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Abstract

For European plain vanilla options, we investigate the difference between solutions obtained by
the full-scale and an approximate Heston-Hull-White (HHW) model. Based on the corresponding
two option pricing PDEs, we analyze the quality of the approximation. To confirm the accuracy
of the analysis, we solve the HHW PDE, its approximating PDE as well as the PDE for the error,
numerically, via a semi-discretization in space by a finite difference scheme on nonuniform spatial
grids, and the Alternating Direction Implicit (ADI) scheme in time direction. Test cases with
different parameter settings are considered. The effect of the financial parameters on the errors is
discussed in detail.

1 Introduction

Calibration of asset price models in finance is a relevant and intensive task. The open parameters
in stochastic differential equations (SDEs) governing the asset dynamics should be fitted in such a
way that mathematically modeled and market observed option prices match possibly well. This task
is typically done on the basis of so-called plain-vanilla European options, as these options include
the market notion of the uncertainty in the future performance of assets, and their market prices are
liquidly available. Many option prices have to be determined within the process of iteratively fitting
model with market prices. Within the calibration process, highly efficient pricing of European options
is thus mandatory.

Ideally an (semi-)analytic option price is available for the many calculations of the European
option prices, but this is only the case for the most basic asset price dynamics, like the Black-Scholes
dynamics. Alternatively, accurate approzimate option values (or implied volatilities) by means of
an asymptotic expansion can be used, see, for example, [8, 14, 19], but also here the (parameter)
range of applicability may still be limited. A class of highly efficient numerical pricing techniques,
pricing multiple options under different asset price dynamics, is the class of Fourier-based numerical
integration. An exponent of this class of techniques is the COS method [7], which is based on Fourier
cosine expansions, and on the availability of the characteristic function of the asset price dynamics.
A characteristic function is easily derived, for example, for asset price dynamics in the class of affine
jump diffusions [3], but characteristic functions have also been derived for local volatility models,
based on approximations and asymptotic expansions, see [19].
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Asset price models have become increasingly accurate in representing certain important features
observed in market asset price dynamics. One of these features is the implied volatility smile or skew,
which is a reflection of the fact that the market volatilities for options at different strike prices, for a
single expiration date, are not constant. A smile can be observed in several different markets (equity,
interest rate, FX, inflation and others). Stochastic volatility based asset price processes, the focus of
the present paper, are able to mathematically model this property accurately.

For products with a longer time to the expiration date, it also makes sense to adopt a mathematical
model in which the interest rate is modeled by a stochastic process. If we deal with financial products
that are also sensitive to the equity volatility smile, we end up with a system of SDEs, in which
then the asset price, the volatility and the interest rate are state variables. We will consider here
the Heston-Hull-White model, which may generate a smile pattern in the equity implied volatility
structure, but not in interest rates, and as such it is an accurate model for financial products that are
not sensitive to a skew pattern in the interest rates.

The resulting system of SDEs, with correlation coefficients connecting all processes, will generally
not be an affine process.

Option pricing is often done with the discounted expected payoff approach, which is nothing but
a Green’s function integral which needs to be computed. The connection between the solution of the
option pricing PDEs and the discounted expected payoff lies in the Feynman-Kac theorem. In many
cases in option pricing, we do not have the Green’s function (read, the conditional probability density
function for the asset prices) available, but we do have its Fourier transform. This Fourier transform
is called the characteristic function, and the theory by Duffie, Pan and Singleton [3] shows that for
affine PDEs, i.e. PDEs with linear functions of the state variables in front of their partial derivatives,
the characteristic function can easily be determined. This derivation technique is related to classical
theory regarding the use of the Laplace transform for linear PDEs.

Unfortunately, for the full-scale Heston-Hull-White model, with a full matrix of correlations, a
characteristic function is not easily available, as the resulting pricing PDE is not of the affine form.
In [12], however, an approximation to the full-scale Heston-Hull-White model was derived, which
belonged to the class of affine diffusions, and for which thus a characteristic function could be derived.
Calibration of the full-scale HHW asset model has then been performed by the approximate model,
and numerically it was observed in [12] that the difference between option prices computed by the
approximate HHW model (highly efficiently by the COS method [7]) and the full-scale HHW model
(by means of Monte Carlo simulation) was negligible small. However, these were mainly numerical
experiments.

In the present paper we aim for a better theoretical understanding of the difference between the
full-scale and the approximate HHW models. We consider the corresponding option pricing PDEs,
and apply classical PDE error analysis to examine the quality of the approximation. In the case of the
Heston-Hull-White model, the option pricing PDE will be three-dimensional and an analytic option
value is not available. We change measures, from the spot measure to the T-forward measure, so that
the pricing PDE reduces to a two-dimensional PDE to facilitate the analysis. A numerical treatment
of the two-dimensional PDE to confirm our error analysis is done by means of grid stretching and
the ADI discretization, as in [15, 13]. Elements from probability theory, as well as PDE theory and
numerical analysis, are employed here.

2 Problem description

We start with the derivations that lead to the option pricing PDE under the Heston-Hull-White
(HHW) asset dynamics. The HHW stochastic asset price process is governed by a stochastic interest
rate, and a stochastic volatility. For financial derivative products with a long time to expiration this
model can be employed.

We assume a complete probability space (2, F,Q) and finite time horizon [0,7]. € is the set of



all possible realizations of the stochastic economy between 0 and 7. The information structure in

this economy is represented by an augmented filtration F; : ¢ € [0,7] with Fr the sigma algebra of

distinguishable events at time 7', and Q is the risk-neutral probability measure on elements of F.
The model is defined, under the risk-neutral measure @Q, by the following system of SDEs:

ds(t)/S(t) = r(t)dt+ o) dW2(t), S(0) >0,
do(t) = k(T —v(t))dt+ v/ o(t)dWE(t), v(0) >0, (2.1)
dr(t) = MO(®t) — r(t))dt+ ndW2(t), r(0) >0,

Here, S(t), v(t) and r(¢)(t > 0) are the stock price process, instantaneous volatility and short-term
rate of interest, respectively. dW2(t), dWL(¢) and dW2(t) are three correlated standard Brownian
motions, with the correlation structure here given by:

dW, (t)dWU (t) = pm,vdta
AW, ()W, (1) = pardt, (2.2)
AW, = 0.

