.

However, drift components arise in the log-transform, i.e.

diy = dlogF, = —3[(p7, + L3 + L3, + L3,)00 = 2pazpacsi®iBey/ziv/vr + p2. st ®h 2 BY
— 2(pue = Przpez)sk®rBey/zi/o + (1= pl,)s; ®F Bl 2] dt +
(Pwzn/Vt — PezskPrzeBe)dW T
(Laer/Ut — Leesk®@py/2eBe)AWE + Loy /o dWE + Lyyr/o;dWE
= (=% + presi®ry/EBen/U — 325703 B2)dt + (paan/V7 — pessk iz Be)AWT
(Laer/0r = Leesk ®i/ZBe) AW + LyyJordW, + Lyar/ord W (3.47)

3.5.3 Heston DDSV Cheyette Model: Monte-Carlo Implementations

The Monte-Carlo (MC) evaluations of contingent claims within the HCV model are implemented
under the spot measure QF as well as under the T-forward measure Q7 . For both measures un-

biased schemes exist for the IR components detailed below. On the EQ side, there is the unbiased
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Andersen QE scheme with martingale correction available for the Heston process; on the IR side,
the QE scheme is adapted to be applicable to the IR-SV process.

In general, the results obtained under QF and Q7 are consistent. Whenever spurious deviations
are observed, these are the consequence of different dimensionality in model formulations under the
respective measures. The influence of a particular choice of measure on the quality and performance
of numerical evaluations is part of the discussion below along with the model validation. The im-
plementations are based on a forward MC scheme, so for every MC path the simulation proceeds

forward in time by stepping along a predefined time grid from ¢t = 0 towards maturity t =T

Under the spot measure the HCV model resembles a full 5D system. At each step from ¢ to tx41

within the time discretization we perform the following steps:

e (i) Advance the TR-SV process via an adapted version of the Quadratic Exponential (QE)

scheme [7] 2, — 2, -
e (ii) Iterate the first IR component y;, — y¢,., by means of a straightforward Euler step.

e (iii) Perform another Euler step for z.; employing the unbiased scheme in the spot measure
Q:
d'rc,tk+1 = (ytk — )\xcﬁtk)dt + T]tdeO (tk)
= (ytk - n?kBg(tkv thrl) - )‘xc,tk)dt + ntdeB (tk) (348)

e (iv) Simulate the EQ-SV component v;, — vy, ., as first part of the Andersen QE scheme for

the Heston process.

e (v) Simulate the log-transformed EQ state variable Z;, = log S, — #y,,, as second part of
the Andersen QE scheme.

With the EQ state variable at maturity 1 the derivative payoff

K(T)—1
1
(t) = BWHEP|——=I(T)|=E" P(tg, ty1) (T 3.49
0 = BE? | g [T Pleetim)|. (3.19)
k=k(t)
is calculated under QF and discounted to the present value, where the directly re-balanced money
market account (discretely compounded on the pre-defined time grid)

k(T)—1

B(t)=PtT) ] B !

S (3.50)
K=h(t) thytit1)

is chosen as numeéraire.
In the terminal measure Q' the HCV model is under certain conditions reduceable to a 3D system
as argued in the preceding section. Whenever DD contributions are taken into account, the HCV

model remains 5D and the IR component is based on the following unbiased scheme:

d‘rc7tk+l = (ytk - )“Tcﬂfk)dt + ey, dWO (tk)
(ytk - nfk Bg (tka T) - )‘xc,tk)dt + Nty dWT (tk) (351)
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Under the Q7 measure the discounted derivative payoff assumes the form,
() = P, T)E"[II(T)]. (3.52)
3.6 Evaluation of the Heston DDSV Cheyette Model by In-
verse Transform Techniques

The Heston DDSV Cheyette model (HCV) is in itself non-affine. With the state variable vector

X; = [Ts.t,Vt, Tet, 21, y:]| the covariance matrix is given by

V¢ PxvYVt pchk(I)k VUt %t 0 0
2
Poz YUt YUy 0 0 0
» = 3.53
Xe PexSkPr/Vir/ 7t 0 si‘bizt PzeSEPrezy 0 ( )
0 0 PzcSKPrEZ: €2z 0

Acknowledging the fact that sp®y = spPr(zc,) is a function of the state variable z. ¢, the following

non-linear terms need to be considered when affine model constraints are to be prescribed:

Sx,(1,3) = Sx,(.1) = pacsi®r/ii/2, (3.54)
Ext (374) = EXt (4; 3) - chSk‘I)kGZt, (355)
x,(3,3) = si®%z. (3.56)

Basically, there are two possible strategies to place this model within the AJD process class:

e Limit 1: Remove the dependency of s;,®; on the state variable x.: and introduce affine
approximations for the state variables v, and z;, for instance by employing the projection
on proxies for the corresponding expectation values E [/v;] = 0,(t) and E [\/Z] = 6.(t), as

suggested in [1]. s;®r=constant is straightforwardly achieved in the limit by = 0,

kaO

$pPr = s (bk(f(0,8) + 2ct) + (1 —bi)(f(0,0) + xc0)) — sk(£(0,0) + 2c,0) = sPx(0).
(3.57)
The stochastic variables v; and z; describe classical CIR-type square root processes. The
corresponding expectations E[,/v¢] (as well as E[\/Z]) exist in analytic form as derived in
[30a]:

oo " k F 1+d, _"_k
Elva] = V2ae =073 4 (20) (5 + k) (3.58)
k=0

dv
Stk
. o~ 1 (wm) TR+
Elyz] = 2¢, (H)e~w=(D/2 Z 1 ( ZQ(t)) dz2 — (3.59)
k=0 2
with
Cv(t) = ﬁﬁﬁ(l - eim)v dy = %7 w'u(t) = %a
- z voe Pt
() = HEQ—e ), d= 2 w.(t) = 2,
and I(z) = /tw_le_tdt the I'—function,
0
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where simplifications to the hypergeometric series are employed, as originally introduced in
[37]. Though an explicit form exists, the evaluation is time consuming in computational
implementations. Therefore, it is advantageous to use a projection on time dependent functions

of the following form

1

=25

|~ ay+bet =65,(t)
0

] (1),

ag + byef?t =

as proxies. As suggested in [1], the coeflicients a;, b;,¢; (i € {1,2}) result as minimization of

the norm
min{alyblacl}HéU(t) - Av(t)Hna (3.62)
M a3 b2} |10z (1) = A (1) |, (3.63)
where ||...||,, is any n" norm with respect to the respectively corresponding objective functions
Ay (t) = co () (wy(t) — 1) + ep(t)dy + _c®)d >0 (3.64)
v - v v v v 2(dv T, (t)) = .
e, (t)d,
A(t) = () (wo(t) — 1 L(t)d, + —————— > 0. 3.65
0 \/c<><w<> )+ et + 5 (3.65)

Conducting the optimization is again tedious in practice with respect to computational perfor-
mance. Therefore, following [1], approximative solutions are obtained by matching the A, (¢),

A.(t) in the limiting cases t — 0, t =1, and ¢t — oo:

: _ I
tl_l}rg) Ay (t) = U-go=m= tli)ngo 0y (1), (3.66)
. e :
t1i>r£o A1) = “T 86 2= tllglo 02 (),
tlgr(l)Av(t) = Vuw=a+bh ztlgr(l)év(t),
}%Az(t) = \/z—ozag—i—bg:tlg%éz(t),
— 1 — 15
?anl Ay(t) = =a1+be = ?anl G (1),
— — C2 _ 13
%1:1 AL(t) = =ag+be —}51:1 3. (1),

Finally, the coefficients of the affine proxies d,(t) and §.(¢) are obtained as follows:

2

a; = v — ;_,47 by = \/% —-ay, €= —IOg[(AU(l) — al)/bl], (367)
2

ar = 4|z— 86_6’ by = /7o — az, ¢z = —log[(A.(1) — az)/ba). (3.68)

The approximations employed in the affine limit 1 of the HCV model correspond to freezing the

initial interest rates - a technique commonly used to reduce complexity in the drift calculation
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of Libor Market Models. The original idea of the displaced-diffusion (DD) concept is to mix
normal and log-normal behavior of interest rates; by the choice by = 0 the concept of mixing
is abandoned and only normal model features are retained.

In any event the approach appears viable for discussion and the affine model resulting within

this approximation limit 1 is elaborated below.

Limit 2: In order to retain the original ideas of the DD concept, an alternative derivation
appears relevant, where the non-affine components of the displaced-diffusion term are projected

onto a time-dependent function «(t):

sk () = s (Ok(f(0,0) + a(t)) + (1 = be)(f(0,0) + zc0)),  (3.69)
and consequently
(5621 ()" = SRR (1) + 20k(1 — bi)moC(t) + (1 — by)m3], (3.70)
with
mo= f(0,t) + ey,
) = f0,8) + aft).

Then, the affine approximation of the DDSV volatility specification results in

= 6.()sk[brC(t) + (1 — by)mol, (3.71)
(1) = z(se®id (1)
This strategy is referred to as affine limit 2 in the following. The crucial point is to find a

suitable time-dependent projection «(t) to serve as affine proxy of the stochastic variable z ;.

A possible choice is to use the expected value of z.; as time-dependent projection

a(t) Elzc,, (3.72)

with Elzes] = 2Z(1—e )2,

Applying the expectation in this form implicitly presumes z.; to evolve with the undisturbed
initial value of 79 (as if DDSV effects would not be present). So the decisive difference between
affine limits 1 and 2 are summarized as follows:

In the affine limit 2 the initial volatility 1y of the affine proxy «(t¢) in the DDSV specification is
presumed to be frozen to the initial value, whereas in the affine limit 1 the IR Markov variable
Zet = Te,0 is presumed to be frozen.

Apparently, the approximation assumptions are significantly more restrictive in the affine limit
1 than in the affine limit 2. Limit 1 completely removes any DD effects. Limit 2 is devised to
retain an adequate representation of DD effects in the affine model version H2CV. In section
3.6.4 the comparison of the full HCV model with the H2CV model results proves that these
particular choices of «(t) are viable proxies of z.¢, and the affine limit 2 gives an accurate
affine approximation of DDSV effects in the Heston DDSV Cheyette (HCV) model.
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In the next section the essentials of the CHF of model limit 1 are detailed. In accordance with
the previous abbreviations the model is named H1CV. The second limit option H2CV is considered

subsequently.

3.6.1 Heston DDSV Cheyette Model in Affine Deterministic Limit (H1CV)

The derivation of the HICV characteristic function (CHF) assuming the limit 1 approximations is

detailed in Appendix B.3 resulting in:

(i)HlCV (u7 Xt7 t, T) — eA(u)T)Jriuws,t+D(U7T)Ut+C(U7T)Ic,t+z(u,7')zt+Y(u,7’)yt' (373)

The relevant Fourier coefficients are obtained as solutions of the defining ODEs from the affine system
according to the techniques introduced in section 2.1 (Appendix B.3 and dependent appendices of
relevance contain the details of the derivation).

Solutions for B(u,7), C(u,7) and D(u,T) are equivalent to the affine Heston and HHW models.
Y (u,7) in (3.88) is obtained by variation of constants. According to the derivations in Appendix

B.3 there is a connection between Fourier coefficients Y (u, 7) and C(u, 7):
YV(u,7) = —5=(1—iu)(l—e )= —ﬁ(ﬂ(u,ﬂ. (3.74)

Z(u,7) in equation (3.83) is a Riccati-type differential equation for the SV of the IR component,
where the coefficients are in this instance time-dependent. Employing the solutions for the other

Fourier coefficients and presuming p., = 0, the defining ODE is of the form

%Z(U;T) — %ZQ(U;T) —/BZ(U,T) +q1(u,7'), (375)
with qi(u,7) = zj;inQ(uaT) = iu(;i';l)siq)i(l —e )2

One has to resort to standard numerical methods for ODE solution or to simplify towards ¢ (u, 7) =
¢1(w) (i.e. time independent parameters) where the solution is then just a variation of the well-known
Heston-type Riccati equation as elaborated below.

Again by straightforward integration we find for A(u,7)
A(u,7) = —/OTf(O,t)dT—l—/Q@/OTD(u,T)dT—ﬂE/OTZ(u,T)dT
+  2peasi®Pr /OT 0y ()0, (t)B(u, 7)C(u, 7) dr
= - /OT f(0,8) dr + kvlz(u,7) + BzI5(u, 7) + & peasi®rlz(u, 7), (3.76)

where the integral Is(u, ) is from the derivation of the HIHW model in Appendix 3.2.1, I5(u,7)
equals the integral resulting from the IR-SV process in the DDSV Cheyette model, and

Ir(u,7) = —3(1—iu)[araa(r + 37 = 1)) + %(6762(T77) —e T+ ai—fl(eiq(TiT)%lT)
+ %(e—(clﬂ—cz)(T—T) _ e—(c1+c2)T)
_ g;_fie—CQT(e(CQ—X)T ~1) - %e—c1T(e(01—A)T —1)
_ %e—(cﬁ-@)"r(e(cﬁ‘@—)\ﬁ —1). (3.77)
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In order to render the CHF evaluation efficient, closed form analytic representations of all Fourier
coefficients and corresponding integrals are of high value. Therefore, the coefficient Z(u,7) is ap-
proximated yielding closed form expressions.

We presume ¢ (u, 7) to be piecewise constant in time, i.e.

(0, 7) = (u,75) = D 221 — )2,

2 (3.78)

on intervals 7; € [T}, T;41[ for a particular choice of refinement 0 < j < jy4z. Then, the Cheyette

SV process is recursively given by

- 1 — e~ %+1(Ti+1—75)

Zi(uy 1) = Zl(u,7y) + ot : (3.79)
1— %Je*djﬂ(ﬁ‘ﬂﬂ'j)
Si+1
with coefficients (3.80)
diyn = /B —2ae,
§ = BE(djm+d)/2-¢Z,
@ = Mol - e )

The quality of the recursive approximation is shown in Fig. E.2 where the numerical evaluation of
the ODE by a standard Runge-Kutta method is compared to the analytic approach of recursive
Z(u, ;) computation on subsequent time intervals. For parameters typically obtained in calibration
scenarios, the analytic approach shows high quality and superior performance in CPU time.

