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We present an extension of stochastic volatility equity models by a stochastic Hull–White
interest rate component while assuming non-zero correlations between the underlying
processes. We place these systems of stochastic differential equations in the class of affine
jump-diffusion–linear quadratic jump-diffusion processes so that the pricing of European
products can be efficiently performed within the Fourier cosine expansion pricing framework.
We compare the new stochastic volatility Schöbel–Zhu–Hull–White hybrid model with a
Heston–Hull–White model, and also apply the models to price hybrid structured derivatives
that combine the equity and interest rate asset classes.

Keywords: Finance; Financial applications; Mathematical finance; Financial derivatives;
Financial econometrics; Financial engineering; Mathematical models; Financial mathematics

1. Introduction

In recent years the financial world has focused on the
accurate pricing of exotic and hybrid products that are
based on a combination of underlyings from different
asset classes. In this paper we therefore present a flexible
multi-factor stochastic volatility (SV) model that includes
the term structure of the stochastic interest rates (IR). Our
aim is to combine an arbitrage-free Hull–White IR model
in which the parameters are consistent with market prices
of caps and swaptions. In order to perform efficient
option valuation we fit this process in the class of affine
jump-diffusion (AJD) processes (Duffie et al. 2000)
(although jump processes are not included in this work).
We specify under which conditions such a general model
can fall in the class of AJD processes.

A major step away from the assumption of constant
volatility in derivatives pricing was made by Hull and
White (1990), Stein and Stein (1991) and Heston (1993),
who defined the volatility as a diffusion process.
This improved the pricing of derivatives under

heavy-tailed return distributions significantly and allowed

a trader to quantify the uncertainty in the pricing.

Stochastic volatility models have become popular for

derivative pricing and hedging (see, for example, Fouque

et al. 2000), however financial engineers have developed

more complex exotic products that additionally require

the modeling of a stochastic interest rate component. A

derivative pricing tool in which all these features are

explicitly modeled may have the potential of generating

more accurate option prices for hybrid products. These

products can be designed to provide capital or income

protection, diversification for portfolios and customized

solutions for both institutional and retail markets.
Fang and Oosterlee (2008a) developed a highly efficient

alternative pricing method based on a Fourier-cosine

expansion of the density function and called it the COS

method. This method can also determine a whole set of

option prices in one computation. The COS algorithm

relies heavily on the availability of the characteristic

function of the price process, which is guaranteed if we

stay within the AJD class (Duffie et al. 2000, Lewis 2001,

Lee 2004). We examine the effect of correlated processes

for assets, stochastic volatility and interest rates on option*Corresponding author. Email: l.a.grzelak@tudelft.nl
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prices through a comparison with, for example, the
Heston model.

The plan of the paper is as follows. In section 2 we
perform an analysis of the Schöbel–Zhu–Hull–White
model. In subsection 2.3 we show that the hybrid model
of interest admits a semi-closed form for the characteristic
function. In the following subsection we derive the
Heston–Hull–White model with non-zero correlation
between the stock and the interest rate. In section 3 we
show how to efficiently price options with a Fourier-
cosine expansion technique when the characteristic
function with stochastic interest rate of the asset process
is available. Further, in section 4 the two hybrid models,
Schöbel–Zhu–Hull–White and Heston–Hull–White, and
the stochastic volatility Heston model are compared in
detail with respect to calibration and hybrid product
pricing. Section 5 concludes. The lengthy proofs of the
lemmas are given in the appendices.

2. Extension of stochastic volatility equity models

In this section we present a hybrid stochastic volatility
equity model that includes a stochastic interest rate
process. In particular, we add to the SV model the well-
known Hull–White stochastic interest rate process (Hull
and White 1996), which is a generalization of the Vašiček
(1977) model.

We consider a three-dimensional system of stochastic
differential equations of the form

dSt ¼ rtSt dtþ �
p
t St dW

x
t ,

drt ¼ �ð�t � rtÞdtþ � dW
r
t ,

d�t ¼ �ð� � �tÞdtþ ��
1�p
t dW �

t , ð1Þ

where p is an exponent, � and � control the speed of
mean reversion, � represents the interest rate volatility,
and ��1�p determines the variance of the �t process.
Parameters � and �t are the long-run mean of the
volatility and the interest rate processes, respectively.
Wi are correlated Wiener processes, also governed by
an instantaneous covariance matrix,