The parameters x and A control the speed of mean reversion of the volatility and the interest rate,
respectively, 1 represents the interest rate volatility, v the volatility of the wv(t)-process, v and 6(t)
are the long-run mean of the volatility and the interest rate process, respectively. Without loss of
generality, we assume here that the correlation between the volatility and the interest rate process is
equal to zero. If 2k > 72, we refer to this condition as the Feller condition (being satisfied). The
square-root process for the variance in (2.1) precludes negative values for v(t), and if v(t) reaches
zero it can subsequently become positive. The Feller condition guarantees that v(t) stays positive;
otherwise, it may reach zero. The Feller condition is difficult to satisfy in practice. One often finds
20 << % from market data, in which case the left tail of the variance density grows fast in value.
This has, however, no impact on the pricing methods when dealing with European options.

Our interest is to price, under the risk-free measure QQ associated to the bank account as numéraire,
a European equity option, V (¢, S,v,r), defined as:

1
— Q
V(t,S,U,?“) == B(t)E (mH(T, S)‘ft) s (23)
where H(T,S) represents a contingent claim (because we focus on efficient calibration, function
H(T,S) is assumed to be a basic put or a call option),

max (S — K,0) for a call option

max (K — S,0) for a put option. (2.4)

H(T,S) = {

Further, B(t) the money-savings account, given by B(t) = exp( fot r(s)ds). T is the expiration date of
the option, and the aim is to determine the value of the option, for example, at ¢t =t = 0.

By the non-arbitrage assumptions, one can derive the corresponding HHW PDE which defines the
value of a European-style option:

oV aV -~ aV oV 1 L0V 1, 9’V 1 ,0°V
82 2

with t € [0,T), and spatial coordinates {S,v,r} € [0, +00) x [0, +00) X (—o0,4+00). Of course, we will
solve the discrete version of the PDE on a finite domain.
As the final condition we have V(T,S,v,r) = H(T, S).



Boundary conditions at S = 0 are essentially the same ones as used when dealing with the well-
known Black-Scholes equation, i.e., for a call option

V(t,S =0,v,r)=0.

We prescribe the boundary condition at v = 0 for PDE (2.5) by substituting v = 0 in the original
PDE. This boundary condition has been examined in this context in [5]. Furthermore,

ov(t,S,v,r) 0
ov N
for v — +o00. For extreme values of the spot interest rate, we use
oV (t,S,v,r)
—r0 ),
or

for the boundary condition at r — to00. See [13] for details. PDE (2.5) is three-dimensional and it is
nontrivial to solve it analytically.

It is however well-known that a second-order linear PDE with constants or linear functions of
independent variables in front of the derivatives can be solved highly efficiently by means of, for
example, the Laplace transform. We call linear PDEs with linear functions of the independent variables
in front of their derivatives affine PDEs, as in [3]. Affine PDEs originate from the application of 1t6’s
lemma to a system of (asset pricing) SDEs from the class of affine jump diffusions. For this class
of stochastic models we can derive the characteristic function, which is the Fourier transform of the
conditional probability density function. By means of the Feynman-Kac theorem we can solve affine
PDEs by computation of a discounted expected payoff.

The HHW stochastic system is not in the class of affine diffusions, because not all the terms in
front of the derivatives in PDE (2.5) are of the affine form. Therefore, we cannot use the standard
techniques from [3] to derive the corresponding characteristic function. Clearly the problem would be
solved by setting the correlation between the stock and the interest rate to zero, however, a non-zero
correlation between these processes is of main interest.

2.1 The HHW model under the T-forward measure

In order to reduce the complexity, it is convenient to switch between two pricing measures, i.e. we
focus on the forward stock price, F(t), defined by:

S(#)

FO =261y

(2.6)

with P(¢,T") the zero-coupon bond (ZCB), expiring at time 7', which pays 1 unit of currency at time 7.
By switching from the domestic, risk-neutral measure, Q, to the T—forward measure, Q7' discounting
will be decoupled ' from the expectation operator, i.e.,

V(t,S,v) = P(t,T)E" (max(F(T) — K,0)|F) (2.7)

where independent variable » does not appear as an argument anymore. In order to determine the
dynamics of the forward F'(¢) in (2.6), we apply 1t6’s formula,
1 S(t)

AF (1) = 58O = pagg PO 1) (2.8)

The process for the forward stock, F(t), is a martingale under the T-forward measure and therefore
we won’t encounter any di-terms in its dynamics (2.8), for details see [22]. The SDE of F(t) will

'which is different from formulation (2.3).



consist only of the volatility terms of S(¢) and P(¢,7"). In expression (2.8) the dynamics for P(t,T)
are present. Since the short rate process is driven here by the Hull-White model, the dynamics for
the ZCB are given by:

dP(,T)

BT r(t)dt +nB,(t, T)AW2(t), (2.9)

where B, (t,T) := + (7A=Y — 1) . By combining Eqgs. (2.6), (2.8) and (2.9), we find:

dF(t)/F(t) = o(t)dWE —nB,(t, T)dW?!,
dv(t) = k(v —v(t)dt + v/ o(t)dWI(t)

with dWL () AW, (t) = pp,dt and AWE (AW, (t) = pr..dt.
Based on non-arbitrage arguments the following Fokker-Planck forward PDE can be derived:

(2.10)

v o ,_a_v;zav N PV
82V
+pru Y E VoFay” (2.11)

Also in PDE formulation (2.11) not all terms are of the affine form, as it contains the non-affine factor
prynBy(t,T)y/v, with a nonzero correlation. The same is true after making a log-transformation,
which is the common transformation to reach an affine system of SDEs.

Still we cannot use standard techniques from [3] to find the corresponding characteristic function.