With the mean-reversion parameter A sufficiently large (i.e. A > 1 is actually a merely academic

construction, since 1072 < X\ < 1073 are typical calibration results), the time dependence in q(u,7)

is lost, as
q(u,7) =~ i"(ézgl)siq)iQ(u), (3.81)
appears as viable approach. Then,
L Z(u,r) = SZ%u,7) - BZ(u,T) + d(u), (3.82)
is of well-known Riccati-type, with elementary solution
- S —dr
Z(u7) = &, (3.83)
1— ge—dr
with g = gv ,
&+
& = L (B (P -2ae}),
q = il 2e?
and the corresponding integral results in the form
T . 2 1—ge @7 .
/0 Z(u,m)dr = &1-51 [ T ]: 2(u, 7) (3.84)

For the applications discussed in this thesis the recursive solution is the approach chosen.
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3.6.2 Transformation of the H1CV to the T-forward measure

The stock price dynamics under the T-forward measure are derived in section 3.5.2 above. The
CHF of the affine model approximation is given under the Q7 measure. For the state vector X; =

[Ye, 26, Tet, Vi, #4)T the affine decomposition of the SDE system in the T-forward measure assumes

the form:
s%@izt — 2y
R ﬁ(f - Zt) + PczESk‘I)chZt
pXe) = a+taXe=| Yo~ Mot £ 555 Beze (3.85)
k(0 — o)
Pacsi®uBoy/Try/Z — 5787 B2z; —
0 —2A si@i 0 : 0 0 Yt
623 0 —f pczeskfl)kBC: 0 O 2t
= | _______ O +l 1 si%Be A0 0z |
KU 0 0 0 | — 0 Vg
PreSkPr B0, (1)), (1) 0 —%siszB? 0 I—1 0 Tt
S%, = LLl=c+cX, (3.86)
0 0 0 : 0 0
0 0 0 ! P2v€Y0u0 022€0,0,
i o o_____ Lo Pev Sk ®PrO00: PewskPrOu0s
O pvz7€5v52 pvcskq)kﬁ)/(svisz : O _pvcﬁYsk(I)chav(Sz
0 pzzeavaz chSk(I)k(Sv(S ! _pvcﬁYsk(I)chavaz _2pxc5k(1)chav5z
0 0 0 0 0 f 00 0f 0 0 f
0 €2 P2c€5L Py, :O —pez€s,PLB 0 0 O: 0 0
+ .0 pesesk®r_ iP5 10 =si®iBe | A+ [ 0.0 01 0 0 f vy
0 0 0 0 0 00 0 Y Py
0 —peres,Pr B, <IDQB |O 0 0 0 01 pgy 1
r o= ro+r1'X; =0+(0,1,0,0)'X,. (3.87)

As indicated by the broken lines, under the T-forward measure the matrices separate into IR and EQ
components without any cross terms. For the corresponding Fourier state vector B = [Y, Z, C, D, B]'
the coefficients of the CHF follow from the defining ODEs:

LB(u,7) = -r1+ alB + 1BT(01) B, ie

LY(u,7) = —2\Y +C,

L7(u,T) = S2°+ (peresi®rC(1 — iu)B) Z(1 — 2iu)s;D3C?,
LC(u,7) = —1+ peesp®pBeZ — AC,

AD(u,7) = FD*+ (ppyB —r)D+Z(B 1),

L B(u,7) = 0,

(3.88)
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and %A(u, ) = —ro+Blag+ %BTCOB,

—£(0,8) + pacsk®rCdyd.(1 — B?)

+  D(KV — pueysk®rCd,0.B),

Z(BZ + puz€76,0.D + pr.€6,6.B)

+  C(poeskPrY0u0:D + presp®r0,0.B). (3.89)

— %AE{/(U, T)

— di_rAjv(’u, T)

The defining ODE for A(u, 7) is already split into components contributing to EQ-SV components
Apy(u,7), and IR-SV components Ajy (u, T), respectively. Then, with initial conditions B(u,0) =
iu, Y(u,0) = 0, C(u,0) = 0, D(u,0) = 0, A(u,0) = 0 and u’ = [0,0,0,0,u]’, the corresponding

solutions are

Y(’U,, T) - _%02(’”’5 T)a
Clu,7) = —3+(1- e ) = B.(t,T) (when p., = 0is presumed),
B(u,7) = iu,s

(u,7)

Z(u, 7) is the numerical solution described in equation (3.83). D(u, 7) is the standard Heston Riccati
solution. Since the IR dynamics separate, the CHF of the HICV in the T-forward measure reduces

to
(i)T (u7 Xta T, t) _ ET |:eiuT5(t |]:t:| _ ET [eiuit |]:t] _ eA};lCV(u,T)+B(u,T)ict+D(u,T)vt7 (390)
with terminal condition &7 (u, X, T, T) = eiv'Xr = ¢iuér apd

LA oy (ut) = LAgy = —F(0,t) + presi®rBed,6.(1 — B?)
+ D(KT) - pchSkq’ch&;(SzB)- (3.91)

3.6.3 Impact of IR-SV and characteristics of the affine H1ICV model
The Heston DDSV Cheyette (HCV) model is a full-scale hybrid model with two essential qualities:

e (i) Stochastic volatility in interest rates generates hybrid smiles. This actually means,
that by virtue of the CIR type IR-SV process, the HCV model reproduces smile features in
the IR component in analogy to the Heston process in EQ; in combination, EQ-SV and IR-SV
constitute hybrid smiles - smile features originating out of both asset classes sensitive to the
hybrid correlation p,.. The stochastic volatility effects incorporated by the HCV model are
consistent with market observations: The zero bond value in the Cheyette model depends
solely on the state variables z.; and y;, the latter containing IR-SV contributions implicitly.

Consequently a portfolio of zero bonds is insensitive to variations in IR-SV, whereas other IR
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derivatives (like caplets, swaptions etc.) are sensitive to risk patterns introduced in the presence
of IR-SV. Therefore IR-SV as additional risk factor cannot be hedged within a trading book
simply consisting of zero bonds alone. This falls into place with the reality observed in IR

markets. Hence, to point out this characteristic, the HCV model is called true IR-SV model.

e (ii) The HCV is a Markovian Gaussian model with volatility specification under the bond
measure. The HLMM is a non-Markovian log-normal model based on Libor rate volatilities
under the forward measure. Short rate and market model features are mixed by DDSV
extensions. The Cheyette approach bridges between the short rate and market model: The
number of state variables is controlled by the volatility specification and in the HCV exceeds
the dimension of classical short rate models. Displaced-diffusion extensions introduce log-
normal (i.e. market model) features into the classical Cheyette approach, allowing for implied

volatility base skew conformalizations formerly only associated with market models.

In section 3.6.1 the HICV model was derived as the approximation of the HCV model in the affine
limit 1. In the following the HICV model is discussed with focus on these aspects:

e (i) Validation of affine model fidelity. The first task is to clarify, whether the HICV is
an accurate representation of the HCV hybrid model. The approximation is accurate, when
hybrid smile and skew features are correctly reproduced within a reasonable space of realistic
scenario parameters. Hybrid smiles are understood as combination of smile characteristics
originating on the EQ side by an EQ-SV process and on the IR side by a corresponding IR-SV
equivalent. The EQ-IR hybrid correlation p,. is the control parameter for cross-asset interac-
tion and hybrid smiles.

The quality of smile representations is judged by comparing the HICV evaluated by inverse
transforms and the corresponding full model in Monte-Carlo simulations. The comparison is
done both in the spot measure QP and the terminal measure Q7, as function of moneyness,
hybrid correlation p,., and maturity of hybrid derivative contracts, respectively. Aside from
derivative prices, the Black implied volatilities corresponding to the individual model evalua-
tions are used as basis. In general the model validation is based on the numerical experiments

presented in the following.

e (ii) Limits of affine approximations. Approximations are not perfect and carry draw-
backs in form of deviations from the original non-affine model. When scenario parameters are
pushed towards unrealistic limits, the quality of affine approximations weakens, and spurious
deviations in derivative prices between affine and full model evaluations arise.

Deviations between affine and full model versions are in general not necessarily serious. Each
model is based on a number of a priori assumptions and is designed to represent a variety of
market features. Once calibrated, the model is supposed to have predictive power for futures
states of market observables - ideally for a number of observables beyond the ensemble size of
calibration instruments, and for a significant future period. We strive to discuss the limits of

the affine approximations of the HICV.
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Figure 3.3: Comparison of EQ call option prices obtained with all affine hybrid models HIHW,
H1CH, H1CV, and HILMM at disposal. HICV and HILMM incorporate IR-SV contributions. All
models are evaluated by the Carr-Madan FFT technique (damping factor a = 0.75) for deliberately
high EQ-IR correlation p,. = 0.9 at times T=2, 5 and 10. Upper part: Model parameters reflect
neglegible IR smile contributions with particular choices f=10"% and e=10"% in order to confirm
that the HICV model based on the Heston SV Cheyette hybrid model smoothly reduces into the
H1CH limit where deterministic IR volatilities are observed. Lower part: Emphasis on significant
IR-SV contributions in hybrid prices by the extreme choices f=0.1 and e=1.2 - mostly for illustrative
purposes and to introduce the discussion about the quality and limits of affine approximations.

Affine H1CV model fidelity:

In order to judge the quality of affine HICV model approximations, several consistency checks need
to be performed to ensure the discussion is based on accurate and bias-free results. Affine models
are evaluated by the Carr-Madan (CM) FFT and COS expansion techniques. Results obtained by

both inverse transform methods are consistent, though for the discussion within the current section
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the Carr-Madan results are shown. The choice to plot CM results is completely arbitrary, as the
calculated values are indistinguishable (within numerical errors) between CM and COS methods.
CM results rely on the judicious choice of the damping parameter a; an optimal choice of o can
be found by careful analysis of the underlying CHF for each individual set of parameters, but is
rather time consuming and not applicable in general model scenarios with broad parameter spectra.
Therefore, o is tuned to values where results are stable and rather insensitive to variations of «;
for the investigations at hand o = 0.75 is typical, and is used as quasi-optimal choice. The COS
method depends on the choice of a characteristic scale length L over which COS expansion methods
are applied. L needs to be tuned heuristically presuming to obtain stable COS results insensitive to
slight variations in L. For the evaluations presented here, L=10 to 17 is found to be suitable.

For CM evaluations a numerical grid consisting of 2'¢ points is used; the COS series expansion is
cut-off typically at Nyae = 2'° — 212, The equivalence of results for CHF evaluations in the spot
measure QP and the terminal measure Q, up to spurious numerical discrepancies, are the precon-
ditons for the statement that the results under discussion obtained by inverse transform
techniques are consistent.

The corresponding full models are evaluated via the Monte-Carlo (MC) schemes described in section
3.5.3. MC schemes in the spot QF and the terminal measure Q7 are inherently bias free in the IR
component; Martingale corrections as suggested in [7] are employed to render EQ-SV and IR-SV
process simulations also unbiased. Consequently, MC sampling and discretization errors remain as
sources of simulation errors. Time discretizations are varied between 400 and 1600 time steps for
each maturity interval AT = 1. The reduction of the MC sampling error has been monitored over
the range from N = 10° to N = 108 MC paths to ensure the MC standard error reduces according
to the expected ~ 1/v/N behaviour.

Simulation results are presented for 800 timesteps per AT and 10° MC sampling paths. The inter-
pretation of results relies only on the characteristics of the hybrid model under investigation. Results
are supposed to be independent of the specific choice of the underlying simulation technique. In
analogous argumentation as for the affine model evaluations before, the results obtained by MC
evaluation of the full non-affine original models are consistent.

Another point to be clarified in the prologue of HICV model validation is to sort out the scenario
parameters and values of specific interest. Obviously, the choice of parameters is expected to point
out the influence of IR-SV contributions. Therefore, hybrid model evaluations are studied for a fixed
set of Heston parameters in order to have a pre-defined EQ component as reference. The selected
Heston parameters are k = 0.8, o = vg = 0.1, v = 0.5, pypy = —0.3 and an at-the-money (ATM)
security value of Sy = 100. The Heston parameters are chosen deliberately to have a case where the
Feller condition is violated - this is typical in realistic market environments. In order to get a first
impression where IR-SV contributions become relevant in derivatives pricing, we vary parameters
in Figs. E.1 and E.3. In both figures the affine hybrid model approximations are computed by the
Carr-Madan FFT method where pricing is accomplished within split seconds. From Fig. E.1 it is
evident that IR-SV contributions are most prominent at long maturities, high correlation py. be-
tween EQ and IR components, and in the regime where hybrid products are far out-of-the-money

(OTM). Simulations are performed up to 7" = 10 with correlations up to p.. = 0.9, and OTM EQ
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option prices are calculated up to 300 % of the ATM baseline.

Fig. E.3 shows EQ prices and associated implied volatilities for all affine hybrid models at disposal.
Evidently, the HICV collapses to the HIHW /H1CH hybrid models in case of vanishing IR-SV con-
tributions (as seen in the left half of the figure over the complete range of maturities). When IR-SV
influences are significant for deliberately high IR-SV volatility e = 1.2 and high EQ-IR correlation
pze = 0.9, the HICV model shows characteristics distinguishable from the HIHW /H1CH model,
and also from the HILMM model, though the latter incorporates the same IR-SV process.

Out of these first findings the parameters for low IR smile and high IR smile scenarios are defined
in Fig. 3.3. Based on the scenarios, the discussion of the HICV model characteristics and model
performance is presented in the subsequent figures.

In Fig. 3.4 the EQ call option prices obtained by the affine HICV model are compared with the
values from MC evaluation of the full non-affine HCV model. The comparison shows the quality of
affine approximations, with particular emphasis on the representation of hybrid smiles at g = 0.1
and € = 1.2 when EQ-IR correlation is varied for p,. = {0.2, 0.5, 0.9} at long maturity 7' = 10.
In order to assess the model fidelity the equivalent comparison is plotted for the HICH and HCH
as the respective affine and full model versions without IR-SV contributions (H1ICH is equivalent
to HIHW which is discussed in previous publications [1]). The figure shows two sets of scenario
parameters, both are based on high IR smile contributions from the IR-SV process. Set 1 combines
high IR smile parameters (8 = 0.3 and € = 1.2) with HW model values (A = 0.1, s, = 0.0125)
typically observed in realistic market settings; Set 2 uses even more extreme parameters as high
IR smile scenario (8 = 0.1 and € = 1.2) combined with very high HW model volatilities (A = 0.1,
s = 0.025) to show the limits of affine model approximations.

The affine HICV performs extremely well for the scenario Set 1, exhibiting accuracy for any value of
moneyness, EQ-IR correlation and maturity. The performance over the complete regime of maturi-
ties has been validated; accuracy is easily inferred from the results shown in Fig. 3.4 as any inherent
divergencies would integrate with time and would yield discrepencies, whenever recognizable, at the
highest maturity.

Consequently, the affine H1ICV fidelity is satisfactory - an observation confirmed by the comparision
in implied volatilities in Fig. 3.5. Implied volatilities are more sensitive to inherent model dis-
crepancies, but even when affine approximations are employed under these constraints, the model
fidelity proves to be essentially unchanged in this numerical experiment.

Up to this point the model discussion is based on the EQ prices of hybrid derivative products. How-
ever, the underlying IR-SV process and displaced-diffusion (DD) extensions affect IR derivatives
such as caplets and swaptions. Caplet prices obtained from the IR component of the HCV model
are shown for various DD choices with and without IR-SV contributions in Fig. 3.6. By construction
the HICV is an affine limit corresponding to by = 0, where the initial short rates are frozen in the
DD volatility specification and the mixture with log-normal model features is neglected. This corre-
sponds to the implied volatility surfaces shown in the left part of Fig. 3.6. Apparently, DD features
become significant with increasing parameter b;. Consequently, whenever log-normal features are
present in the realistic IR markets (indicated by flattening out of the base skew of implied volatilities

corresponding to IR products serving as benchmark instruments) the HICV shows deviations from
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the HCV model. This opens the subsequent discussion of the limits of affine HICV approximations.

Limits of affine approximations in the H1CV:

As already noted the HICV neglects DD contributions a priori, and hence, deviations from the full
HCV model become apparent as soon as the DD base skew in the HCV model is introduced. By
nature, the HICV exhibits the orginal base skew inherent to all Gaussian short rate models. In case
DD contributions would be correctly represented in the affine approximation HICV, the implied
volatilities would appear less skewed with increasing parameter b;. In the same line of argument
the HLMM, as log-normal model, shows flat implied volatilities. In the HILMM however, since the
same affine approximation is employed which is based on freezing the inital state of IR rates in
the DDSV volatility, the HILMM abandons the log-normal characteristics, and rather shows a base
skew corresponding to normal models.

The caplet implied volatility surfaces in Fig. 3.6 are obtained from the IR component of the HCV,
and expose the base skew characteristic to Gaussian models at by = 0; this base skew then flattens
out when log-normal contributions are introduced towards higher 0. The mixture of normal and
log-normal model characteristics is of course the motivation for introducing the DD concept. This
process is clearly resembled in the caplet implied volatility structures irrespective whether IR-SV
contributions are superposed. As the HICV is by construction incapable to reproduce DD log-normal
features, it is instructive to study the impact on EQ derivative prices obtained by the hybrid model
in the presence of DD base skew.