� ¼

1 �x,� �x,r

��,x 1 ��,r

�r,x �r,� 1

264
375dt: ð2Þ

If we keep rt deterministic and p¼ 1/2, we have the
Heston (1993) model,

dSt ¼ rSt dtþ
ffiffiffiffi
�t
p

St dW
x
t ,

d�t ¼ �
Hð�H � �tÞdtþ �

H ffiffiffiffi
�t
p

dW �
t : ð3Þ

For p¼ 1, our model is, in fact, the generalized Stein–
Stein (Stein and Stein 1991) model, which is also called
the Schöbel–Zhu (Schöbel and Zhu 1999) model,

dSt ¼ rSt dtþ
ffiffiffiffi
vt
p

St dW
x
t ,

dvt ¼ �2� vt þ �t� þ
� 2

2�

� �
dtþ 2�

ffiffiffiffi
vt
p

dW �
t , ð4Þ

in which the squared volatility, vt ¼ �
2
t , represents the

variance of the instantaneous stock return.
It has already been reported by Heston (1993) and

Schöbel and Zhu (1999) that the plain Schöbel–Zhu
model is a particular case of the original Heston model.
We can see that if � ¼ 0, the Schöbel–Zhu model equals
the Heston model in which �H¼ 2�, �H ¼ � 2=2�, and
�H¼ 2�. This relation gives a direct connection between
their discounted characteristic functions (Lord and Kahl
2006). Finally, if we set rt constant and p¼ 0 in the system
of equations (1), and zero correlations, the model
collapses to the standard Black–Scholes model.

We will choose the parameters of equations (1) such
that we deal with the Schöbel–Zhu–Hull–White (SZHW)
model in subsection 2.3, and with the Heston–Hull–White
(HHW) model in subsection 2.4. Gaspar (2004) and
Cheng and Scaillet (2007) showed that the so-called
linear-quadratic jump-diffusion (LQJD) models are
equivalent to the AJD models with an augmented state
vector.

2.1. Affine jump-diffusion processes

The AJD class refers to a fixed probability space (�,F ,P)
and a Markovian n-dimensional affine process Xt in some
space D�R

n. The model without jumps can be expressed
by the following stochastic differential form:

dXt ¼ 	ðXtÞdtþ �ðXtÞdWt,

whereWt is a F t-standard Brownian motion in R
n, 	(Xt) :

D!R
n, �(Xt) :D!R

n�n. Moreover, for processes in
the AJD class it is assumed that drift 	(Xt), volatility
�(Xt)�(Xt)

T and interest rate component r(Xt) are of the
affine form, i.e.

	ðXtÞ ¼ a0 þ a1Xt, for any ða0, a1Þ 2 R
n
�R

n�n, ð5Þ

�ðXtÞ�ðXtÞ
T
¼ ðc0Þij þ ðc1Þ

T
ijXt, for arbitrary

ðc0, c1Þ 2 R
n�n
� R

n�n�n, ð6Þ

rðXtÞ ¼ r0 þ rT1Xt, for ðr0, r1Þ 2 R�R
n: ð7Þ

Then, for a state vector, Xt, the discounted characteristic
function (CF) is of the following form:


ðu,Xt, t,T Þ ¼ E
Q
ðe
�
R T

t
rsdsþiu

TXT j F tÞ ¼ eAðu, �ÞþB
Tðu, �ÞXt ,

where the expectation is taken under the risk-neutral
measure, Q. For a time lag, � :¼T� t, the coefficients
A(u, �) and BT(u, �) have to satisfy certain complex-valued
ordinary differential equations (ODEs) (Duffie et al.
2000):

d

d�
Aðu, �Þ ¼ �r0 þ BTa0 þ

1

2
BTc0B,

d

d�
Bðu, �Þ ¼ �r1 þ aT1Bþ

1

2
BTc1B:

ð8Þ

The dimension of the (complex-valued) ODEs for B(u, �)
corresponds to the dimension of the state vector, Xt.
Typically, multi-factor models, such as the SZHW and
the HHW models, provide a better fit to the observed
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market data than the one-factor models. However, as the
dimension of the SDE system increases, the ODEs to be
solved to obtain the CF become increasingly complex. If
an analytical solution to the ODEs cannot be obtained,
one can apply well-known numerical ODE techniques
instead. This may require substantial computational
effort, which essentially makes the model problematic
for practical calibration applications. Therefore, in this
paper we will set up two models for which an analytic
solution to most of the ODEs appearing can be obtained.

2.2. The Hull–White model

Here, as a start, we consider the Hull–White, single-
factor, no-arbitrage yield curve model in which the
short-term interest rate is driven by an extended
Ornstein–Uhlenbeck (OU) mean-reverting process,

drt ¼ �ð�t � rtÞdtþ � dW
r
t , ð9Þ

where �t40, t2R
þ, is a time-dependent drift term,

included to fit the theoretical bond prices to the yield
curve observed in the market. Parameter � determines the
overall level of volatility and the reversion rate parameter
� determines the relative volatilities. A large value of �
causes short-term rate movements to damp out quickly,
so that the long-term volatility is reduced.