We therefore define an approzimation to PDE (2.11) for a highly efficient computation of an
approrimate solution. A possibility to approximate the PDE by an affine PDE is to replace the non-
affine term /v(t) in (2.11) by a time-dependent function, ®(¢,v(0)). In detail, we project v/v(t) onto
its expectation, ET (y/v(t)|Fo), which gives us the following, approximating, pricing PDE, for which
we denote the solution by ‘N/,

oV AV 1,V (1 1, ., 2V
— E /i(’U — ’U)% + 5"}/ UW + F <§U + 577 B; (taT) - pF,rnBr(t7T)(I>(tvv(0)) OF2
0%V
—i—PF,v’Y’UFma (2.12)

with the same boundary and final conditions as (2.11).
We will analyze the following two closed-form expressions for the expectation of the square-root

process, ®(t,v(0)) = ET(\/v(t)|Fo).

1. By [4] and simplifications as in [16], the closed-form expression for E'(y/v(t)|Fy) can be deter-
mined, see [12]:

_ T 2e(Be e/ = 1 kr(l%”rk)
®(t,v(0)) = EL(\/v(t)|Fo) = k§_j W T (2.13)
with
c(t) = i'72(1 —e "), d= M—@’w(t) = M, (2.14)
4K 72 72(1 — e—rt)
and Gamma function I'(z fo t*~le~tdt. Note that ¢ = 0 is a singular point for this function.



2. The expectation for the square root process in (2.13) is not of a trivial form, and therefore we
propose a simple approximation as well.

A simplified closed-form approximation for E7 (\/v(t)|Fp) is given by, see [12],

d(t,v(0)) = ET (\/u(t)| Fo) = a + Be™ ¢, (2.15)
with

o v_g_i, B=u(0) —a, €=—Ilog(A (A1) - a)),

At) = \/c(t)(w(t) — 1) +de(t) + 2(6;2_67%,

(2.16)

where ¢(t), d and w(t) are as presented in Eq. (2.14).

2.2 The Fourier Cosine Method (COS) for European options

With a deterministic function ®(¢,v(0)) the approximate pricing PDE under the log transform is of
the affine form, so that highly efficient pricing techniques can be applied to solve the PDE. We can
determine the characteristic function of an affine process. With the characteristic function available
one can apply pricing techniques within the discounted expected payoff formulation. The density and
its characteristic function, f(y|z) and ¢(u,z) form a Fourier pair,

plwo) = [ sy, fole) = 5- [ e plua)du. (217)

which are the forward and inverse Fourier integrals, respectively.
The Fourier cosine pricing method, named the COS method [7], is based on the risk-neutral option
valuation formula (discounted expected payoff approach):

(o]

V(to,xz,v) = e_’"At/ V(T,y,v)f(y|lz)dy, (2.18)
—00

where V(tg,z,v) is the present option value, as in (2.7)), r the interest rate, At = T — tg and z,y

can be any monotone function of the underlying asset at initial time ¢o and the expiration date T

Function V (T, y,v), which equals the payoff function, is known, but the conditional density function,

f(ylz) in (2.18), typically is not.

This integral formulation resembles the Green function integral. The characteristic function serves
as the Fourier transform of the Green’s function, so that it makes sense to solve affine PDEs in the
Fourier domain. This can be done highly efficiently by means of the Fast Fourier Transform or by
means of Fourier expansions. The availability of the characteristic function can be interpreted as
follows: For many affine diffusion processes, we do not have an explicit formulation of the Green’s
function available, but the Fourier transform of the Green’s function, i.e. the characteristic function,
is known.

We approximate the conditional density function on a truncated domain, by a truncated Fourier co-
sine expansion, which recovers the conditional density function from its characteristic function (see [7])
as follows:

N-1
2 i km
fylz) ~ m];) Re ("D(b—a

with ¢(u, z) the characteristic function of f(y|x); a, b determine the truncated domain and Re means
taking the real part of the argument. The prime at the sum symbol indicates that the first term in

—a

,x)exp (—1i ), (2.19)

. akm Y
k
b—a)> cos ( ™

—a



the expansion is multiplied by one-half. The size of the truncated domain can be determined with the
help of the cumulants [7] 2.

Replacing f(y|z) by its approximation (2.19) in Eq. (2.18) and interchanging integration and
summation gives the COS formula for computing the values of European options:

N-1

Vi(to,z,v) = ¢S Re(i

k o @
"~ 2)e T B, (2.20)
a
k=0

b—

where:

b
P, = % /a V(T,y,v)cos (knrz; — Z)dy,
are the Fourier cosine coefficients of V(T,y,v), that are available in closed form for several payoff
functions, like for plain vanilla puts and calls, but also for example for discontinuous payoffs like for
digital options.
It was found by analysis in [7], that, with integration interval [a,b] chosen sufficiently wide,
the series truncation error dominates the overall error. For conditional density functions f(y|z) €
C*((a,b) C R), the method converges exponentially.

2.3 Properties of covariance matrix

A requirement for proper numerical treatment is that the instantaneous covariance matrix should be
positive definite.

It is well-known that a matrix A is positive definite when all its sub-matrices have a positive
determinant, known as Sylvester’s criterion.

Since we deal with a 2 x 2 covariance matrix, after the change to the T-forward measure, one
determinant needs to be positive det(A) > 0, next to the upper left matrix element, i.e.

A | P20 (300) + 3P BAET) = prnB (6, T)V/o[8))  Sprayu(t)F (1)
3PFu V() F(t) 377(t)

By basic manipulations, we find det(A) >0 <

300 (5

1 1
30(0) + FPBHET) = praBr(t. TV ) = 1k A OF(0) > 0.

2 4
Dividing both sides by v?v(t)F?2(t) gives us
L5

1
Zv(t) —x(tT) - 1PFv(t) >0,

where x(¢,T) = — (%n2BE(t,T) — %menBr(t,T)\/v(t)) Since v(t) > 0 and B,(¢,T) < 0, it is easy
to see that x(¢,7T) is always non-positive.
Finally, we find:

1

7001 = g > X(ET). (2.21)

Clearly, the left-hand side of the above inequality is positive for |pg,| < 1 and v(t) > 0 whereas x(t,T")
is always non-positive for the conditions described before.

*For example so that | [, f(y|z)dy — f: f(ylz)dy| < TOL.