Fig. 3.7 shows implied volatilities of caplet and EQ call option prices as functions of the DDSV base
skew. The comparison includes the affine HICV and the corresponding full HCV model evaluations.
Caplet implied volatilities are indicators of the IR component and call option implied volatilities
benchmark the associated EQ component of the same hybrid model. Fig. 3.7 further includes the
corresponding implied volatilities obtained by the HICH model, where IR-SV contributions are
neglected, but aside from that shares the same DD approximations as the HICV; consequently,
deviations from the affine DD approximations arise analogously when comparing HICV with HCV
and HICH with HCH, respectively. In Fig. 3.7 deviations between full model and affine approxima-
tion are apparent in caplet volatilities for by = 0.5 and by = 1.0, where DD significantly reshapes
the base skew. The deviations propagate via the EQ-IR correlations towards the EQ component
of the hybrid model, where deviations in option values become significant throughout the entire
OTM regime. Problems in model fidelity are observed equally in HICV/HCV and HICH/HCV, and
hence, the deviations have DD approximations as origin and are supposedly insensitive to IR-SV
contributions. A viable approach to include DD features in affine models is described in the next
section where the affine H2CV model is detailed.

Another source of HICV model weaknesses is observed when parameters become more extreme as
in Set 2 (Fig. 3.4), where extreme IR-SV values are combined with challenging parameters in the
HW / CH components. The resulting deviations between affine and full model are clearly observable
in the corresponding implied volatilities shown in Fig. 3.5. It is wise to denote such limits in pa-

rameter space, even though put into context these appear not to impose restrictions with respect to
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Figure 3.4: Crucial point to assess the quality and stability of affine approximations is the model
behaviour with increasing EQ-IR correlation p,. = {0,0.5,0.9} as the decisive hybrid coupling
parameter. Quality is contested by comparison with the full model evaluation; stability is stressed by
the deliberate choice of extreme parameter sets. Equity option prices at T=10 are displayed for p,. =
{0,0.5,0.9} and extreme choices of IR-SV model parameters: Set 1 is based on A = 0.1, s = 0.0125
and 8 = 0.3, ¢ = 1.2. Set 2 shows results for A = 0.1, s = 0.025 and 8 = 0.1, ¢ = 1.2. Affine models
(HICH/H1CV) are evaluated by the Carr-Madan method, full model equivalents (HCH/HCV) are
obtained by Monte-Carlo (MC) simulations conducted in the spot measure QF with 10° paths and
800 time steps/AT (with AT=1). MC errors are below 8 - 10~* throughout all strikes shown, and
hence, MC errors are below the size of marker symbols in all points.

model applicability in realistic scenarios. The deviations are not different from those observed in the
H1HW /H1CH affine model approximations which are also plotted in Fig. 3.5 for comparison, and
are studied and validated in earlier publications [1]. When HW volatilities assume values reasonable
for realistic applications (actually corresponding to a general DDSV volatility level of s, < 0.02),

the affine approximations show the excellent model affinity as described above.
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H1CYV features in the context of HIHW /H1CH and H1LMM:

The HI1ICV model is connected to Gaussian short rate models, and shares a common choice for
IR-SV contributions with the HILMM. In addition the freezing of initial Libors introduces base
skew features into the HILMM, which are otherwise typical for short rate models. Hence, the
H1CV is expected to expose characteristics inherent to both HW and DDSV LMM based hybrid
model approaches. When DDSV extensions are included in the model, the overall volatility level is
determined by the choice of s;. HCV/H1CV and HLMM/HILMM are related in linear order via
sHICV (1) = HILMM (4) £,(T) (fo(T) is the instantaneous forward rate as function of maturity T
associated with the initial term structure at ¢ = 0). For the discussion at hand fo = 0.05 is used,
and therefore s71V = 0.0125 and sH1EMM = (.25 correspond to quasi-equivalent basis levels in
the volatility specification. The correspondence works well in practice as seen from Fig. E.3 where
all affine model versions are compared. In case of negligible IR-SV contributions all models give
comparable results, irrespective whether the affine model is Gaussian or log-normal based. At long
maturities the different nature of the HILMM shows small deviations in call option prices, though
the differences become apparent only in implied volatilities at 7" = 10. When IR-SV contributions
are significant (right side of Fig. E.3), the HICV and HILMM both exhibit hybrid smiles. The IR-
SV process is equivalent in HICV and HILMM, but the DDSV volatility specification (or rather only
the SV volatility specification, since DD effects are eliminated in the affine limit 1) is propagated
in different fashion in H1ICV and HILMM as observable in Fig. E.3 (right side) in the valuation
differences towards longer maturities. These differences are then patterns which are characteristic
to whether the affine model has Cheyette or LMM based full model IR components, respectively.
Pricing differences due to model specific characteristics are most interesting for hybrid products and

are the central point of the discussion in chapter 4 below.

3.6.4 Heston DDSV Cheyette Model in Affine Limit 2 (H2CV)

In Fig. 3.8 the validity of the affine approximations in the limit 2 is studied by comparison with
the full HCV model results for significant DD contributions at b = 0.5 and by = 1.0. At these by
levels the HICV model showed deficits in reproducing the DD features present in the HCV model.
The implied caplet volatilities (top level plot series in Fig. 3.8) indicate that the H2CV model can
basically follow the base skew prescribed by the DD model extensions, whereas the HICV model
(given as broken line for comparison) shows difficulties to reproduce DD base skew modifications.
Consequently, the H2CV model succeeds in incorporating the mixture of normal and log-normal
model contributions, and thereby retain DD effects in the limit of affine approximations. The affine
limit 2 proves to be a viable approach, irrespective whether an IR-SV process is present or not.
Consequently, by constructing the H2CV model, the corresponding H2CH model version (where IR~
SV contributions are neglected), is automatically included as limiting case. Albeit small, there are

systematic differences between H2CV and full HCV caplet impled volatilities recognizable. These
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Figure 3.5: Implied volatilities corresponding to the option values shown in Fig. 3.4. Since implied
volatilities are highly sensitive quality indicators, even slight deviations between affine approximation
and original hybrid model become visible. Apparently the HICV model introduced in the discussion
at hand performs extremely well for the Set 1 over a wide range of EQ-IR correlations, albeit this
scenario imposes already high IR-SV conditions in order to prove the validity of approximations.
When pushing the limits even further in Set 2, fidelity of affine approximations tends to weaken,
though deviations are comparable with the HICH model without IR-SV characteristics and are still
hardly recognizable in the corresponding EQ option prices.

deviations increase towards longer maturities 7', at higher by values when DD effects are stressed,
and in the presence of IR-SV processes, respectively. The reason for these empirical observations is
motivated straightforwardly: By construction of the affine limit 2, the affine proxy a(t) in equation
(3.72) is obtained with an approximative expected value of z., based on the presumption that ng
is frozen; the expectation of z.; is determined disregarding DDSV contributions ’a priori’. Conse-

quently, deviations between H2CV and HCV models accumulate over maturity, and become more
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Figure 3.6: Implied caplet volatilities obtained for the DDSV Cheyette model (i.e. the IR component
of the HCV model, abbreviated by DDCV CH). Different displaced-diffusion (DD) settings are
selected by the choice of b, = {0,0.5,1.0}, both without (plot series in upper half, abbreviated by
DD CH) and with (lower half, abbreviated by DDCV CH) IR-SV contributions. The EQ option
results shown in Figs. 3.4, 3.5 correspond to biy=0, since the affine limit 1 precludes DD model
features. Apparently DD contributions increase with growing by. When IR-SV is representable in
the hybrid model (as is the case for the DDSV contributions in the CH model), the IR smile features
appear superposed onto the DD base skew structure. Implied caplet volatilities are obtained for CH
model parameters f(0,¢) = 0.05, A = 0.1, s, = 0.0125 and SV parameters 5=0.3, e=1.2, respectively,
by means of MC simulations conducted with 10° paths and 800 time steps/AT (and again AT = 1).
MC results obtained in QF and Q” measures are equivalent within the typical error level of 0.1 bp.

pronounced in the presence of significant IR-SV contributions. The model bias introduced by the
affine limit 2 approximations can be thought of as a systematic bias in the drift component of the
2.+ propagation - consequently the systematic differences in caplet volatilities are independent of
moneyness.

As DD effects are reproducable in the IR component, the H2CV model also succeeds in reproducing
DDSYV effects in the hybrid model in this case. Comparing EQ derivative prices evaluated by H2CV
and full HCV models (lower level plot series in Fig. 3.8) proves that the H2CV model performs
better than the HICV model in reproducing call option prices. The H2CV model reproduces the
characteristics of the HCV model particularly in the OTM regime, where hybrid model contributions
are most important. The H2CV gives results close to the HCV model at the high EQ-IR correlations

pPze = 0.9 under discussion, where correlation effects are most critical and most important for hybrid
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Figure 3.7: Implied caplet volatilities corresponding to the caplet values shown in Fig. 3.6 (plot
series in the upper figure half), and the associated EQ option prices (lower half) where the very
same IR component (serving as basis of caplet prices) is combined with the Heston process in EQ.
All implied volatilities are shown for 7' = 10, the models without IR-SV process in red, and the
models with IR-SV contributions in blue, respectively. Compared are the full models (lines with
dots) and the corresponding affine approximations, employing the parameter Set 1 (as in Fig. 3.4),
and focusing on the case p;.=0.9 where hybrid model features are most prominent. Whereas for
br=0 the affine approximations exhibit an excellent representation of the full model, the affine limit
1 shows difficulties to reproduce the base skew features introduced with increasing by parameter.
The deviations to the full model are understandable as the short rates are frozen in the initial state
as one of the presumptions of the affine limit 1.

product evaluations in our tests. In conclusion, the H2CV model is a very promising affine model
approximation showing accurate model prices when reproducing DDSV hybrid model extensions.

Finally, it is important to note that the conclusions here are based on numerical experiments.
Though we tested our model implementations over a range of parameters around the selected sce-
narios presented in this thesis, the validity of the models under discussion is possibly limited to
certain parameter regimes. Understanding the model behaviour over the entire available parameter

space would rely on a more rigorous error analysis to be conducted in future studies.
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Figure 3.8: Left half: Implied caplet (top) and EQ option (bottom) volatility surfaces for scenarios with significant DD base skew features, which
are reproducable within the affine model limit 2 (H2CV). Right half: Quantitative evidence of H2CV (Heston DDSV Cheyette model in affine limit
2) validity. The H2CV model reproduces DD base skew features very well up to by=0.5. IR-SV contributions are also incorporated (equivalent to
the HICV model). Deviations between H2CV and HCV models arise at higher base skews, though the crucial point to reproduce the log-normal
IR characteristics is well incorporated as key feature of the affine limit 2. The affine models in limit 1 are shown to contrast the case where DD
base skew features are completely neglected. Model parameters correspond to Set 1, inverse transform and MC evaluation details are identical to the
specifications in the preceding figures.



Chapter 4

Model Validation

4.1 Calibration

In the preceding chapter hybrid models with varying degree of sophistication were introduced along
with the corresponding approximations within the class of AJD processes. The potential of each
hybrid model is defined by how well the model can reproduce realistic market features in certain
numerical experiments. The quality of the corresponding affine model approximation is given by
how well the original hybrid model features are retained. Each hybrid model under consideration

has certain features and limitations which are summarized in the following list:

e Heston Hull-White (HHW) model features implied volatility smile and skew in the EQ com-
ponent. Implied volatility features are limited to the inherent skew of Gaussian IR models.

All these basic model characteristics are retained in the affine HIHW approximation.

e Heston Cheyette (HCH) model contains the HHW as limiting case when the Cheyette model
is based on a single factor constant volatility specification. Then, also the corresponding
affine model versions HICH and HIHW are equivalent. The HCH model characteristics are

determined by the choice of the volatility function of the IR component.

e Heston DDSV Cheyette (HCV) model reflects smile and skew features in EQ and IR compo-
nents. Therewith, as argued in the preceding chapter, the HCV is capable to generate hybrid
smiles based on IR stochastic volatility. IR smiles are reproducable by the affine HICV version;
IR smiles and skew as introduced by the DDSV extensions of the full-scale model are retained
within the affine H2CV approximation. Though the HCV volatility spectrum is potentially
narrowed in comparison to Heath-Jarrow-Morton based market models like the HLMM, the
corresponding affine HICV and HILMM approximations are expected to have comparable in-
formation content in EQ and IR implied volatilities. From this point of view, the H2CV model
is expected to perform superior to both the HICV and the HILMM model, respectively.

e Heston DDSV LMM (HLMM) model incorporates the implied volatility smile and skew in EQ
and IR component. Like the HCV model the HLMM model is capable to reproduce hybrid
smiles. High dimensionality and most of the HLMM complexity are abandoned by freezing
initial Libors to derive the affine HILMM model. As a consequence, HILMM and H1CV models
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are equivalent in system complexity. The intriguing differences are that the HILMM model
has a Libor based volatility specification and originates from a log-normal full-scale model,
whereas the HICV model is based on bond measure volatilities and a classical Gaussian short

rate model.

The different hybrid models are compared in four hybrid scenarios defined by the implied volatility
characteristics in equity and interest rates. Model calibration and validation proceeds along the
following steps:

(i) Calibration of the IR component of the hybrid model to implied volatility surfaces defined
in section 4.1.1. The decisive differences between the hybrid models under investigation arise
from the inclusion of DDSV extensions in the IR component. Four different IR scenarios are
devised to point out particular DDSV features.

(ii) With the correlation between EQ and IR model components fixed to pr. = pzr = 0.5, the
hybrid model calibration set is completed with the EQ components in section 4.1.2. The EQ
component corresponding to each of the four IR scenarios is calibrated to the same EQ call
option volatility surface. Hence, in total four calibration sets result for each model representing
four different hybrid model scenarios.

(iii) Pricing of the hybrid products introduced in section 4.2 with the calibrated full and affine mod-
els. Full and affine model characteristics and performance are validated in section 4.2 based

on the pricing results.

4.1.1 Calibration of Hybrid Model Interest Rate Component

The four qualitatively different interest rate (IR) scenarios controlled by the DDSV extensions are
shown in Fig. 4.1. The displaced-diffusion (DD) concept controls the base skew of the implied
volatility surface. The choice by = 0.5 implies large base skew, and by, = 0.9 corresponds to the
‘quasi’-lognormal case with flat implied volatility. The parameters of the IR-SV process determine
the IR smile characteristics. A steep IR smile is obtained for § = 0.3 and ¢ = 1.2, and small
smile effects result for § = 1.0 and ¢ = 0.1. The four different DDSV parameter combinations are

summarized in the following scenarios:

Scenariol:  DDsEMM =025 b, =05 TR-SVE=1.0, e=0.1; (4.1)
Scenario2:  DDsEMM =025, b, =0.9; IR-SVE =10, e=0.1;
Scenario3:  DDsEMM =025, b, =05 IR-SVE=03, e=12;
Scenario 4 : DD stMM — .25, b, =0.9; TR—-SVB =03, e=12.

k = {1,..,10} are the Libor rates relevant to the underlying DDSV LMM implementation - this
is the IR component of the HLMM model discussed in section 3.3.2 above. The corresponding IR
implied volatility surfaces shown in Fig. 4.1 are computed by the DDSV LMM model. The other
parameters of the HLMM IR component are identical to the specification in the reference publication

[4] (section 5.1 and Appendix E therein). Fig. 4.1 shows results for T = 5, albeit the complete caplet
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Scenario 1: Small Interest Rate Smile - Significant Base Skew
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Figure 4.1: Caplet implied volatility smiles generated by the DDSV LMM - this is the IR component
of the HLMM model which is the most sophisticated of the hybrid models under discussion. The
interest rate (IR) caplets serve as calibration basis for the IR component of the other hybrid models
in the subsequent comparison. Four scenarios are under discussion: Significant base skew (1, top
left panel) and less base skew (2, top right) combined with hardly noticable IR smile. Steep IR
smile is combined with large base skew (3, bottom left) and less skew (4, bottom right), respectively.
Calibration data is obtained for T = {1} = {T1, T2, T5, T4, T5, Ts, T7, Ts, To, T10 }, though solely the
snapshot at T5 is shown here for clarity.

implied volatility surface for the time set 7 and strike set K = {20, 40, 60, 80, 100, 120, 140, 160, 180}
is computed and employed as calibration basis. Details of the calibration process are shown in

Fig. E.4, where the parameters fixing the Cheyette volatility specification are determined to

A =0.0074 and 7 =0.0125=s{" with k=1.