In the first part of our analysis we present the
derivation for the CF of the interest rate process.
Integrating equation (9), we obtain, for t� 0,

rt ¼ r0e
��t þ �

Z t

0

e��ðt�sÞ�s dsþ �

Z t

0

e��ðt�sÞ dWr
s :

It is easy to show that rt is normally distributed with

E
Q
ðrt j F 0Þ ¼ r0 e

��t þ

Z t

0

� e��ðt�sÞ�s ds,

and

VarQðrt j F 0Þ ¼
� 2

2�
ð1� e�2�tÞ:

Moreover, it is known that, for �t constant, i.e. �t� �,

lim
t!1

E
Q
ðrt j F 0Þ ¼ �,

which means that, for large t, the first moment of the
process converges to the mean-reverting level �.

In order to simplify the following derivations we use the
following proposition (Arnold 1973, Oksendal 1992).

Proposition 2.1 (Hull–White decomposition): The Hull–
White stochastic interest rate process (9) can be decom-
posed into rt ¼ert þ  t, where

 t ¼ e��tr0 þ �

Z t

0

e��ðt�sÞ�s ds,

and

dert ¼ ��ert dtþ � dWQ

t , with er0 ¼ 0:

Proof: The proof is straightforward by Itôs lemma. œ

The advantage of this transformation is that the
stochastic process ert is now a basic OU mean-reverting
process, determined only by � and �, independent of
function  t. It is easier to analyse than the original Hull
and White (1990) model.

We investigate the discounted conditional characteristic
function (CF) of spot interest rate rt,


HWðu, rt, t,T Þ ¼ E
Q

�
e
�
R T

t
rsdsþiurT j F t

�
¼ E

Q

�
e
�
R T

t
 sdsþiu T � e

�
R T

t
~rsdsþiu~rT j F t

�
¼ e
�
R T

t
 sdsþiu T � 
HWðu,ert, t,T Þ, ð10Þ

and see that process ert is affine. Hence, according to
Duffie et al. (2000) the discounted CF for the affine
interest rate model for u2C is of the following form:


HWðu,ert, �Þ ¼ E
Q
ðe
�
R T

t
~rsdsþiu~rT j F tÞ ¼ eAðu,�ÞþBðu,�Þ ~rt ,

ð11Þ

with �¼T� t. The necessary boundary condition accom-
panying (11) is 
HWðu,ert, 0Þ ¼ eiu~rt , so that A(u, 0)¼ 0 and
B(u, 0)¼ iu. The solutions for A(u, �) and B(u, �) are
provided by the following lemma.

Lemma 2.2 (coefficients for discounted CF for the Hull–
White model): The functions A(u, �) and B(u, �) in (11)
are given by

Aðu, �Þ ¼
� 2

2�3
�� � 2ð1� e���Þ þ

1

2
ð1� e�2��Þ

� �
� iu

� 2

2� 2
ð1� e���Þ 2 �

1

2
u 2 �

2

2�
ð1� e�2��Þ,

Bðu, �Þ ¼ iu e��� �
1

�
ð1� e���Þ: ð12Þ

Proof: The proof can be found in Brigo and Mercurio
(2007, p. 75). œ

By simply taking u¼ 0, we obtain the risk-free pricing
formula for a zero coupon bond P(t,T ):


HWð0, rt, �Þ ¼ E
Q
ðe
�
R T

t
rsds � 1 j F tÞ

¼ exp �

Z T

t

 s dsþ Að0, �Þ þ Bð0, �Þert� �
:

ð13Þ

Moreover, we see that a zero coupon bond can be written
as the product of a deterministic factor and the bond price
in an ordinary Vašiček model with zero mean, under the
risk-neutral measure Q. We recall that process ert at time
t¼ 0 is equal to 0, so

Pð0,T Þ ¼ exp �

Z T

0

 s dsþ Að0,T Þ

� �
, ð14Þ

which gives

 T ¼ �
@

@T
logPð0,T Þ þ

@

@T
Að0,T Þ

¼ f ð0,T Þ þ
� 2

2� 2
ð1� e��TÞ 2, ð15Þ

where f (t,T ) is an instantaneous forward rate.

Extension of stochastic volatility equity models 91

D
ow

nl
oa

de
d 

by
 [

L
ec

h 
A

. G
rz

el
ak

] 
at

 1
0:

55
 2

4 
Ja

nu
ar

y 
20

12
 



This result shows that  T can be obtained from the
initial forward curve, f(0,T ). The other time-invariant
parameters, � and �, have to be estimated using market
prices of, in particular, interest rate caps. Now from
proposition 2.1 we have �t¼ (1/�)(@/@t) tþ t, which reads

�t ¼ f ð0, tÞ þ
1

�

@

@t
f ð0, tÞ þ

� 2

2� 2
ð1� e�2�tÞ: ð16Þ

Moreover, the CF, 
HW(u, rt, �), for the Hull–White
model can be simply obtained by integration of  s over
the interval [t,T ].