By the same procedure as above, we can get the following condition for the approximate HHW
PDE (2.12),

00— ) > A T), (2.22)
where A(t,T) = — (30?B2(t,T) — 1pp,nB.(t,T)®(t,v(0))). Since ®(t,v(0)) = ET(\/v(t)|F) > 0,

A(t,T) is always non-positive. Therefore, we obtain a similar result as for the full-scale HHW PDE,
which means that the approximations made do not pose any difficulty regarding the properties of the
covariance matrix.

3 Error analysis

We now perform error analysis to gain insight in the differences in the solutions V' and V of respec-
tively the full-scale (2.11) and approximate HHW PDE (2.12). We start with a heuristic qualitative
statement.

3.1 Error Analysis — Stochastic Approach

The factors multiplying the second-order partial derivatives in the pricing PDE correspond to the
terms from the instantaneous covariance matrix of the underlying stochastic model.

For the log-forward, =(t) = log F(t), with variance process v(t) as in (2.11), the corresponding
option pricing PDE reads:

ov. OV 1,V (11, 9V oV
T T O e <§”+§" Brt.T) = prenBr 6TV ) oz =
0%V
+pF,wv—8$aU. (3.1)

The associated instantaneous covariance matrix for state vector X (¢) = [(t),v(t)]T is thus given by:

v _ [ o) +°BX(t,T) = 2pp,mB,(t, T)\/v(t)  pruyo(t)
AX(t)dX ()" = i R ] (3.2)

Because of the projection /v(t) ~ ET(y/v(t)|Fo) we need to analyze the error due to the ap-
proximation. If the variance of the square-root process, Var(\/v(t)|Fy) equals zero then obviously

Vo(t) =ET (Vo) Fo).

Variance Var(\/v(t)|Fo) is given by:

Var(ValDFo) = E(w(t)|F) — (BT (VoA ) (3.3)
= et +w) - (B IR (3.4

where ¢(t), d and w(t) are given in (2.14). Since the second moment in Eq. (3.3) is always positive,
bounds for variance Var(y/v(t)|Fp) are given by:

0 < Var(v/v(t)|Fo) < e(t)(d +w(t)) = — ve™ " + v(0)e". (3.5)

The upper bound for the variance is thus based on the values of v(0), ¥ and mean reversion parameter
K.

When we consider o = v(0) (which is often the case in practice) the upper bound for the variance
equals v, so that for small values of v higher accuracy is expected.



In the limit ¢ — oo, we have, by [4], that:

I (&4) 1 d w(t)
T 2
t = 2c¢(t F! - —— .
(VD) o) Wt (555 (3.6
where 1 F(a;b; ) is a confluent hyper-geometric function. Since lim;_. . w(t) = 0, and lim;_, ¢(t) =
72 /(4r), the variance in the limit equals:

. B F(lil) 1 d w(x) ’

tlingoVar( u(t)) = c(oo)(d+w(oo))—< QC(OO)?E)MQ <_§’§’_T>
2T
”‘ﬁ( r(%))

With a closer look at the non-affine first element of the covariance matrix in (3.2), i.e. v(t) +
" B2(t,T) — 2ppnB.(t,T)+/v(t), we find that, for t — T, the term B, (t,T) converges to zero, and
the last term, 2pp,nB,(t,T)y/v(t), therefore contributes only for 0 < ¢ < T. On the other hand, the
variance of /v(t) is smallest for small values of ¢, as for t — 0, \/v(t) — /v(0). These observations
indicate that the projection of the non-affine term onto the expectation is expected to provide a highly
satisfactory approximation.

3.2 PDE Error Analysis

In this section we turn to classical PDE error analysis, to also make some quantitative statements about
the approximation errors encountered. The PDEs in (2.11) and (2.12) can be written, in shorthand
notation, as follows:

88—‘/ + LV = 0,
hed (3.7)
ot + LQV = 0,

with the corresponding operators Lj, as in (2.11) and Lo, as in (2.12). Again, V is the solution
from the full-scale HHW PDE, whereas V is the solution from the approximating PDE (which can
be determined highly efficiently by the COS method). Both PDEs are accompanied by the same
boundary and final conditions. For the error, e := V — V', we find:

0

a—e L LV — LV =0, (3.8)
which can be re-written as:

9 v - (Lﬁ/ + (Lo — L1)1~/) —0 (3.9)

ot ’
and we arrive at the following equation:

0

a—j Y Lie= (Lo — L)V, (3.10)

subject to homogeneous boundary and final conditions. Notice that the right-hand side of the equation
serves as a source term.
In fact, the following two PDEs can be used for error analysis purposes:

—+L2€_ L2—L1)V
ge (3.11)
- —I— Lie = (L2 — Ll)V



Remark 1 (Ezistence of a strong solution): It is easy to see that the variable-coefficient equations
(3.7) and (3.11) can be re-written in the form:

1 < d%u d%u d%u 82u> ou  Ou
Lu= -

“MorE T F, T M aur T 202 ) T P00 T At (312)

where u = u(t, F,v) represents V, V and e in Egs. (3.7) and (3.11), respectively, ¢;; = ¢;;(t, F,v)(i,j =
1,2) and b = b(t, F,v) are the corresponding variable coefficients. We suppose that the operator L is
uniformly parabolic, i.e. there exists a positive constant u such that

2
PP <Y &y < pPIEP, £ e R

ij=1

Furthermore, from the expressions of the coefficients in Eqs. (2.11) and (2.12), we can see that these
coefficients are bounded and Holder continuous. Consider the problem

{ max{Lu,p —u} =0, in Sp=1[0,T] x R? (3.13)

u(T, F,v) = o, on RZ?,

which solves the equation Lu = 0 when u > ¢. Here, L is the parabolic operator in Eq. (3.12),
[ max (F(T)— K,0), for a call option
N { max (K — F(T),0), for a put option
in Eq. (3.7), and ¢ = 0 in Eq. (3.11). Clearly, for all cases, ¢ is continuous on Sz, locally Lipschitz
continuous and for every bounded open set O, O C St, there exists a constant C' such that