With these calibration results - combined with the DDSV parameter sets corresponding to the four
IR scenarios given in equation (4.1) above - all parameters of the IR components of all hybrid mod-
els under discussion are fully determined. The remaining task is to calibrate the Heston EQ model

component in the subsequent section.

4.1.2 Calibration of Hybrid Model Equity Component

Calibration of the equity (EQ) component of all hybrid models is based on the equity call option

data from the reference publication [4] (section 5.1 and Appendix E therein). The reference data
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and the corresponding implied call option volatility surface was reproduced in section 3.3.2 above.
In the respective sections the HLMM full model and HILMM affine version were discussed, and the
implementation of the HLMM via a MC scheme and the HILMM employing the COS method were
benchmarked with the data published in [4]. Benchmark results are shown in Fig. 3.2 for selected
times of the set 7.

The EQ call option values of the complete benchmark set 7 serve as the basis of the calibration
process for the EQ component. As all models share a standard Heston process as common element,
the EQ calibration results apply to all hybrid models under discussion. The calibration is performed
employing a Levenberg-Marquardt algorithm. The quality and effectiveness of the calibration pro-
cedure are demonstrated in Fig. E.5, where the calibration results are shown in the context of the
reference data from [4].

With the EQ-IR correlation set to p;,. = 0.5 the Levenberg-Marquardt calibration of the EQ com-

ponent yields the following Heston parameters:
k =0.446, ©v=0.0628, v9=0.101, ~v=0.462, pz, = —0.215.

Therewith the parameters of each individual hybrid model are determined for all four scenarios and
the calibration process is concluded. The calibrated models are used for pricing hybrid derivative

products in the subsequent section.

4.2 Model Performance Characteristics

Evaluation performance and pricing results are compared for the full-scale models and affine ap-
proximations under investigation. In the following two hybrid derivative products are introduced

and priced on the basis of the previously obtained calibration sets:

e Hybrid Derivative Product 1 (HD1): Plain Diversification Hybrid

A diversification hybrid is a derivatives product combining several asset classes with diverse
risk and rate of return profiles. When constructed appropriately, the hybrid is supposed to
have a risk exposure less than that of any individual contributing asset, and a rate of return
higher than the one of the least risky asset - by virtue of imperfect correlation between the
assets as argued in [41].

The most simple version of a Plain Diversification Hybrid is to combine a stock with value S; at
time ¢ with a zero coupon bond P(t,Tx) maturing at T. Within the hybrid the contribution
of the stock is weighed by w1, and of the bond by ws, respectively. Positive weight corresponds
to a long position, negative weight to a short position. The structure with the option expiry
date t = T; would formally be priced under the risk-neutral measure according to the following

equation:
Oupi(t) = EQ[BLT_(wlF% + wo P(T;, Tn) | Fe), (4.2)

where F% is the T-forward stock price at time ¢t = T;. In this formulation the pricing equation

II(¢) is rather tedious to handle, as the conditional distribution of the money market account
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1/B; (with By = 1) and the derivative payoff (...)™ is unknown. However, like in many pricing
problems with hybrid derivatives, the pricing equation becomes accessible via transformation
to the Ty-forward measure Q”~. Applying the Radon-Nikodym derivative

By P(T;,Tn)

QT
@#Ti = By, PO, Ty)’ (4.3)

the transformed pricing equation under Q7™ changes to

Iyp1 (t) = P(t,TN)ETN [m(wlé’n + 'LUQP(TZ', TN))+|JT,5]
= P(t,TN)ETN [(wnglN + w2)+|]:t]

= wiP(t, Ty)E™[(F}N + )% F,]. (4.4)

Apparently, the derivative price Iy p1(¢) at time ¢ is nothing more than a plain European call
option with effective strike K = %—f at maturity 7, multiplied by the weight factor wy. The
advantage of this hybrid product is that the corresponding pricing equation can be immedi-

ately evaluated via MC simulation as well as inverse transform methods.

e Hybrid Derivative Product 2 (HD2): Minimum of Several Assets Payoff
This is another diversification product and a variant of HD1. A straightforward realization is
to combine a constant maturity swap (CMS) entered into at 7; and maturing at Ty with a

simple stock S; into a derivative contract with payoff structure

Jr
Mapa(t) = PUTIES | min | e PEeTN) o St ) iz )
N
Zk:iJrlP(Ti,Tk) STN

as suggested in [4]. k controls the mixture between IR and EQ product contributions. Results

of HD2 valuations were used to benchmark the HLMM MC implementation in section 3.3.2
above (and particularly Fig. E.6 therein).

Performance of Full and Affine Models in Pricing Hybrids

Evaluations of the HD1 product by the HCV model and the affine HICV and H2CV approximations
are shown in Fig. 4.2. HD1 prices are obtained for the four scenarios previously defined. In order
to price the HD1 by the Carr-Madan FFT technique the pricing equation is reformulated:
Uupi(t) = wiP(t,Tn)E™[(FY + 42)7|F]
= E" [wi Pt BT [(FEY + 22)" || 7]

= i P(LT)E™ [(Ef + 2 P(1, Tn))* 7]

= W P(t TOE™ | (5 + 22 HEAN |7 (4.6)

Both affine approximations of the HCV model show excellent results in reproducing HD1 prices in

all four scenarios. The H2CV model is the better approximation to the full HCV model, essentially
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because DD contributions are relevant in all four scenarios. Prices obtained with the HICH model
(where the IR-SV contributions in the scenarios are neglected) and the HILMM model are given
for comparison. In scenarios 1 and 2 IR-SV contributions are small. Consequently, the HICV and
H1CH model results are almost equivalent, and the differences to the HCV and H2CV models are
due to DD effects. By comparison to the scenarios 3 and 4 we deduce that HICV and H2CV models
are more sensitive to IR-SV parameters than the HILMM model. The HLMM and HCV models

HD1 in Scenario 1 HD1 in Scenario 2
100 T T T T 100 T T T T
Hicv

a H1LMM

80+ + HICH 4
— — — HCH
HCV
+ Hacv

=}
o

HD1 Value in %
HD1 Value in %

N
o

N
o

Weight w2 Weight w2

HD1 in Scenario 3 HD1 in Scenario 4
100 T T T T 100 T T T T

HD1 Value in %
HD1 Value in %

-4 -35 -3 -2.5 -2 -15 -1 -0.5 0
Weight w2 Weight w2

Figure 4.2: HDI1 prices as function of relative bond asset weight wo for the hybrid models un-
der discussion with the model calibration parameters shown in section 4.1.1, Sy = 1, P(0,T) =
exp[—0.05 - T, w1 = 1, option expiry at T; = 5 and hybrid structure maturing at Ty = 10. Results
of the full-scale models are obtained by Monte-Carlo simulations (MC errors are below the size of
marker symbols). The affine model approximations are evaluated by the Carr-Madan FFT method
(damping factor a = 0.75). H1ICV and H2CV models as affine approximations of the HCV model
give excellent results in all four scenarios. The H2CV model performs slightly better than the HICV
approximation (this means the results are closer to the full HCV model), since all four scenarios
have DD contributions.

both incorporate DDSV extensions, but are hybrid models with inherently different IR, component
approaches. Consequently pricing results differ in general between these models, as is shown by
example of the HD2 in Fig. E.6. Here HD2 prices obtained for the affine H2CV approximations also

give an accurate reproduction of the prices obtained with full model.
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Chapter 5

Final Remarks

In the previous chapters we introduced the HCV hybrid model and the HICV and H2CV models
as the corresponding affine approximations. These models can represent hybrid smiles which in the
present context are understood as implied volatility smiles in correlated EQ and IR hybrid compo-
nents. By deriving the corresponding CHFs, the HICV and H2CV models were made accessible to
evaluation by inverse transforms. The HCV model was discussed in the context of the HHW and
HLMM as alternative hybrid models. The corresponding affine HIHW and HILMM approximations
were derived in previous publications [1, 4]. The quality of the affine HICV and H2CV model ap-
proximations was studied and compared to the characteristics of HIHW and HILMM models.

The HCV model generates hybrid smiles by virtue of an IR-SV process. Originally descending from
the short rate model ansatz, the displaced-diffusion (DD) extensions of the HCV model bridge to-
wards log-normal model characteristics. The affine deterministic HICV version gives an excellent
representation of the Gaussian model characteristics of the HCV and hybrid smile features. The
H2CV model is proposed as more sophisticated affine model where the DD model effects are retained.
Hence, the H2CV model is an affine model incorporating hybrid smiles and DD contributions mixing
classical short rate with the HJM relevant log-normal model characteristics.

The HCV model is inherently 5D irrespective whether QF or Q7 are the selected choice of measure.
Due to the DDSV contributions the dimensional reduction applicable to simpler HHW /HCH hybrid
models is rendered impossible. By suitable approximation assumptions - like freezing the initial
interest rates within the volatility specification of the IR component - the EQ-IR hybrid models are
reducable to 3D systems consisting of EQ, EQ-SV and IR-SV processes upon transformation to Q7.
Such approximations are effective in the affine HICV and HILMM models.

Finally, a few words of caution about the limitations of the presented results. The statements about
the quality of affine approximations, and the overall comparison of the characteristics of the various
hybrid models, are based on numerical studies. Though we have tested a wide parameter set in
addition to the selectively presented results in the figures, the statements are possibly limited to
certain parameter regimes. Conducting a rigorous numerical error analysis would completely ensure
the validity of affine model derivations. However, we leave this loose end as the connection to future

studies.

o7



Appendix A

Basic Characteristic Functions

A.1 Heston Process CHF in Gatheral’s formulation

The Heston process incorporates stochastic volatility in equity prices by presuming CIR-type mean-

reverting variance dynamics in the geometric Brownian motion of the underlying security S;:

dry = (r—%)dt + JoidWe(t), (A1)
dve = k(D= v)dt + TV (2),
with dW,dW, = pg.dt, ascorrelated Brownian motions.

The following notations for the equity stochastic volatility (EQ-SV) process are used:
e Equity security price x; = x(t, W) = log S;.
e Stochastic variance v, = v(t, W,).

e Mean-reversion rate x of stochastic variance towards the long-term mean-level v (as long as

not indicated explicitly otherwise, # = v(0) is presumed throughout)

Volatility v of the variance process.

Interest rate component r; = r(¢), which in the Heston EQ-SV framework is deterministic and
not a state variable (i.e. here within the stand-alone Heston model for simplicity presumed to

be constant 7 = [ reds).

Apparently, the Heston EQ-SV process with state variable vector X; = [z, v;]" is within the class

of affine jump-diffusion (AJD) processes (cf. section 2.1), since

- (2)o(1 ) (2)

= (ot )= (0 0) = (it W50 ) (), o

r(Xy) = (A.4)

as interest rate component, respectively, assume affine characteristics.

Consequently, the Heston CHF is derived in the form

(i)H(u’ Xta t, T) _ eA(u,T)-l—B(u,‘r);Et-i-D(u,T)vt’ (A5)
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with the Fourier coefficients as solutions of the following ODEs and associated initial conditions:

d

aB(u, T) = 0, (A.6)

diTD(u, T) = l;D(U,T)Q + (peoyB(u,7) — K)D(u,7) + B(u, 7)(B(u,7) — 1)/2, (A.7)

%A(u, T) = —r+ D(u,T)kD, (A.8)
with B(u,0) = iu, D(u,0) =0, A(u,0) = 0. (A.9)

With B(u,7) = iu, the Heston Riccati ODE simplifies

d
ED(U,T) = 'Y;D(u, )2 = BoD(u, T) + o

M)

= T (D(u,7) =& )(D(u,7) + & ), (A.10)

and, as a consequence thereof, an analytic solution is derivable in closed form via the method of

separation of variables:

D(m) 4D D(m) 4D T
_/ . +/ _ = _/ G (1—g), (A.11)
po) D—& po)y D =& 0
B
1DM = —7d.
(D — & )&
Solving for D(u, ) we obtain
. I o
D(u,7) = Do(u,7) with Dy (u, 1) =&, e (A.12)
where gp =& /&
+ (57 — 2a37%)2 +d
and 5]::: _ /Bk (/qu . Qg )2 — Bk - k,
v v
ar = (%L +k) =% — W4 uk
B = k—pwy(k+iv) V  k={0,1}.
Then,
Alu, ) + KD (&‘ 2 [1 _goedOTD (A.13)
u, T = —TrT RU T——Fn|— .
0 72 1 =90
= —r7+ KkUH(u, 1), (A.14)

is obtained by integration. It is important to denote the argument of the complex logarithm in

Gatheral’s reformulation [12] as shown above, which deviates from Heston’s original derivation [8],

. 2 edom go]
Ho(u,7) = &17—=In {7 . A.15
o) = g7 i | (A15)

In Heston’s original derivation the complex logarithm in A(u,7) branches to another Riemann sheet
when the contour path integration crosses the negative real axis of the complex plane. Gatheral’s
formulation ensures the evaluation of the real part of the logarithm argument remains positive in

any event the imaginary part becomes zero (for the explicit proof cf. [27]), and hence, branching
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never takes place.
Finally, the discounted Heston CHF reads

(Z;H,O (u7 Xt, t, T) _ e—T‘(T—t)+N17H0(u,7’)+7:u:1)t+D0(u,‘l’)’Ut (A16)

In Heston’s orginal publication [8] the value of a call option with strike K is given in the T-Forward
measure Q7 = T and is constructed from the cumulative distribution functions represented as Fourier

inversa in the following form:

CT(zp,v0,7) = F(7)fre1(26,v0,7) — K fro—o(2e, v¢, T) (A.17)
o] +r7 7 %
with fk(zt;vt;T) — l + l/ R le ¢H,k<u7xt7t7T) du, (A18)
2w/ w
2z = InF(t) =z +r7, and X, = [z, v, (A.19)

where F(t) = S(T) = Ps(gt:)r) is the T-forward stock price at time ¢t =T — 7, and P(¢,T) is the zero

bond value maturing at T, respectively.