92 2 2 92
© 0%p 0%p ® 9. 9
_|_ _|_ _|_ > () R
<§118F2 g128F8v S2181}6F 5228 2) > ClEfin O, £ RS,

in the sense of distributions

o 0% % 9% 2
<§11/090W+§12/090m+§21/090%817+§22/O ) Cl¢| /1/1,

for all ¢ € R? and ¢ € C§°(O) with ¢ > 0. If there exists a strong super-solution % to problem (3.13),
then there exists also a strong solution u such that v < @ in St [20, 1].
Based on the form in (3.10), multiplying both sides by e, and integration over domain €2, gives us:

/e—dQ+/ eLledsz:/e(Lg—Ll)f/dQ. (3.14)
Q

Integration by parts, as follows,

Oe 1d 240

240 = = ——le||? 3.15
o o 2at Jo 4= gl (315)
inserted in Eq. (3.14), results in:
1d ~
el ) = / eL1edD) + / e(Ly — L) Vdo. (3.16)
2dt Q Q
The V—ellipticity of the form [, eL1edQ [17], following from the Lax-Friedrich (also known as the
Poincaré) inequality, gives
/ eLied) > a/ e2dQ =: oz||e\|%2(m, (3.17)
Q Q

10



which implies unique solvability of the problem. Inserting this result in (3.16) results in:
1d

55”6\&2(9) < —allelf72 (o) + /Q e(Ly — L1)VdQ. (3.18)

We further have:

3 qgllellze(e) + allellzz@) < /Qe(LZ — L)VdQ
< ellzz@ (L2 = L)V 220 (3.19)

or,

d -

EHEHLZ(Q) +allellz@) < (L2 — L)V r2(q)- (3.20)
We then apply Gronwall’s lemma, i.e.,

d «@ " TaIPRe

7 (©llelz2@) < (Lo = L)V e (3.21)
Integrating both sides gives:

t ~
™ lell L2y (t) = llell L2 () (0) < /0 (L2 = L)V 22 (0)e**ds. (3.22)

Since the error e, at initial point ¢ = 0, vanishes, we have:

t o~
ez < /0 |(Za — Lo)V |2y~ Dds,

1 ~

< —(1—=e) sup [[(La— L)Vl 20
«Q s€(0,t)
1 ~

< — sup |[(Le — L1)V||r2()-
ase(O,t)H( 2 — L1)V |20

We focus on the norm |[(Lg — Ll)XN/HLz(Q), and find the following perturbation of the operator:

~ OV
(Lo — L)V = F?pp,mB,(t,T) (2(t,v(0)) — /) 35T (3.23)
We can asses the appropriate norm:
[ (Lo = L1) V2 = lprenBe(t,T)| [|IF? (Vv — ®(t,v(0))) W”Lz(ﬂ)a
5 2V
< ’PF,H?BT’(ET)‘ Fmax ’\/7_ @(t,U(O))’ ”WHLZ(Q) (324)
Then, we have

1 ) 2V
lellze@) < = sup | lprn B (t, T)| Frax [V = @ 0(0)] 555 220 | - (3.25)

& 5¢(0,1) OF

This latter inequality bound gives an accurate representation of the parameters and functions that
have an impact on the error made when solving for V, as an approximation for V. Here, |vv —
®(t,v(0))| represents the error between the non-affine term /v (¢) and its approximation ®(t,v(0))(=
ET(\/v(t)|Fo)), and v(0) is the limiting case of v(t) for t — 0. Since the variance of v(#) is the smallest
for small ¢ value, this approximation could provide a high accuracy. From the above inequality, we can
see that for ¢ — T the right side approaches to 0, because B, (t,T) — 0 and other terms are bounded.

11



4 Numerical validation of the error analysis

In this section, we will solve numerically, by means of the ADI finite difference method, the HHW
PDE (2.11), its approximating PDE (2.12) and the PDE for the error e, to confirm the error analysis
from the previous section.

4.1 ADI finite difference method and grid stretching

The discretization and solution techniques follow very closely the detailed description of ADI in [13].

PDE (2.11) and its approximating PDE (2.12) are semi-discretized on a nonuniform Cartesian
spatial grid, as described below (see, however, also [13]).

In the F-direction, we define a nonuniform mesh by placing relatively many grid points in a pre-
scribed interval [Fieft, Fright] € [0, Finax), which contains the strike price, K. In the interval [Fieg, Fright)
the parameters &nin = &g < &1 < -+ < €y = Emax are given by

Floft F max F, right F right — Fleft
_— = nt = ————. 4.1
dl dl )7 glnt dl ( )

where integer M > 1 and parameter d; > 0. It is clear that £ < 0 < &ing < Emax-
Then, the grid points 0 = Fy < F} < -+ < Fyy = Fax are defined via the following transformation

&min = arcsinh ( — )y Emax = &g + arcsinh (

Fieft + dl Sinh(éi)) gmin < gz < 07
Fy =4 Flet + di&i, 0 <& < &ints (4.2)
Fright + dl Slnh(gz - gint)a Sint < fz S gmaxa

Parameter d; governs the fraction of points that lie in the interval [Fieg, Fright]. It is natural to place
relatively many mesh grids in this interval, as F' = K is of practical relevance, and it alleviates
numerical difficulties due to the discontinuous derivative of the payoff function at F' = K. The F;-grid
points are uniform in [Fjeg, Fright] and nonuniform at other places.

In the v-direction, we also define a nonuniform mesh, as in [15]. With integer N > 1 and parameter
dy > 0, the parameters 1y < 11 < --- < ny are then given by n; =i-An (0 < j < N), An =

1 . Umax

—arcsmh(

N
dy

), and 0 = vy < vy < -+ < VN < Unmax are defined by

vj = dgsinh(n;), 0<j7 < N.

Parameter dy controls the number of grid points v; in the vicinity of v = 0. We should place relatively
many grid points near v = 0, because PDE (2.11) and its approximation (2.12) become convection-
dominated PDEs in the v-direction, when v — 0.