By virtue of the fundamental (Lévy / Gil-Pelaez) Fourier inversion theorem the Cumulative Distri-
bution Function (CDF)

- 4 U

CDF(z)=P(X <z)=1-1 /OO R lw] du (A.20)
0

and its complement CDF(z) = P(X > z) = 1 — CDF(x) are representable by the CHF of the
underlying stochastic process.
By denoting that the change from k& = 1 to k = 0 just corresponds to the simple substitution

u — u — i (which represents just a simple shift in the complex plane)
éH,kZO(U_iaxtatuT) = q;H,k:l(uaxtatuT)u (A21)

the option pricing formula (here given in the spot measure Q, for more details on the calculations

cf. [34]) is reducable to the generic form

Clzy, v, t,T) = S(t)Do(k) — Ke "T=DD, (k) (A.22)
o e tuk _ zy—r(T—t)
with Do(k) = %—i—%/o R[ dn (u i;)e ]du (A.23)
oo —zuk
Di(k) = 1+ %/ Rl ¢H( )] du (A.24)
0
andk = InK (A.25)

based solely on the Heston CHF

QSH (u) _ QZ)H(’UJ, Xy, t, T) = efr(Tft)er’;Hg(u,T,t)JriuxtJrDo(u,T,t)vt. (A26)
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A.2 CHEF of the classical Hull-White process

A.2.1 Derivation without Hull-White decomposition

The Hull-White (HW) approach models stochastic interest rates by an Ornstein-Uhlenbeck-type

process,
dry = X0(t) — ry)dt + ndW,(t) (A.27)

e for the short rate r, = r(t, W,.(t)) as the only state variable,

e with reversion rate A towards the current HW mean reversion level (¢); as shown below
0) = fO,0)+357f0,)+ 51 —e™™), (A.28)

resembles the connection to the initial yield curve by means of the instantaneous forward
rate f(0,t) of the initial term structure; constant mean reversion rate A=const is presumed

throughout the discussion to avoid unnecessary complexity in the model calibration,
e volatility 7 of the short rate (7 is presumed constant for the moment.

Integrating d(e*r;) = AeMridt+e M (N(O(t) =1 )dt+ndW,. (1)) = AO(t)e M dt+ e ndW,.(t) with tg = 0
yields,

Tt

t t
roe M+ /\/ ds O(s)e M=) 4 77/ AW, (s) e M) (A.29)
0 0

= )+ / AW, () e = 3(t) + 74,

Upon introduction of () we obtain the defining equation for 6(t) by

>l
Slo
<
—~
-
S~—
Il

—rpe M — A / t dsO(s)e 273 L NQ(t) = —ap(t) + 6(t),
0

D(t) + ;5 (b). (A.30)

>
—~

~+
~

As shown in section A.2.3 1 (t) connects to the initial yield curve via

D) = FO,0) + 225 (1— e )2 = £(0,8) + L (0, 1), (A.31)

which is basically the initial instanteneous forward curve and an additional drift correction (0, t).

The HW model is already in affine form, and hence, the CHF is composed of

dyw = E° [67 s rsderiuTXtLFt — Anw (u,r)+C(ur)r: (A.32)
with %é(w) 4 (=N ) +0 = —1 = AC(u, 7)
C%A(u, 7) = MH)C(u,7) + 0+ 3C(u, 7)n*C(u,T)
= 20()C(u,7) + LC?(u,7)
and C(u,0) = iu, Agw(u,0) =0, forinitial conditions.
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C(u,7) is a first order ODE solved by separation of variables, Agw (u, 7) is straightforwardly inte-

grated, and consequently

Clu,7) = —+(1—iuN) —e M) =11 —e ) +iue ™, (A.33)
Apw (u,7) = % dr C?(u,7) + )\/ dr (T — 7)C(u, )
0 0
= Fhwn) e [ arowcn) (A34)
since %2/0 dr C*(u,7) = é I3(u, T)
= L —20—e M)+ i(1—e7))
— dugs(1—e )2 = Ly (1 — e D)2, (A.35)

In case of an initial yield curve specification in closed analytic form, Agw (u,7) is reducable to an
explicit expression. For the calibration scenarios specified, the initial term structure is simply based

on a constant initial instantaneous forward rate, f(0,t) = fo,
fo==ZmP(0,T), P0,T)=e T (A.36)

and the quantities respectively are calculated as

B(t) = roe™M 4 foll = e ) + g (1— M2, (A.37)
0(t) = fo+ d(l—e M), (A.38)
s [Laror-nCinn) =~k F)r - Fale T - BT 4 414 i)

( fol— e )+ (1 —e7) + %(e—me-ﬂﬂ-ﬂ)) (A.39)

adding up to the discounted HW CHEF":

Apw (u,T) —foT + %(1 —e M) tiufo(l —e M) — 2P L (1— e ?7),  (A40)
Sy (u, e, Tyt) = eAnw (wr)+C(wr)ro, (A.41)

which, for the particular choice ro = fy, reduces to

e 2T 1)

R g — L2
(I)HW (’U,, Tty T7 t) = e_TO(T_t)J’_ZUTO_ 2 v 2X° (- (A42)

Apparently, the initial term structure fixes only ¢(¢). HW reversion rate A and volatility n are to

be calibrated by means of liquid marked instruments, like IR caps and swaptions.

A.2.2 Connection to CHF employing Hull-White decomposition

The HW decomposition [30] is based on the separation of the mean reversion off-set 7 = r; — 1 (t),

so that the short rate process is retained:

diy = —AFydt 4+ ndWi(t). (A.43)
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The CHF is calculated as

duw_g. = EO efftTF(s)deriuTXtLFt}
_ AWDTBR _ A Bl () (A.44)
with %E(um) e r 4 —AB(u, ) £ 0= —1 — AB(u,7),
%A(U,T) = 0+O+%f3(u,7)772f3(u,7)
— ZB%u,r1), (A.45)
and B(u,0) = du, A(u,0)=0 forinitial conditions.

The ODE solutions are known. Obviously, the solution B(u,7) = B(u,7) is equivalent for both
HW variants. The connection between the CHF of the decomposed and the standard HW model is
established by

&y = EQ [e— Sl ds (w(s)+Fs)+iu(1/JT+FT)|]_‘t} - [EOQ {e— I dsw(s)+iuwT|}-t D W de (A.46)
- [ wtsds +iuvr — Bunue) = 3 [ 0T - B ndr
0 0

with —/th/J(s)ds = —/Osz(t)d(T—t).

A.2.3 Zero coupon bond value derived from the HW CHF

Since the definition of the risk-neutral value at time ¢ of the zero coupon bond maturing at 7" is
P(t,T) = EQ [e* I ’”sd5|}'t} , (A.A47)

the zero bond value is obtained from the affine HW model CHF in the limit v = 0:

$(0,X,,t,T) = E2 [e*ft”sdsqm} = AOD+BIOX, (A.48)
— P(t,T) = Suw(0,ry,t,T) = eArwOn+C0O.)r: (A.49)
— o o w(s)ds+A0,T) (A.50)

The HW zero bond formula is frequently used, since there exists an analytic solution in closed form.
The connection to the intial term structure is contained in the coefficent Agw (0,7) = Ag ¢ 7.6(1) via

the mean-reversion level

0(t) = fMO0,6) + 12 FM0,6) + 2 (1 — e ) (A.51)
with  fM(0,¢) = —ZInPY(0,t).

The superscript M’ points out that initial instantaneous forward rates and initial zero bond values

are derived from market instruments. In order to emphasize the connection to the initial term
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structure the HW zero bond formula is reformulated to

2 PM(O T) B - M 1.0 n° _—oaty
HO.X, t.T) — ; (T FM(0,6)— 5 B2(6.T) 25 (1—e™ )~ B (8, T)r A52
(Oa ty Uy ) P‘M[(O,t) € ( 5 )
_ P, T) e 1) 1 (0,0~ 3 B2 (11)y()~ Be(t,T)r
PM(0,t) ’
~ 1
with B.(t,T) = —C(u,7)= X(1_e—k<T—f>). (A.53)

y(t) is a quantity from the Cheyette model derived in the next section. It is used here to indicate
the connection between the zero bond value derived in the HW model, and the corresponding zero
bond expression obtained in the Cheyette model below. The definition B.(¢,T) is introduced, since
this relation is a structural element recurring in all IR and hybrid models under discussion.

When the simplifying assumptions on the initial yield curve structure (f(0,¢) = fo and fo = o) are

in effect, the expression for the HW zero bond value reduces down to P(0,T) = e~ "7

A.3 Cheyette model CHF

A.3.1 1D Markovian CHF derivation in the single factor volatility case

Presuming constant volatility 7 for the moment, the single factor Cheyette model remains affine and
the CHF is obtained as

D (u, Xy, t,T) = EQ e—ftT(f(07t)+wc,t)ds+iuTXt|ft 7:eAC(u7T)+é(u)7—)$C,t+Y(u7T)y(t)7

withspotrate r, = f(0,t) + ¢y (A.54)

and instantaneous forward rate f(¢,7) in the limit ¢ — 0 and 7" — ¢. Apparently, the Cheyette
state variable z.; establishes a link between the forward rates and the spot rates evolving in time.
This is the decisive point, where the Cheyette model derives from the HJM framework and proceeds
beyond basic short rate models.

Then, the affine model framework [21] assumes the representation

0 < (IE) (3 L) (5) e
(4 8o (i)
and 7(X;) = r0+r1T(§(Cvf))

64



and consequently the Fourier coefficients result from the following defining ODEs and initial condi-

tions:
d ~ -
—C(u,7) = —1-=XC(u,7), (A.56)
dr
d -
d—Y(u, 7) = —0+C(u,7)—2XY (u, 1), (A.57)
=
d -
Acn(ur) = —f0.0) + 7Y (u,7) + 517 C(u,7),
= —(0.1), (A.58)
and C(u,0) = iu, Y(u,0) =0, A(u,0) =0 forinitial conditions.

The ODE solution for C(u,7) is known from the HW model derivations above. Then, Y (u,7) is

solvable by standard first order ODE techniques and finally Ac g (u, 7) results from simple integra-

tion:
Clu,r) = (L +iuN)e™ —1) = —1(1—e) +iue 7, (A.59)
Y(u,7) = —5=(1— 2e7M 4 7T — 2iude ™ + 2iuke ),
Acu(u,7) = —/ f(o,t)dT-‘r’I]2/Y(u,T)dT+%/02(U,T)d7'
0 0 0
T B 5 -
= —/O f0,8)dr + n*Iep,y(u, ) + L I3(u, 1),
with
W lcmy(u,1) = 772/Y(U,7')d7'
0
= %[—)\T —2e M 4 %eﬂh + %] + zu%(l —e )2,
2 T ~ 2 ~
%/0 dr C*(u,7) = L Is(u,7).

The integral fg(u,T) is obtained as part of the HW model derivations in the preceding section.
For the particular case of constant volatility n the state variable y(¢) decouples from the Markovian
process and the deterministic solution of the defining ODE is treatable in closed form by the method

of variation of constants:
2 2
yt) = L+ yo—L)e (A.60)
with yo = y(0) asinitial condition.

Irrespective of the particular choice of yo, apparently y(¢) tends towards the long-term mean %

With the coefficients given above, the discounted CHF of the 1D Markovian Cheyette system is
given by

dop(u, Xy, Tot) = eACH(u,r)+é(u,7)mc,t+y(u,7)y(t),

— o 7 FOATHC Tz +Y (uT)y(E) (A.61)

65



A.3.1.1 Connection to HW short rate model

Transition from the single volatility factor Cheyette to the HW model can be seen directly from the
SDE system. Starting with the Cheyette model

drey = (yr — Axer)dt + nedWe(t), (A.62)
ye = (7 —2\y)dt,

for n; = 1 =const the y; decouples from the Markovian state variable z.; and becomes deterministic.

By the choices

drey = dry—2£(0,0), (A.63)
y(t) = () = AF(0,t) — 2 f(0,1),
so y(t) = %(1—6_2)\7)

the HW model is retained from z.; dynamics:

dre — g f(0,1) = (A(t) = Af(0,1) = 57 (0, 8) = Awey)dt +ndWe(t),
dre = NO(t) — (£(0,8) + we.)dt +ndWe(t),
with re = f(O, t) + Le,t-

An analogous argument is valid in Fourier space. Upon closer comparison of the Cheyette (CH) and
HW CHFs, i.e.

(I)HW (U, Tt, tv T)

eAyyy(u,‘r)—i—é(u,T)n
e)\ fOT 0(t)é(u,7)d‘r+§ fOT éz(u,T)d‘rJré(u,‘r)rt
— M FONCuTydT+ [ o7 F(0.6)C (w,T)dr+ [T y(0,)C (u,r)dT

2
6% Iy C?(u,m)dT+C(u,m)re (A64)

)

Sep(u, ey, t, T) eAon () +0(u)ee +Y (n)y() (A.65)

2
— e N f(o,t)dwn?fc,{,y(u,7)+%f3(u,7)+é(u,r)(mc,t+f(o,t))—é(o,t)f(o,t)+y(u,f)y(t),

the connection between individual Fourier constituent terms in the exponential becomes apparent

by the reformulations

—f£(0,)C(u, 1) — /OT FO0,7)dr — X €] f(0,t)C(u,7)dr, (A.66)

HW / 00 £(0,)C(u, 7)dr
0

CH: Y(u,m)y(t) = %
+ iug—k[(efh — e T (1 — e ). (A.67)

+ ef}\T _ %672)\7 + %672)\15 _ 672)\t€7)\‘r + %672)\15672)\7]

SIS

N o—

Inserting the reformulations, most of the terms cancel out and the equivalence between HW and

Cheyette terms reduces to the following identity:
/ Clu,T)y(t)dr = %[—/\T +1—e M4 %e_m(l —e )2
0
+ zuznv[(l _ e—)«r)2 + (1 _ 6_>‘T)(1 _ 6—2)\16)6—)\7—]

~ 2 ~
= 772ICH,y + %13(11,7'). (A68)
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Comparing coeflicients has thus revealed the connection between HW and this most basic Cheyette

model, as well as the relation to the initial yield curve:

01) = F0.0)+ 3/ (0.0) + gh(1— ™) (A.69)
= JO.H+ 3300, + 3y (). (A.70)

For the particular specification of the initial term structure, f(0,¢) = fo and fo = 7o, employed
in the model calibration scenarios in the present context, the HW connection is established by the

particular relation 6(¢) = ro + %y(t)

A.3.2 Zero coupon bond value in the Cheyette model

As elaborated in the context of the HW model above, the value of the zero coupon bond is obtained

from the CHF corresponding to the respective model in the limit v — 0:

P(t,T) _ (i)CH(O X, t, T) _ eACH(O,T)-i-C(O,T);EC,t-i-Y(O,‘r)y(t)

1 e 1 —xT
o 710 FOt)dr—x(1—e A JTet—gyz (1—e ATY2y(t)

= e~ ft £(0,s) ds—Bc(t,T)wC,t—%Bz(t,T)y(t)7 (A?l)

where f(0,t) provides the connection to the market data via

P(,T) = B[ iR
e (A7)

PM(OvT) — [T f(0,s)ds

and consequently, the Cheyette zero bond value is given by

PM(0,T) N
PCH(tha Itvyt) = Pijw((o t))e Be(t,T)xe,t Bz(t Tyt (A74)

It is important to note that this zero bond value formulation is also valid in the context of model
extensions towards stochastic volatility like in the Stochastic Volatility Cheyette model. Hence, the
choice of y; (instead of y(¢)) in the final equation.

The reason is that the volatility contribution is completely absorbed in the state variable y;, and is
particularly noteworthy, because thereby the Cheyette model allows for stochastic volatility extension
beyond the capability of the classical short rate models.

For the special case of the initial term structure, f(0,t) = fo and fo = ro,
e = y(t) = Ao + L (1 — =2, (A.75)

is basically the variance of the HW process.
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A.3.3 CHF of the DDSV Cheyette model

In the most general form the volatility specification in the Cheyette model is 1 = (e, ye, 2¢, ).