The finite difference discretization employed on the stretched grid is relatively standard. Let
V : R — R be a function on a mesh {z;,y;},7 = 0,1,...,M,j = 0,1,..., N, with mesh widths
Ax; = x; — xi—1, Ay; = y; — yj—1. We employ well-known central schemes to approximate the first
and second derivatives of V. For example, at a point (z;,y;), discretization is done as follows

8V(t, ZTi, yj)

o ~ a1 V(t,xi—1,y5) + oV (txi,y5) + o V(E zig1, yj), (4.3)
82‘/ t,l’i, i
TVELU) o gV (trion, ) + B0V (1) + B0V (i), (4.4

where
o —Aziy o — Az — Ax; o = Ax;
-t AxZ(Aw, + Axiﬂ)’ 0= Aw,-Ale ’ L= AxiJrl(Aw,- + Axi+1)7
2 -2 2
B-1 B

" Azi(Az; + Azi) fo = Az Az T Avin (A + Azisr)

12



82V(t, i, yj)
0xdy
(4.3) in z— and y— directions, resulting in a nine-point discretization.
Remark 2: The PDE discretization for the approximation V will only differ with respect to the
square-root term, i.e. in the discretization for V we will have

The mixed derivative, , can be approximated by successive applications of the scheme

VU; — ®(nAt,v(0)), j=0,...N,n=0,...,L
where function ®(nAt,v(0)) is defined in (2.13), v(0) is the initial variance and At = T'/L.

4.2 Details of boundary and final conditions

In the numerical experiments to follow, we will consider a European put option, for which we get the
following set of final and boundary conditions:

V(T,F(T),v(T)) = max(K — F(T),0),

and
ov
V =K, V =0, — =0,
F=0 F=Fax 8U V=Umax
whereas for v = 0 we employ:
oV oV 1 5, 5 02V
— 4+ ——+ =Bt ) F = =
KU + 5 t3 =(t,T) 3E2 0

This is the equation resulting when v tends to zero in the PDE.
With AE = E+1 _Fi (’L = 0, ,M—l), AFM == AFM_l, A’UZ' = Vij4+1 — V; (’L == 0, ,N— 1),
Avy = Avpn_1, these final and boundary conditions give us the following discretization:

Viszmax(K—z'AF,-,O), i=0,...,M, j=0,...,N,
‘/07}]:[{, ]: ,...,N, n:o,“"L_l,
V]\?[J:O, ]: ,...,N, n:O,,..’L_l,
Vi =Vin_1, 1=0,....,.M, n=0,...,L—1,
and
—1 i1 0 2/% 9 2
VI = Vi o (ke (G B)
2V o 2V 2V

.(AF’i+1(AF’i+AF’i+1)_AFiAFi+1 AF(AF—I—AE+1))> i=1,....M—1, n=1,...,L.

where B,, = B(nAt,T).

4.3 The PDE for the error

By combining the full-scale HHW option pricing PDE (2.11) and its approximating PDE (2.12) and
defining e := V — V| we obtain the following PDE for error e:

de de 1 2, d%e d%e 9 1 5 5
_E - ’{(U_ )6_+_ v 2+vaF/7UaFa + F ( +§77 Br(th)_pFr (t T)n\/_)aFg
82

+F2ppn By (8, T)(2(t,v(0)) — v/v) (4.5)

OF?
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The final and boundary conditions of the error PDE (4.5) are given by e(T, F(T'),v(T)) = 0, and,

e = 0, ¢ =0, % =0,
F=0 F=Fmax OV lv=vmax
and for v = 0 we employ here:
de e 1 4, , % ) 9?V
— +— 4+ *'Bit, T)F*— = —pp, F*nB,(t,T)®(t,v(0)) —.
I{Uav+8t+2’l’} r(v ) 9F? PErL 7] r(7 ) (7’0( ))6F2
These final and boundary conditions give us the following discretization:
eZ.LJ.:()7 1=0,....,M, j=0,...,N,
eo; =0, j=0,....,N, n=0,...,L—1,
e?wyj:()? j:07"'>N> n:07"'>L_17
BZNZEZN_l, iZO,...,M, n:(),...,L—l,
and
e, —el 1
-1 _€i1 0 2,1 5 2
eZO = eZO + At <m}ﬁ + (FZ) (577 (Bn) )
( 26?_1_170 B 2620 N 26?_1’0 )
AFi ((AF;+ AF41) AFAF  AF(AF, + AF)
2V 2V 2V
+F} B, ®,(v(0 i+1,0 - i0 i=1,0
HermBu O FE R + AFGy) ~ ARAFL | AFAE + ARG

where @, (v(0)) = ®(nAt,v(0)).

4.4 Time discretization and ADI scheme

After discretizing PDE (2.11), its approximating PDE (2.12) or the error PDE, we are left with the
following final value problem for a system of ordinary differential equations (ODEs):

Vi(t) = Ap(6)Vi(t) + gn(t), Vi(T) = Vr. (4.6)

Here, V},(t) is an unknown vector composed of the approximations of the option values at the spatial
grid points, V}(T') is obtained by the final conditions, A,(t), 0 <t < T is a given real square matrix,
and gp(t) is a given real vector that is obtained from the boundary conditions.

For the time discretization and solution of (4.6), we consider the splitting scheme of alternating
direction implicit (ADI) type, see also [13]. Matrix Ap(t) is decomposed into three matrices, Ay (t) =
Ap + Ai(t) + A2, where Ag represents the finite difference discretization of all mixed derivatives
originating from the discrete PDE (2.11), or its approximation (2.12), A;(¢) and Ay are composed of
the finite difference discretizations of the spatial derivatives in the F'— and v— directions, respectively
(both matrices A;(t) and Ag are tridiagonal). Vector ¢(t) is decomposed analogously to Ap(t), i.e.
g9(t) = go + g1(t) + g2

We will apply the first-order accurate Douglas scheme to solve the ODEs, as follows. With L > 1,
tn, =nAt (n=L,L—1,---,1,0), At = %, Agn, = g(tn—1) — g(tn), and @ > 0 a given real parameter,
the Douglas scheme reads:

Yo = Viy + At(Ap(t) Vi + g(tn)), (4.7)
Y1 = Yy + 0AtA(Yr — Vi), (4.8)
Y2 = Yl + QAt(Al(tn_l)Yg — Al(tn)Vn + Agn), (49)
Vi1 = Ya, (4.10)

14



which generates the successive approximations, V;,, to the solutions V' (t,, F;, v;).

Matrix Ay representing the mixed derivatives is treated in an explicit fashion, see (4.7) in the above
scheme. The matrices A;(t) and Aj, representing the F— and v— direction derivatives, respectively,
are treated in an implicit form as expressed in (4.8) and (4.9). Because these latter steps generate
tridiagonal matrices, we can solve these systems by a basic LU factorization.

5 Numerical Results

In this section, we present some numerical tests with the ADI scheme to solve PDE (2.11), its approx-
imating PDE (2.12) and the error PDE (4.5). A comparison between the results obtained by the ADI
scheme and COS method is also given.

We perform numerical experiments where different parameter sets are considered. In the experi-
ments, we have chosen a basis domain with Flax = 3, vmax = 2, so that (F,v) € [0,3] x [0, 2], with
Fy = K = 1. We will vary the domain size in one of the numerical experiments.

For the numerical discretization we have used At = 1/5000, AF = 2F},.x/100, Av = 205, /100,
0= %, Fety = 0.8, Fight = 1.2, d1 =2, dp = Q—éo, see Eq. (4.2), and the sets of SDE parameters given
in Table 1. To validate our numerical schemes, we first compare the solution, V, of the approximate

Parameter K v 0% PFv A n PEr | V0
Set 1 2.5 0.06 | 0.5 -0.1 1.5 | 0.05 | 0.4 | 0.1
Set 2 0.6067 | 0.0707 | 0.5 | -0.7571 | 0.01 | 0.005 | 0.3 | 0.1

Table 1: Sets of parameters used in the experiments. Parameters for the asset process are defined as follows,
Set 1 [23](Feller condition is satisfied), and Set 2 (Feller condition is not satisfied). Maturity 7" is chosen to 1
year and strike K = 1.

HHW PDE by the ADI scheme with the numerical solution for the same PDE by means of the COS
method. Table 2 presents this error in two different norms, for the four test cases, where the Feller
condition is satisfied, and where the Feller condition is not satisfied. For the results in the table, the
max-error is defined as B B

max |Veos(to, Fy, vo) — Vapi(to, Fy, vo)|,

and the Lg-error is defined as

M

[ > AF(Veos(to, i, vo) — Vabi(to, Fi, v0))*] 2,
i=0

N

because we can use the COS method in a straightforward way to compute the option values for one
variance value, vy = v(0) only.

The maximum errors in Table 2 are sufficiently small, compared to the option values at the grid
points for which the maximum is achieved, so that we can consider our numerical implementation to
be correct (after several of these checks).

Figure 1 presents the difference between the two V-solutions, for a fixed value of v and two different
maturities T (T' = 1 and T' = 2) graphically. From this figure, we can see that the approximation is
also accurate for a longer maturity and other values of wy.

Remark 3: The convergence of the PDE solution to the COS solution cannot easily be improved
by adding more spatial points or by changing the domain boundaries. The reason for this is the choice
of boundary condition for the PDEs on the truncated domain. The boundary conditions are somewhat
artificial (as they mimic an infinite domain setting), and because of them we encounter an small-sized
error between the solutions of the PDE and integral formulation that does not disappear if we enlarge
the computational domain.
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Result | # grid points of F/v/ t | Le-error | max-error | point(F;) of max-error | V at F;
1 50/50/5000 0.0119 | 0.0183 2.28 0.3515
2 50/50/5000 0.0154 0.0198 2.28 0.3455

Table 2: The errors between ADI and COS method at v = vy when the Feller condition is satisfied (Results 1)
and not satisfied (Results 2), with parameters in Set 1 and Set 2 in Table 1, respectively.

Remark 4: Compared to the COS method, the ADI time-stepping finite difference method gets
more expensive with an increasing number of the time-steps, because it is based on a discretization
in time. Time stepping is not encountered in Fourier techniques that are based on the discounted
expected payoff approach when dealing with European options. This illustrates an advantage in
terms of CPU time of the Fourier technique whenever it is applicable. PDE techniques are however
advantageous in terms of their general applicability (as there is no need for approximations).

As a next step, to confirm the error analysis in Section 3.2, with ®(¢,v(0)) the approximation in
Egs. (2.13) and (2.14) (Approximation I), we compute the option values of V' (by the full-scale HHW
PDE), and V (by the approximate HHW PDE), and we subtract the solution vectors to obtain V —V,
as depicted in Figure 2. Furthermore, we solve the error PDE for e, and we also display the second
derivative Vpp which plays a prominent role in the error analysis. The values of Vg are computed
via the finite difference method. Figure 2 shows that for the cases of the Feller condition satisfied and
not satisfied in Table 1, the solution, V', originating from the approximate HHW PDE agrees very well
with the solution V, of the full-scale HHW PDE. The results for ¢ = 0 are displayed. In Figure 2 we
observe that both quantities, V' —V as well as e, exhibit an error peak at the position F' = K,v = 0.
This peak corresponds to the peak appearing in the second derivative Vyp, which is in agreement with
the error analysis in Section 3.2. The size of this peak is however very moderate.

We then check quantitatively the influence of the parameters pg, 7, A, Finax and vg on the error
V — V. We do this by varying each parameter value from Table 1. The results for the error are
displayed in Tables 3 and 4 for Set 1 and Set 2, respectively. The norm ||V — V|| in these two tables
is defined as

M N
ZZ tOyEavj V(t07Fi7Uj)]27

(M +1 z:O 7=0

and the numbers of grid points chosen for this experiment are M = N = 30, L = 1000.