A possible calibration approach is by means of the zero bond formula,

M
P (07 T) e—BC(t,T)mc,,g—%B?(t,T)y,g7 (A76)

Pppsven(t,T) = PH(0,1)

to be used in the analytic Black caplet formula. Critical point is the efficient numerical evaluation

of the SDE for y;.
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Appendix B

Characteristic Functions of Full-Scale
Hybrid Models in the Spot Measure

B.1 Single correlation Heston Hull-White (1F-HHW) model
B.1.1 Derivation of CHF 1F-HHW

Combining Heston EQ-SV and HW-IR process

dry = (re— 5)dt + /o dWy(t), (B.1)
doe = (0 = ve)dt + TV (1),
dry = MO —r)dt + ndW,.(¢),

with correlations p.,dt = dW,dW,,, py.dt = dW,.dW,, py,dt = dW,.dW, the covariance matrix

pzwvt ParT/V¢

Sx, = PR 1) puryy/U; | = Lx, LY, (B.2)
pmn\/_t Pro YN/ n?
0 0
with Lx, = pvﬂ\/_ Lyvyy/ve 0 ;
Prat) Lyyn  Lyan
and Ly P%m Ly = (prv - Prmprv)/Lrva Lyy =+/1— p%z - L%u-
contains non-linear terms ;3 = Y371 and Y23 = Y32 in the state variable /v;. Lx, is the

Cholesky decomposition of the covariance matrix to express the HHW process in differential form

by uncorrelated Brownian drivers,

dx, AW, (t)
dvy | = p(Xy)dt +Lx, | dW,(#) |. (B.3)
dry dW,.(t)

This formulation is the basis of Monte-Carlo simulation schemes detailed in the description of com-

putational evaluation methods.

By choosing EQ-IR correlation p,, = 0 and SV-IR correlation p,, = 0 the non-affine terms in the

covariance matrix vanish. The remaining HHW model contains the Heston EQ-SV correlation p,.,
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as correlation factor, and hence, the acronym 1F-HHW. An analytic solution for the CHF is then
derivable in closed form by means of the commonly known techniques [21]. With the coefficients

extracted from the affine model formulation

0 0 -4+ 1 zy
wXy) = kv |+ 0 —k O v |, (B.4)
YV 0 0 -\ Tt
Tt
Sx = (co)ij+ ()l | v
Tt
0 0 0 (Oa 17 O) (07 Pxvs O) (07 Oa O) T
= 0 0 O + (O,pmv,O) (0,72,0) (0,0,0) on , (B.5)
0 0 772 (0,0,0) (0,0,0) (0,0,0) T4
Tt
and T(Xt) = TO“I‘I']_T UVt (BG)
Tt
Tt
= O+(05071) (%7 )
Tt

the defining ODEs for the Fourier coefficients B(u,7) = [B(u,7), D(u,7),C(u, )]’ and associated

initial conditions are given by

d
—B(u.r) = 0. (B.7)
d B 1 pey O B
%D(uﬂ—) = _O+(_%7_’170) D +%(B,D,C) Pxov? ’72 0 D
c 0 0 0 c
— -5 _xD+Z 1), yBD+LD?
= 2D+ (ppyB-r)D+E(B-1)
J B
—C(u,7) = —14+(1,0,=XA)| D | =—-1+B-\C, (B.8)
dr C
d
—A(u,) = wOD +MC + e, (B.9)
=

and initial conditions B(u,0) = iu, D(u,0) = 0, C(u,0) =0, A(u,0) = 0.

Substituting the solution, B(u,7) = iu, the ODE for D(u,7) becomes the Heston Riccati ODE
with the solution already detailed in Appendix A.1. C(u, ) is solved by standard techniques (only
a slight variation from the Fourier coefficient B in the HW and Cheyette model context above).

Finally A(u,7) is obtained by straightforward integration, where the integral over D(u,7) returns
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the complex logarithm denoted in Gatheral’s formulation (cf. to appendix A.1 for details):

B(u,7) = iu, (B.10)
Clu,7) = —+(1—idu)(l—e ),
_ 1— ede
D(u,7) = £ mv
where g = ¢ /¢,
2 _ 2\1
and éd: _ Bi(ﬂ 22047) :ﬂj;d7
Y Y
a = Ziu-1)=-u?/2—iu/2=2(B-1),
= K — PzuViU
A(u,7) = )\9/ C(’U/,T)dT-i-%/ CQ(u,T)dT—i—mi/ D(u,T)dr
0 0 0
— ML (u,7) + LT3 (u, 7) + w00 (u, 7), (B.11)
with
/ Clu,m)dr = s5(iu—1)(=Ar+(1—-e ) =IL(u,r7),
0

-

/ C*(u,7)dr = (—u? — 2iu + 1)/ (1 -2 4e ) dr
0 0

-

s (i +u)? (=207 —4e N + 3+ ) = I3(u, 1),

T _ 2 1—ge 9]
/0 D(U,T) dr 5 T — ?h’l [ﬁ} = IQ(U,T).

|
>

2

With the solution of the Fourier components completed, the CHF of the 1F-HHW model results

drp W (u, e, 00,74, 8,T) = eArr () +B(u, )@+ D(u,m)vi+C (u,7)re (B.12)

B.1.2 Analytic European call price in the 1IF-HHW model

The result on the 1IF-HHW CHF is consistent with the derivation of the valuation formula of a
European call option in [29]. The derivation of the European call price within the 1TF-HHW model
is derived in [29] via solution of the Kolmogorov backward equation otained by the Feynman-Kac

theorem. Heston already pointed out that the 1IF-HHW is an affine model. Analoguos to the pure
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Heston case the derivation is based on the formulation of the European call value.s

Vo (S,v,t,T,70) = St,T)fr=1(X,v,t,T,r9) — KP(t,T)fr=0(S,v,t,T,19,u) (B.13)
with  fi(S,v,¢,T,70) = %-F%/OOOR [QXP(_"“ngiL@(S’”’t’T’TO :
Or(S,v,t,T,ro) = exp[Fi(t, T,u) + Di(t, T,u)v + Hy(t, T, u)ro] -
exp [iulog S + (k — 1)b(t, T, 10)] (B.14)
with  Fip(t,T,u) = Cip(t,T,uw)0+ (iu— (1 —k))[GtT)+ (iu—(1—Ek)¢(¢,T)]
and  Hy(t,T,u) — W(pexp(_A(T_t)))

where Ci(t,T,u) and Dy(t,T,u) are defined in Appendix A.1; (o(¢,T) and (3(¢,T) are derived in
conjunction with the zero bond value P(t,T) = exp(b.(t, T, 7)) in the HW framework (cf. Appendix

A.2.3), though in slightly alternative arrangement of constituent terms:

P, T) = exp[(be(ro,t,T)], (B.15)
be(t, Toro) = =5 (1= exp(=A(T = 1))

T
_i /t Orw (s) (1 —exp(—=A(T —s5))) ds
o

+ﬁ (T —t+ % exp(—A(T —1t)) — % exp(=2\(T —t)) — %)

Cl (tv Ta TO) + CQ (tv T) + <3 (ta T)

with Ogw(t) — 60w = const follows

1) = U1 exp(-M(T — 1)) ~ AT 1)

In analogy to the pure Heston case, the 1IF-HHW CHF results in the case k = 0.

B.1.3 Zero coupon bond price in the 1IF-HHW model

In standard fashion the zero bond value is obtained from the CHF of The 1F-HHW in the limit
u — 0:

(i)lF—HHW — eA(OxT)+B(077)$t+D(0;T)Ut+C(0,T)Tt . (B16)

It is trivial to show D(0,7) = 0 and B(0,7) = 0 and the remaining terms coincide with terms of the
zero bond value in the stand-alone HW model. Consequently the zero bond prices are equivalent
in HW and 1F-HHW model environments, which is intuitively embraced by the consideration, that

correlations between EQ and IR components are excluded ’a priori’.
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B.1.4 Separability of interest rate process in 1F-HHW

A noteworthy feature is that the transformation of the 1F-HHW towards the T-forward measure
corresponds to the simple displacement shift of the IR component of the CHF in the complex plane
(quite analogously the Fourier coefficient corresponding to the IR component in the HIHW hybrid
model changes to Cp(u,7) — Cr(u,7) upon transformation to Q7 as simple displacement in the
complex plane). When only the EQ-SV correlation is non-vanishing p,, # 0, the CHF separates

into the interest rate (;31 r and Heston process (;ASH:
élF—HHW(uatuT) = (Z;IR(uutaT)éH(uuuT)' (B]‘?)

Then, following [36], the CHF under the T-forward measure (;31 r is derived straightforwardly, by
splitting the underlying equity process dS; = rSydt + \/vS:dW,, into an interest rate drift and pure

driftless Heston process:

d(log S) = (r—%)dt+vdW,,
dX; = dXip+dXy (B.18)

with X1r(t,T) = ftT r(s)ds = D(t,T) the discount factor. Then, the CHF ensues to

MJI-“IRHW (tv Ta u) = ET [eiUXT |‘F ]

= s Lz,

— Otrpnw (6T 0) = P‘l(th)E[D( )“‘XT] (B.19)
= PN, T)E[e” Xintiudr)
— P, T)E[e! Xrn+iu(XintXn)) (B.20)
= P Yt T)rr(u+i,t, Ty (u,t,T)

where P(t,T) is the standard zero bond. Transformation of the CHF towards the T-forward measure

is simply performed by substituting v — w + 7 in (;ASIR(u, t,T).
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B.2 Heston Cheyette CHF in the Affine Deterministic Limit:

H1CH Model

The Cheyette model in single-factor volatility formulation is comprised of the following set of SDEs:

drs; = (mp— 3)dt 4+ J/uedW,(t), (B.21)
dve = k(0 —v)dt + v/ vedW, (t),
drcey = (yr — Awey)dt + nidWe(t),
dy: = (0} —2\y,)dt,
with m = f(0,t) + xc,,
n¢ = 1 = const.

For the IR component constant volatility 7 is considered for the moment, though this constraint is

relaxed in the next section. Then, drift, volatility and IR specification assume the expressions:

wXy) = ap+arXy
0 0 -3 1 0 Tot
- KU 0 —k 0 0 Ut
=l o |Tlo o —x 1 S (B.22)
n? 0 0 0 —2X Yt
vy ng”yvt Pacy/ve 0
Poz YVt YU pcvn/Y\/m 0
» = B.23
x. PtV P O (B.23)
0 0 0 0
Deliberately setting p., = 0, and introducing the affine approximation
E[\/v:] ~ 8, (t) = a + be™ (B.24)
the volatility can be written as
Sx, = (co)ij+ (e1)ix
_ 0 0 0 0 n
- PexnOu(t) 0 772 0
0 0 0 0
(0,1,0,0)  (0,5,7.0,0) (0,0,0,0) (0,0,0,0) \ [ sy
(0,p12%,0,0)  (0,5%,0,0)  (0,0,0,0) (0,0,0,0) | (B.25)
(0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0) Tt '
(0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0) Yt
Finally, the IR component is represented by
Ts,t
r(Xy) = 1o + 11X, = £(0,¢) + (0,0,1,0) w“t (B.26)
c,t
Yt
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Then, the Fourier coefficients of the state variable vector B(u,7) = [B, D, C,Y]" are defined by the

following set of ODEs

%B(U,T) = 0,
B
d B 1 2 D
=D(u,7) = —O—|—(—5 — kD) 4 5(B + pzoyD, Bpzoy +7°D,0,0) c
Y
— 'Y;DQ(u, T) + (tupgy — K)D(u, 7) + %(B -1)
— 'Y;DQ(u, T) + (tupgey — k) D(u, 7) + %(zu - 1),
LC(u,7) = —-1+B—-XC=—(1—1iu)—AC(u,7),
diTY(u,T) = C(u,7)—2\Y (u, 1),
%A(uv 7-) = _f(Ov t) =+ HED(UH T) =+ WQY(Uv 7-)
2

+ peendi()B(u, 7)C(u, 7) + % C*(u, 7),

(B.27)

and associated initial conditions B(u,7) = iu, D(u,7) = 0, C(u,7) = 0, Y(u,7) = 0. With the

apparent solution, B(u,7) = iu, D(u, ) is reduced to the well-known solution for the Heston-type

Riccati equation, and the other Fourier coefficients are determined with standard techniques to solve

first order ODEs:

the last relation with y(t)

/T 5,(T = #)C(u, 7)d#
0

~L1—iw)(1—e ),

—ﬁ(l —iu)(1—e )2 = -3

ﬁOQ(Uﬂ'),

2

_/O F(0,) dr + woLp(u,7) — gl Is(u,7)

prenla(u,7) + % Iy(u, 7),

IQ(U, T),
—m / C%(u,7)dr
0
~arkm ) = [ Oy
% (1 — e~2*7) is the connection to the HW system,

—Liu(l —iu)/ (1 —e (a1 + bre* @) dr
0

Iy(u, 7).

These Fourier coefficients define the CHF of the HICH model:

Opyicy = e

Amicn (u,m)+iuzs,t+D(u,7)ve+C(u,T) e, +Y (u,T)ys

(0]

(B.31)

(B.32)

(B.33)



B.3 Heston DDSV Cheyette CHF in the Affine Limit 1: HICV

Model

The Heston DDSV Cheyette model combines the Heston process for EQ with a Cheyette framework

for the interest rate (IR) component incorporating IR-SV by means of a displaced-diffusion (DD)

stochastic volatility (SV) model, which captures IR skew and IR smile features. The model is defined

by the following system of stochastic differential equations:

dws,t
d’Ut
dwc,t
dZt

dyt

Tt

Ui

and correlations p,,dt =

(e — 2)dt + /T AW (£), (B.34)
K(0 — vg)dt + /v dW, (1),

(ys — Azt )dt + e dW, (1),

B(Z — z)dt + e/ZdW, (t),

(nf — 2\ )dt,

with

f(0,8) + e,

Vzesk () (b () + (1 = bi(t))7m0) = /zesk (1) Pi ()

AW, dWy, pegdt = dW.dWy, pe.dt = dW.dW,, pedt = dW.dW,, and

pPvzdt = dW,,dW,. The SV processes of the EQ and IR components are presumed to be uncorrelated

(pzv = 0). Substituting the limit 1 approximations (see section 3.6), the constituents of the affine

model assume the following form:

0 0o -+ 1 0 0 Tt
KU 0 -k O 0 0 on
0 |+l 0 0 =X 0 1 Tex | (B.35)
Bz o0 0 -8 0 2
0 0 0 0 s®7 -2\ Yt
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0 0 pcmskq)kév(t)éz(t) 0 0
0 0 0 0 0
Yx, = PexSkPLOL(£)0,(t) 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0,1,0,0,0) (0, pzvy,0,0,0) (0,0,0,0,0) (0,0,0,0,0) (0,0,0,0,0)
(0, pvz,0,0,0) ( ,72,0,0,0) (0,0,0,0,0) (0,0,0,0,0) (0,0,0,0,0)
+ (0,0,0,0,0) (0,0,0,0,0) (0,0,0,sszi,()) (0,0,0, pres,Pre,0)  (0,0,0,0,0)
(0,0,0,0,0) (0,0,0,0,0) (0,0,0, prespPre, 0) (0,0,0,62,0) (0,0,0,0,0)
(0,0,0,0,0) (0,0,0,0,0) 0,0,0,0,0) (0,0,0,0,0) (0,0,0,0,0)
Is,t
Ut
Le,t y (B36)
2t
Yt
0
0
r(Xe) = fO)+ (@ v wer 2oy )| 1. (B.37)
0
0

Then, with the vector of Fourier coefficients, B = [B, D, C, Z,Y]!, the defining ODEs are

L B(u, ) = 0, (B.38)
4D(u,7) = —0+(-3,%0,0,0)B
1 Pzv?Y 0 0 0 B
Pzv” "Y2 0 0 O D
+1(B,D,C,Z,Y) 0 0 000 C
0 0 00 0 Z
0 0 00 0 Y
= —iB—kD+ 3(B®+2p,yBD ++°D)
— 2 D%(u,7) + (puoyB(u,7) — K)D(u,7) + 2(B = 1), (B.39)
LC(u,7) = —1+(1,0,1,0,00B+0=—-1+ B(u,7) — AC(u,T1), (B.40)
L Zu,7) = —0+(0,0,0,—8,s;9;)B
0 0 0 0 0 B
0 0 0 0 0 D
+3(B,D,C,Z,Y)| 0 0  s2®?  pesi®re 0 c
0 0 pczsk@ke 62 0 Z
0 0 0 0 0 Y

= §Z2(u,7) + (pez52®2eC(u, 7) — B)Z(u, T)

+57 @Y (u, 7) + 153 @LC% (u, T), (B.41)
LY(u,7r) = —0+(0,0,1,0,—20)B+0 = C(u,7) — 2AY (u,7), (B.42)
LA(u,7) = —f(0,t) + £0D(u,7) + B2Z(u,T) + % peask iy ()8 (t) B(u, 7)C(u, 1), (B.43)

with ¢ = T'— 7 and initial conditions B(u,0) = iu, D(u,0) = 0, C(u,0) =0, Z(u,0) = 0, A(u,0) = 0.
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The underlying ODEs and corresponding solutions for B(u,7), C(u,7) and D(u,T) are equivalent
to the affine HHW models derived previously (cf. relevant appendices for the details).

B(u,7) = iu,
Clu,7) = —3(1—iu)(1 — e ),
D(u,7) = Heston — type Riccati solution

Y (u,7) is obtained by variation of constants:

Y(u,7) = —ﬁ(l —du)(1l — 67A7)2 = —ﬁ(ﬂ(u,ﬂ. (B.44)

Z(u,7) is a Riccati-type differential equation for the SV of the IR component, though different to
the Riccati equation obtained for the Heston EQ-SV component earlier, the coefficients are time-
dependent. Employing the solutions for the other Fourier coefficients and presuming p.. = 0, the
defining ODE is of the form

L7(uT) = SZ%u,7) - BZ(u,T) + qi(u,7), (B.45)
qi(u, 1) = 2O (u,7) = M 22(1 - eT)2,

As a consequence, an elementary analytic solution is not available. One has to resort to standard
numerical methods for ODE solution or to simplify towards ¢;(u,7) = ¢(u), time independent
parameters where the solution is then a variation of the well-known Heston-type Riccati equation.

Again, by straightforward integration A(u,7) is given by
Au,7) = —/OTf(O,t)dT—FIQ@/OTD(’UJ,T)dT—ﬂg/oTZ(u,T)dT
+ 3PSk P /07' 0, ()0, (t)B(u, 7)C(u, 7) dr
= - /OT f(0,8) dr + kvlz(u, ) + BZI5(u, T) + 3 peasi®ilr(u, 7), (B.46)

where the integral Is(u,7) is found in the derivation of the HTHW model above, I5(u, 7) references

the integral resulting from the IR-SV process in the DDSV Cheyette model, and

Ir(w,7) = =} = dwfarea(r + 3(eT = 1))+ eI — el 4 e (eme (T
+ %(67(C1+62)(T77) _ 67(61+C2)T)
_ ca;__biefch(e(@f)\)T 1) - calg__bl)\efclT(e(clf)\)T 1)
B %ef(cﬁrCz)T(e(clJrCz*)\)T —1))]. (B.47)

With all Fourier coefficients well defined, the CHF of the Heston DDSV Cheyette model in the

approximations of the affine limit 1 is determined:

(iHlCV (u7 Xtv t, T) _ eA(u,T)+iuxs,t+D(u,‘r)vt+C(u,‘r)mc,t+Z(u,T)zt+Y(u,7’)yt ) (B48)
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B.4 Heston DDSV Cheyette CHF in the Affine Limit 2: H2CV
Model

The approximations inherent to the H2CV model are introduced in section 3.6. The key idea is to

use the volatility specification

mo= 0()sk®i(t),  and  (nf')” = z(sk®p (1)) (B.49)
with  si @ (t) = s (be(f£(0,1) + a(t)) + (1 = b)(£(0,0) + zc0))
(sk®% ()" = sR[BRC3(t) + 20k(1 — bi)moC(t) + (1 — be)*m5],

(%

and ((t) = f(0,t) + at),
(

2
t) Elze] = 2’%(1 — ef)‘t)Q,

in order to place the SDE system of the HCV model within the AJD process class. With this volatility
specification the CHF derivation proceeds completely analogous to the preceding Appendix B.3, and

the Fourier coefficients are obtained as the solution to the following first order ODEs:

4 Bu,7) = 0, (B.50)
LD(ur) = TDu.7) + (peuyBlu,7) — ) D(u,7) + Z(B - 1),
LC(u,r) = —-1+B(u,1)—AC(u,T1),
L2(u,7) = —S2%u,7) + [pes(5£ @4 (1)?€C(u, 7) — Bl Z(u, 7)
+ (k@ ()Y (u,7) + 3 (567> C (u, 7),
LY (u,7) = Clu,7)—2XY (u,7),
L A(u,7) = —f(0,t) + KD (u, ) + BZZ(u, T) + 3 pewsi®it ()8, (1) (t) B(u, 7)C(u, T),

with ¢ = T'— 7 and initial conditions B(u,0) = iu, D(u,0) = 0, C(u,0) =0, Z(u,0) = 0, A(u,0) = 0.
The solutions of B(u, 1), D(,u,7), C(u,7), Y(u,T) are equivalent to the preceding Appendix B.3.

The coefficient Z(u,7) is calculated as recursive as recursive solution to

L 7(u,r) = SZ%u,7)—BZ(u,T) + ga(u, 1), (B.51)

@(u,7) = Qj;iuCQ(u, T) = 7i“(;§;1) (sp®MT = 7))3(1 — e 27)2,

We presume ¢z (u, 7) to be piecewise constant in time g2 (u, 7) =~ g2(u, 7;) on intervals 7; € [T}, Tjy1[

for a particular choice of refinement 0 < j < j,40.- Then, the Cheyette SV process is recursively

given by
I 1 — e~ dir1(Ti41—75)
Zj(u,TjJrl) = Z(U,Tj) + Je—;l — 5 (B52)
1— g{Fie—dﬁl(7'j+1—7'j)
Sj+1
with coefficients
diyn = /B —2ae,
§ = BE(dj+d)/2-€7;
6 = PR (T )P - e )
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The quality of the recursive approximation of Z(u,7) with the term ¢o(u,7) is very close to the
recursive solution of Z(u, ) with ¢1(u,7) corrsponding to the HICV model as shown in Fig. E.2.

Finally, A(u,7) is obtained by integration,
A(u,7) = —/OT f(O,t)dT—l—/w/oTD(u,T)dT —Bz/OT Z(u,T)dr
+  peask /OT DL ()0, ()0, () B(u, 7)C(u, 7) dr
- — /OT £(0,8)dr + KoLz (u, 7) + B2Is(u, T) + 1 pease®ily(u, 7).

Though the integral Iy(u,T) is straightforwardly derived in closed form, the numerical integration

of I7(u,7) and Ig(u, ) is a computationally practical approach.

80



Appendix C

Change of Measure

C.1 Derivation of HIHW CHF in the Forward Measure Q'

Forward Dynamics are obtained from the definition of the forward price F; = F(S, P;) =
St/ P(t,T) by Ito’s lemma:
OF OF O*F O*F 0*F

ar, = 497 41 1
© T 95 "ap 2952 T 25p% " 5pas
1.8 25,2

_ St ﬁ _ Ld_P + drift terms
- Pt,T)S PtT)P

dS dP dP\? dSdP
= F(?‘?)” (?) “STP|
dF _ dS_dp  (dP\® dSdP )
F S P P S P’ ’

The change of measure is to be applied to uncorrelated Brownian drivers. Therefore, the covariance

matrix Yx, = LXtL;(t is decomposed into Cholesky components:

dX, = p(X)’dt+ Lx,dW?,

d’f‘t A(@(t) — ’f‘t) N 0 0 dVi/TO (t)

dv, | = k@—v) | dt+| porvvT Lovyyor 0 awo(t) | (C2)
@ Ty Porv/U  Loo\/Ui  Lao/Ot dWO(t)

with Lyy = V 1- p%va Ly = (p;n'u - pmrprv)/vaa Ly = V 1- p%r - L%v

The superscript 0’ indicates that at this point the drift and Brownian drivers are still considered in
the spot measure Q.
We have as stock dynamics

s

< = ndt+ VUAWE = 14dt + o/ dWE 4 Ly JordWP + Ly /0 dWY, (C.3)
as zero coupon bond dynamics,
dP ~ . v
- = ndt+ nBrdW, = rydt +nB.dW, with B, =-%+(1—¢e ), (C.4)
dpP\? dP\ (dS
<?> = n*B%dt and — <?) <?) = —par/UenBdt. (C.5)
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Then, the forward dynamics read

dF;
F

The Girsanov kernel obtained from the zero coupon bond dynamics to perform the transformation

= (1®B? = purnBrJ0r)dt + (pur /U7 — 1B )AW? + Ly /U dWP + Lypor/ordWP. (C.6)

from the risk-neutral towards the T-forward measure, Q° — Q7 reads

dw? 1B, aw,”
awo | = 0 |dt+ | aw? |. (C.7)
dw? 0 dw?r

Since the forward price is a martingale under the T-forward measure F; = ET[Fr|F;], the forward
dynamics should be driftless:

ar,

t

= B AW + \Joi dW/T. (C.8)
However, drift components arise in the log-transform

diy = dlog F = —3[(p3, + L3, + L3, )ve — 2000 By/0r + 17 BYldt +
(Parv/Vt = 0B )AW, + Loon/UedW, + Lug/ord W,
= —5(ve = 202 By\/0; + 1 BY)dt +
(Pars/O = 1B ) AW + Lo /0 d W, + Lag/vid W,
= L —€t))dt +
(parv/0r — NBr)AW.T + Lo /O dW. + Lugy/uzdWY . (C.9)

For the state vector X; = [ry, vt, it]T the affine decomposition of the SDE system in the T-Forward

measure assumes the form:

wXy) = ao+aiXy (C.10)
MO —r) = n’Br M@ =B\ [ ZALO0 0N [
= k(0 — ) = K + 01—k 0 v |,
2 ~
purnB,by, — 5B =% 2¢(0) 01—z 0/ \ &
Yx, = LL'=c¢o+clX, (C.11)
P nymde pendy \ (00,001 (000 (0.0.0) \'
o 0 +{ (0,000 1 (0,9%0)  (0,p007,0) | Xy,
PraTOu ! 0 0 (0,0,0) ! (0, pzvy,0) (0,1,0)
r o= ro+r1X; =04 (1,0,0)"X;.

As indicated by the broken lines, in the T-forward measure the matrices separate into IR and EQ
components without cross terms; in particular the coefficients on the EQ side are independent of r;.
Therefore, the Browian drivers dW,” and dW are combined without any loss of information
par/Or = NBr)AWTE + Lyo /o dW + LyudWT,
[(pmf NB,)? — L2 0] 2dWE + pand VT
= PB? ~ 2punB,0u(0) + v — vl FAWE + peu T
(00— &(0)) — 0 FAVE + pro/TdWT = (v — E(1) T, (C12)
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to form the Brownian drivers under the T-forward measure. This is in effect a dimensional reduction

from 3D to 2D. With the corresponding state vector X, = [v¢,2¢]" the affine decompositon of the
H1HW hybrid model gives rise to the following form under Q7"

pF(Xy) = ao+a Xy (C.13)

¥
2;‘;_(
X

ro= ro+r X, =0+(1,0,0X,.

m(@—gt) >( KD >+(—I€ 0)<vt>
pzTTIBT(S'U - %Bf - 'U_2t N %g(t) _% 0 j‘.t ’

2 A
YU PxvY Ut > =co+ Cixt

PxvYVt UVt — g(t)

0 (12,0)  (pr10) \' ¢
—£(1) >+( (pou7,0)  (1,0) ) X+,

For the corresponding Fourier state vector, B = [D, B]', the coefficients of the CHF are defined by

ODEs

and

B(wr) = —ritaB+iBla)x B (c.14)
D(u,7) = %2D2+(va'YB—I€)D—|—§(B_1),

B(u,7) = 0,

A(u,7) = —ro+Blag+ 3BTeB,

Alu,7) = m?D—f—i;)B_%fp

= WD+ (pornBr6, — L BB (1 - B).

with initial conditions B(u,0) = iu, D(u,0) = 0, A(u,0) = 0 given by the choice uf = [0, 0, u]f. The

corresponding solutions are

= —+(1-e?*)=38, (C.15)

= (Heston Riccati solution),

Since the IR dynamics separate, the CHF of the HIHW model in the T-forward measure reduces to

(i)T (ua Xta T7 t)

and %AngW(uvT)

Ajl;lHW(uv 7)

E" [eith|ft} =E" [e™*|F,] = AT (W) Bur)EeD(u v (€.16)
with initial condition &% (u, Xy, T, T) = ™' X7 = eiuir,

k0D + (u? + i) (pern B,6, — L B2), (C.17)
KU /OT D(u, 7)dr + (u® + iu) pern) /OT 8,Cr (u, 7)dr — (u® + zu)"—; /OT C2 (u, 7)dr

K0l (u, 7) + parnIi (u, T) — %Ig(u, 7), (C.18)
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with integrals modified with respect to the spot measure results obtained earlier (cf. sections B.1
and 3.2.1):

pranli (u,7) = pran /OT(U2 +iu)3y ()C(u, 7) dr = (u? + iu) 257
{—%e‘CT(l —eT)+ar—$(1— e ) 4 b o(1- e~ A=)
= g Parla,
/OT C3(u,7)dr = b /OT(l — 27 e ) dr
= LA (-2 —4e M 43+ 67 2) = 1T (u, 7). (C.19)

C.2 Derivation of the HICH CHF in the Forward Measure Q7

In order to derive the forward dynamics, we define the SDE system represented by the covariance

matrix ¥x, = thL;t in Cholesky components, i.e.

dX, = p°(X;)dt + Lx,dW?°, (C.20)
dy: % — 2y, 0 0 i 0 0 AW ()
drer | oA g | O 0 0 || av®)
dv; k(D — vr) 0 pocyVur | Lovn/or 0 awy) |’
g Ty 0 prey/Di | Laoy/Ui  Lawn/Ur AW (t)

with Ly, = V 1- P%c A Lgy = (pwv - pwcpvc)/va ALy = V 1- p%c - L%’u
Superscript ‘0’ indicates that at this point the drift and Brownian drivers are in the spot measure
Q°.