1 PE. 0.4 0.04 0.004

[V -V | 82527 x 107* | 8.5407 x 107> | 8.5704 x 1076
2 n 0.5 0.05 0.005

|V -V 0.0064 8.2527 x 10~* | 8.5962 x 1075
3 A 1.5 0.15 0.015

[V -V | 8.2527 x 10~* 0.0012 0.0013
41 Fax 3 4 11

[V -V | 82527 x 107* | 6.6908 x 10~* | 1.6091 x 10~4
5 vo 0.1 0.01 0.001

[V =V | 82527 x 107* | 7.5084 x 10~* | 7.5608 x 10~4

Table 3: The effect of parameter variations for pg,, 7, A, Fiax and vg on the ||V — YN/H via Approximation I
with parameters in Set 1 in Table 1.

From Table 3 (Feller condition satisfied), we can see that the parameters pp, and n have a pro-
nounced, linear effect on the values of ||V — V[|. This is in agreement with the error analysis bound
n (3.24). Other parameters do not affect the error ||V — V|| significantly. However, we can see that,
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Figure 1: Comparison between the ADI and COS method for V. Plot (a): Test case 1 (Feller condition
is satisfied), 7" = 1; Plot (b): Test case 2 (Feller condition is not satisfied), 7' = 1; Plot (c): Test case
1, T'= 2; Plot (d): Test case 2, T' = 2. Plot (e): Test case 1 with vg = 0.15, 7" = 1. Plot (f): Test

case 2 with vg = 0.15, T' = 1. The parameters are in Table 1

when A decreases, the errors become slightly bigger. When Fi, .« increases, the errors become slightly

smaller.



1 PF,r 0.3 0.03 0.003

[V —V] | 1.0136 x 10=* | 1.0190 x 1075 | 1.0196 x 1076
2 n 0.5 0.05 0.005

|V -V 0.0067 9.555 x 10~* | 1.0136 x 10~4
3 A 0.1 0.01 0.001

[V —V] | 98326 x 107° | 1.0136 x 10~* | 1.0167 x 1074
4| Fiax 3 4 11

[V —V] | 1.0136 x 10~% | 7.9525 x 1075 | 1.8904 x 1075
5 vo 0.1 0.01 0.001

[V —V| | 1.0136 x 10~* | 8.8820 x 1075 | 9.3968 x 107>

Table 4: The effect of parameter variations for pp,, 7, A, Fiax and vg on the ||V — YN/H via Approximation I
with parameters in Set 2 in Table 1.

The results in Table 4 (Feller condition not satisfied) also show that decreasing the values of pp,,
n and vy leads to a decrease of ||V — V||, whereas the parameters A and Fqy have the opposite effects
on ||V —V/||. These two tables serve as a numerical confirmation of the error analysis leading to (3.24).
Highest errors values are observed for large values of parameter 7. It should be noted, however, that
n-values larger than 0.1 are exceptional in financial applications

As a next step we will compare the accuracy of the two approximations presented for ®(¢,v(0))
in Subsection 2.1, i.e. Approximation I (2.13), and Approximation II (2.15). Figure 3 shows the
expectations obtained by Approximation I and Approximation IT and the corresponding values of the
difference V; — Vi1 (recall that ¢ = 0 is a singular point for Approximation I) for the parameters in
the Sets 1 and 2.

It is observed that for both cases of the Feller condition satisfied and not satisfied, the errors
between ‘N/I and ‘7} 7 are very small. We have further seen that when the errors between Approximation
I and Approximation II get smaller, then the errors between Vi and Vs also decrease.

Parameter values are now varied and Table 5 shows that, in the numerical tests performed, from
a certain k-value the value of max |E; — E;;| increases when k increases (while for some s-values the
error decreases). We see a similar effect of parameter . The values of max [E; — E;7| decrease when
v increases, and parameter vy has a similar effect.

1 K 0.02 0.2 2
max |E; — Egy| 0.0026 0.0012 0.0224
max |V7 — Viy| | 1.8389 x 1075 | 1.9593 x 107> | 3.6407 x 04
2 v 0.005 0.05 0.5
max |E; — B 0.0129 0.0056 0.0045
max |V — Viy| | 1.3312 x 1074 | 9.4293 x 107° | 7.2739 x 107°
3 v 0.3 0.9 1.5
max |E; — B 0.0044 9.49695 x 10~1 0.0116
max |V; — Vir| | 7.0735 x 1075 | 5.2387 x 1076 | 1.2100 x 10~
4 vg 0.006 0.06 0.6
max |E; — Ejy| 0.0532 0.0243 8.4550 x 10~%
max |V; — Vil 0.0039 3.6451 x 10~* | 1.2388 x 107°
Table 5: The effect of the parameters k, U, v, and vy on the max [E; — E7|. The parameters are pp, = —0.3,

A=11,1=005 pr, = 0.3, (1): 9=0.6, v=0.3, vo=0.1; (2), k=1.5, v = 0.4, 15=0.2; (3), x = 2.1, ©=0.6,
vo=0.3; (4), k = 2.5, =0.5, v=0.6.
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6 Conclusion

In this paper, we studied for European plain vanilla options the difference between the HHW PDE
and an approximating PDE. Classical PDE error analysis theory was applied to analyze the quality of
the approximation and an error PDE was obtained. The effect of financial parameters pr,., 1, A, Finax
and vy on the errors in the solutions has been determined in this analysis. Numerical experiments
confirmed that the error between the solutions originating for the full-scale Heston-Hull-White PDE
and its approximation PDE are reasonably small. The numerical results showed that pr, and n have
an effect on the error, whereas other parameters did not show any significant effect. The error in
the option values obtained was however not exceeding the size 107%. In addition, we compared two
different approximations for the expectation and its effect on the values of the option value from the
approximate HHW PDE.

Acknowledgment The authors would like to thank Dr.ir. F.J. Vermolen for helpful discussions
and the referees for their valuable suggestions which lead to an improved version.
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Figure 2: Comparison of solutions from the full-scale and approximate HHW PDE; (a): values of
error PDE via ADI scheme (Set 1); (b): values of error PDE via ADI scheme (Set 2); (c): values of
V =V (Set 1); (d): values of V — V (Set 2); (e): values of Vep (Set 1); (f): values of Vg (Set 2).
The parameters are in Table 1.
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t; (b) and (d): the corresponding option errors V; — V7. The parameters are (a) and (b), Set 1; (c)
and (d), Set 2.
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