So, we find for the stock dynamics

% = rydt + O dWE = vy + peer/UidWO + Ly /ordWO + Ly /vrdWP. (C.21)
For the zero coupon bond dynamics we have
d?P = rydt + B AW = redt + nB.dW? with B, =—+(1—e*7), (C.22)
(%P)Q = *B%dt and - (d?P) (%) = —prer/UnBedt. (C.23)
Then, the forward dynamics are found as
= B2 — peenBey/T)t + (pren/T — nBAWE + LTS + Ly fTrdIVY. (C-24)

The Girsanov kernel obtained from the zero coupon bond dynamics to perform the transformation

from the risk-neutral towards the T-forward measure Q° — Q7 is given by

dv?co nB. dV?cT
dwy = 0 dt + dWUT . (C.25)
awy 0 dwl
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Since the forward price is as a martingale under the T-forward measure, F; = ET[Fp|F;], the forward

dynamics should be driftless:

dF;

t

however, drift components arise in the log-transform

diy = dlogF, = —2%[(p2, + L2, + L2,)v¢ — 2puenBey/vr + 0> B2dt +
(Pee\/Ui — NB)AW T 4 Ly /ordWE 4 Lyur/0;dW T
2
= (_% =+ chnBc\/U_t - %B?)dt +

(Pecv/Vi — NB)AWEL 4 Loy /o dWE 4 Lyur/vrdW L. (C.27)
For the state vector, X; = [Ye, Tet, Ve, 24T, the affine decomposition of the SDE system in the
T-forward measure is given by
772 — 2)\yt
S R
wXe) = aotaXy=|------ k(= 0)
2
pwanc(Sv - %BE é
n? —2X 0 : 0 O Yt
FON Lo ZLozAL 00 ]z
- KD 0 0 |- 0 vy ’
3&(1) 0 0110 Tt
Sk, = LL'=cy+clX (C.28)
0 0 i 0 0 (0) (0)i (0,0,0,0) (0,0,0,0) '\
_ |0 pemdy pesnds || (0)_(0) 1 _(0.0,0.0) __ (0,0,0,0) | ¢
0 pucynds 10 0 ) (©1 (0,0,4%,0)  (0,0,p207,0) | 7"
0 pzendy 10 0 (0) (0) 1 (0,0, pzv7,0)  (0,0,1,0)
ro= ro+riX, =04 (0,1,0,0)'X,. (C.29)

As indicated by the broken lines, in the T-forward measure the matrices separate into IR and EQ
components without cross terms; in particular the coefficients on the EQ side are independent of

Zc+ and y;. Therefore

pac/Ut = NBe)AW + Lo JordW. + LopdW
— [( v/t = 1Bo)? = L2 0(0)]2dWE + poydWT
= [12B2 = 2puBubo(t) + v — pR, 0] ZAWE + pa /W]
(01— £0(8)) — P20 ZAWE + poun/dWT = (v, — (1) dWE,  (C.30)

Again in analogy to the HIHW system discussed in the preceding section, this is in effect a dimension

reduction from 3D to 2D. With the corresponding state vector X, = [v¢, 2¢]T the affine decompositon
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of the HICH hybrid model assumes the following form under Q7

pF(Xe) = ag+aX, (C.31)
o g2n )= (4 )+ (5] 0) (5)
- 2 Vt = 1 + _1 2 ’
pzanc(S'u - TBC - 9 250@) 2 0 Tt
2
F o _ YUt PxovYVt o o
EXt n ( PxoY Ut (U gc(t) ) - + ClXt
T
0 0 ('7270) (pzv7,0) > X
+ X;. C.32
( 0 _§C(t) > ( (pwv'770) (170) ' ( )
ro= ro+r1’X, =04 (1,0,0)X,. (C.33)

For the corresponding Fourier state vector B = [D, B]' the coefficients of the CHF follow from the
defining ODEs
B(u,7) = -ri1+aB+1iBi(c))g,B,
2
D(u,7) = L D*+ (pyyB—r)D+Z(B-1), (C.34)
B(u,7) = 0,
and A(u,7) = —ro+ Bfao + %BTCOB,
A(u,7) = koD + 4 p & p?
—  kOD + (peenB.b, — L B2)E(1 - B),
with initial conditions B(u,0) = iu, D(u,0) = 0, A(u,0) = 0 given by the deliberate choice u’ =

[0,0,u]. The corresponding solutions are

Cr(u,7) = —3(1-e)=8,, (C.35)

D(u,7) = (Heston Riccatisolution), (C.36)

B(u,7) = iu, (C.37)
Amentur) = [ 1Al

Since the IR dynamics separate, the CHF of the HICH in the T-forward measure reduces to

(i)T(U_’Xt’T, ) = ET [emfxt|}-t} — g7 [emitlft] _ eAzch(u,‘r)JrB(u,T)itJrD(u,‘r)vt, (C.38)
with terminal condition : éT(u, X, T, T)= e X et
and %Agch(uv 7) = k0D + (u® 4 iu)(prenBeby, — %B?) (C.39)
— A on(u,T) = KD /OT D(u, 7)d7 4 (u? + iu)peen /OT 5,Cr(u, 7)dr — (u? + zu)§ /OT C2(u,7)dr
= w0l (u, ) + peenIf (u,7) — LIT (u, 7) (C.40)

with integrals modified with respect to the spot measure results obtained earlier (cf. appendix C.1).
Evidently, the relation between HIHW and H1CH, which is somewhat more difficult to see in the
spot measure and has to be made accessible via explicit reformulations under Q, becomes perfectly

obvious upon transformation to Q7.
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Appendix D

Model Test Parameters

D.1 Heston Model Test Sets

The Heston model is the EQ component of all hybrid models under discussion in this thesis. Nu-
merical evaluations of the Heston model need to be performed with care, in particular when the
Feller condition is violated. In all hybrid model implementations the Heston model is retained in the
limit of deterministic IRs. In order to ensure the quality of all numerical implementations, results
for the Heston EQ component are calculated with test parameters. Test results are cross-checked

with the corresponding published results, and compared between different implementation methods

(Monte-Carlo, PDE, FFT and COS methods).

1D T So 0 K v y Paw 70 Reference

H-1 | 10 | 100 | 0.05 0.3 0.05 0.6 -0.3 0.02 [1], Thl. 4.1
H-2 || 0.5 1 0.0407 0.3 0.0823 | 0.5992 | -0.5832 | 0.04 [1], Thl. 6.1
H-3 || 10 1 0.0411 0.3 0.0828 | 0.6019 | -0.4849 | 0.04 [1], Thbl. 6.1
H-4 || 0.5 1 0.0407 0.3 0.0822 | 0.5840 | -0.6006 | 0.04 [1], Tbl. 6.2
H-5 || 10 1 0.0418 0.3 0.0826 | 0.4921 | -0.6150 | 0.04 [1], Tbl. 6.2
H-6 1 | 100 | 0.04 1.5 0.04 0.3 -0.9 0.025 || [39], Thl. 1
H-7 1 | 100 | 0.12 3.0 0.12 0.04 0.6 0 [39], Thl. 1
H-8 3 | 100 | 0.0707 | 0.6067 | 0.0707 | 0.2928 | -0.7571 0 [39], Thl. 1

Table D.1: Heston model test sets. Model parameters as introduced in Appendix A.1 above.

D.2 Hull-White Model Test Sets

Hull-White model test sets to ensure the quality of HW implementations by comparison with pub-

lished results.

Table D.2: Hull-White Model test sets with HW parameters as introduced in Appendix A.2.1.

ID A 0 n Par Reference
HW-1 || 0.01 | 0.02 | 0.01 | {0.0,0.2,0.6} || [1], Thl. 4.1
HW-2 || 0.501 | 0.04 | 0.005 | {0.0,0.2,0.6} || [1], Ch.6
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Appendix E

Additional Numerical Experiments

Implied EQ Vols (Strong IR Smile) - Relative A HICV vs H1ICH Implied EQ Vols (Strong IR Smile) - Relative A HICV vs HILMM
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Figure E.1: Comparison of implied volatilities of affine hybrid model approximations in order to see
DDSV effects. All results are obtained for equity call options in the high IR smile scenario (corre-
sponding to 8 = 0.2, ¢ = 1.2). Left: Difference in implied volatilities between HICV (with DDSV)
and HICH (without DDSV) as function of maturity 7' (top) and of EQ-IR correlation (bottom),
respectively. Apparently DDSV effects are relevant at all maturities 7' > 0.5, and become more
pronounced with increasing EQ-IR correlation. Right: Differences between HILMM (with DDSV,
IR component LMM based) and HICV (with DDSV, IR component Cheyette based). Differences
are relevant at all maturities (top), increase with higher EQ-IR correlation and strikes X (bottom).
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x10"°  Runge-Kutta vs Recursive Analytic Evaluation x10™*  Runge-Kutta vs Recursive Analytical Evaluation
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Figure E.2: Z(u, ) computation by numerical evaluation of the ODE with the Runge-Kutta method
in comparison to the recursive analytic approach. Evaluation of the recursive ansatz proves to be
viable with respect to quality and superior in view of performance. The plotted time range is spaced
into about 20 subintervals for the recursion.
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Equity Option - Low IR Smile Contribution Equity Option - High IR Smile Contribution
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Figure E.3: Comparison of full-scale hybrid model affine approximations: The Heston EQ component
is combined with a HW (H1HW), Cheyette (HICH, H1ICV) or LMM (HILMM) IR component.
EQ-IR correlation is set to pg = 0.9. Compared are European equity call options evaluated by
Carr-Madan FFT (damping factor o = 0.75) at maturities 7' = 2 (black), T'=5 (blue) and T'= 10
(red), respectively. EQ option prices are shown in both top panels (model identification according
to symbols in top level legend); corresponding implied volatilities are shown below, identified by the
color code for maturities and symbol code for the models. Left half: Parameter limit where IR smile
contributions are negligible (§ = 0, e = 0). Right half: IR smile contributions are pushed to high
limits (8 = 0.2, e = 1.2). HICV and HILMM include DDSV extensions. Implied volatility results
(particularly at long maturities) show that the HICV bridges between classical hybrid short rate
models and HJM based market models with DDSV extensions.
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Figure E.4: Calibration results to fix the volatility specification of short rate based IR model compo-
nents. Calibration proceeds on the basis of the caplet prices corresponding to the DD LMM implied
volatility base skew surface in IR scenario 1. The results are compared with the reference data
published in [4] (section 3 therein).
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Figure E.5: Levenberg-Marquardt calibration of the Heston EQ component for selected snapshots
of maturity. Calibration basis are the EQ call option quotes from [4] (section 5.1 and Appendix
E therein). The calibration results are compared with the reference data and the corresponding
calibration results of the reference publication [4] (section 5.3 therein).
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Figure E.6: HLMM Monte-Carlo results for the hybrid product HD2 - Minimum Of Several Assets
Payoff for comparison with [4] (Fig 5.3, left panel therein). The hybrid product value (presuming
So=1,T; =5, Ty = 10) as function of the relative equity contribution & is in very grood agreement
with the reference results. Results for the same hybrid product and corresponding parameters are
shown for the HCV and H2CV models for comparison.
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Appendix F

Additional Derivations

HHW /HCH IR component: Analytic prices of contingent claims

In case of constant volatility an analytic valuation formula for contingent claims with European
exercise features is constructable in the Cheyette framework in analogy to the Black pricing for-
mula.In analogy to the HW model, the initial term structure fixes only the mean reversion level, and
products of the IR market are employed to calibrate reversion rate A and volatility n. For the simple
1D Markov Cheyette system (like in the HW model) analytic formulas exist to price IR caplets and
swaptions. The calibration in the model validation context under consideration is performed using
IR caplets. By definition,

(L(T3; T3, Tia) — K)*

Vet (t) = P(t, T3)(Tj41 — T;)E™ :
lt) = PO T = TR | T LT T Tov)

(F.1)

the caplet price V., is the expected value of a call option on the forward Libor rate L(T};T;, Tiy1)
at t = T; with strike K and actual payoff at ¢ = T;11 (so the payoff is discounted assuming simple
compounding to t = T;).
In order to use the analytic bond option valuation formula (obtained by Jamshidian’s trick [30b])
the following reformulation is performed:
Tip1 — T)L(T; T;, Tivr) — (1 + (Tisr — T)K)]F
1+ (Tig1 — Ty) L(T3; T3 Tigr)

1+7K +
L+ 7 L(T3; Ti; Tig)
= P(t,T)E" [1 = (1+7K)P(T; Tira)] "
= P, T)(1+nK)E" K, - E,)". (F.2)

Viult) = P(t,T)E" [1 il

= P(t,T;))E" {1 -

Hence, in short rate models caplets are understood as a portfolio of zero bond put options. The

pricing is accomplished by an adoption of the Black formula for put options,

Ven(t) = P, T))(14 7K) (Kp,N(—d2) — F,N(d1)), (F.3)
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with generalized arguments for strike K, forward price F}, and bond volatility V,:

1

K, = A+ nK)’ (F.4)
F, = P(T;,Tin1), (F.5)
V, = V[P(T;,Tix1)] = be(Ti, Tig1)*Vae,]
_ A_12(1 o e—k(Ti+1—Ti))2%(1 _ e—2>\Ti)
= 0'23,
—d = U—zlng—i—i—% and J2:ci1—a,,.

Here V[x] denotes the variance of the stochastic variable . With the bond variance explicitly
derivable, the Cheyette CHF based on the bond variance is known, i.e.

u2

. . 1

‘1’5 _ ezu(ln Ffin)f?Vp' (Fg)
Therefore, it is in principle possible to calculate the caplet prices by Fourier valuation methods (cf.
Appendix A.1) - as an alternative to the Black formula. It is important to note that the IR model
calibration to caplets proceeds under the bond measure (with CH volatility 7). Up to linear order

the volatilities in the bond and T-forward measure 7, are related in the following fashion,

n == f(0,t)ny, (F.10)

though the two caplet prices obtained in the respective measures are in principle not straightfor-

wardly exchangeable.

Caplet prices to validate numerical implementations

Analytic caplet prices serve to validate numerical implementations of the HW and CH IR components
of the hybrid models under discussion. The extension of the Cheyette (CH) IR component by a
displaced-diffusion (DD) and stochastic volatility (SV) approach is an essential point of the present
work, where the volatility specification assumes the form (for details and variable descriptions cf.

section 3.4.2):

B(tenz) = s+ (1~ b(t)mo) v, (F.11)
with m = f(0,t) + xct
dZt = ﬁ(g — Zt)dt + 6\/Z_tsz (t)

Though caplet prices in DDSV model extensions have no analytic reference, the plain CH caplet price
follows for limiting parameter sets. By freezing the initial short rates in the DD approach (5 — 0),
and rendering the SV process quasi-deterministic by the choices § < 1 and € — 0, analytical refer-
ence prices are applicable. In Fig. F.1 typical error levels for the caplet implied volatility surfaces
are shown for Monte-Carlo (MC) implementations of the CH IR component in the spot measure
QP and terminal measure Q7', respectively. In general, all numerical implementations presented are

validated against limiting cases where analytical cross-checks are applicable.
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Figure F.1: HW/CH caplet prices obtained by Monte-Carlo (MC) simulation in the spot Q7 and
QT measure are compared to the analytic reference value (with n=const) at times T=2, 5 and 10
(left subfigure). Simulations are performed with 106 MC paths and 800 timesteps per maturity
tenor AT = T;11 —T; = 1. The corresponding error levels measured as absolute difference to the
analytical reference amount to much less than 0.5 % over most of the relevant caplet implied volatility
surface in the spot measure Q7 (middle) as well as in the terminal measure QT (right), respectively.
Cheyette parameters for this particular demonstration are A = 0.3, n = 0.125; initial term structure
is given by P(0,T;) = e~ Jo ' /(047 with £(0,¢) = 0.05. Number of paths and time discretization is
typical for the model validation scenarios discussed below. Under these MC constraints, the error
level is generally much below the symbol size of plot markers, and hence, the use of error bars is not
applicable.

HHW /HCH hybrid models: Analytic prices of contingent claims

In the limit of vanishing EQ-IR correlations p;, = pzc — 0 an analytic solution for European call
options is derivable as detailed in Appendix B.1.2.

This limit corresponds to the uncorrelated hybrid 1F-HHW model introduced above and the analyt-
ical equity option prices serve as important consistency check to validate all numerical implementa-

tions of hybrid models.
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