2.3. Schöbel–Zhu–Hull–White hybrid model

In this section we derive an analytic pricing formula in
(semi-)closed form for European call options under the
Schöbel–Zhu–Hull–White (SZHW) asset pricing model
with a full matrix of correlations, defined by (2). The
work on the SZHW hybrid model was initiated by Pelsser
(Lord 2007) and resulted (later) in a working paper
(Haastrecht et al. 2008).

For the state vector Xt¼ [St, rt, �t]
T let us fix

a probability space (�,F ,P) and a filtration
F ¼ {F t : t� 0}, which satisfies the usual conditions.
Furthermore, Xt is assumed to be Markovian relative to
F t. The Schöbel–Zhu–Hull–White hybrid model can be
expressed by the following 3D system of SDEs:

dSt ¼ rtSt dtþ �tSt dW
x
t ,

drt ¼ �ð�t � rtÞdtþ � dW
r
t ,

d�t ¼ �ð� � �tÞdtþ � dW
�
t , ð17Þ

with the parameters as in equations (1), for p¼ 1, and the
correlations

dWx
t � dW

�
t ¼ �x,� dt,

dWx
t � dW

r
t ¼ �x,r dt,

dWr
t � dW

�
t ¼ �r,� dt: ð18Þ

By extending the space vector (as in Cheng and Scaillet
(2007)) with another stochastic process, defined by
vt :¼ � 2

t , and choosing xt¼ log St, we obtain the following
4D system of SDEs:

dxt ¼ ert þ  t �
1

2
vt

� �
dtþ

ffiffiffiffi
vt
p

dWx
t ,

dert ¼ ��ert dtþ � dWr
t ,

dvt ¼ ð�2vt�þ 2��t� þ �
2Þdtþ 2�

ffiffiffiffi
vt
p

dW �
t ,

d�t ¼ �ð� � �tÞdtþ � dW
�
t , ð19Þ

where we also used rt ¼ert þ  t, as in subsection 2.2. Note
that �t is now included in  t. We see that model (19) is
indeed affine in the state vector Xt ¼ ½xt,ert, vt, �t�T. By the
extension of the vector space we have obtained an affine
model that enables us to apply the results from Duffie
et al. (2000). In order to simplify the calculations, we
introduce a variable xt :¼ ext þ�t, where �t ¼

R t
0  s ds

and

dext ¼ ert � 1
2 vt

� �
dtþ

ffiffiffiffi
vt
p

dWx
t : ð20Þ

According to Duffie et al. (2000) the discounted CF for

u2C
4 is of the following form:


SZHWðu,Xt, t,T Þ ¼ E
Q

�
e
�
R T

t
rsdseiu

TXT j F t

�
ð21Þ

¼ e
�
R T

t
 sdsþiu

T½�T, T, 0, 0�
T

� E
Q

�
e
�
R T

t
~rsdsþiu

TX	T j F t

�
ð22Þ

¼ e
�
R T

t
 sdsþiu

T½�T, T, 0, 0�
T

� eAðu, �ÞþB
Tðu, �ÞX	t , ð23Þ

where

X	t ¼ ½ext,ert, vt, �t�T,
Bðu, �Þ ¼ ½Bxðu, �Þ,Brðu, �Þ,Bvðu, �Þ,B�ðu, �Þ�

T:

Now we set u¼ [u, 0, 0, 0]T, so that at time T we obtain the

obvious boundary condition:


SZHWðu,X
	
T,T,T Þ ¼ E

Q
ðeiu

TX	T j FT Þ ¼ eiu
TX	T ¼ eiu ~xT

(as the price at time T is known deterministically). This

boundary condition for �¼ 0 gives Bx(u, 0)¼ iu,

A(u, 0)¼ 0, Br(u, 0)¼ 0, B�(u, 0)¼ 0 and Bv(u, 0)¼ 0. The

following lemmas define the ODEs, from (8), and detail

their solution.

Lemma 2.3 (Schöbel–Zhu–Hull–White ODEs): The

functions A(u, �), Bx(u, �), B�(u, �), Bv(u, �), Br(u, �) and

u2R in (23) satisfy the following system of ODEs:

dBx

d�
¼ 0,

dBr

d�
¼ �1þ Bx � �Br,

dBv

d�
¼

1

2
BxðBx � 1Þ þ 2ð��x,vBx � �ÞBv þ 2� 2B 2

v ,

dB�
d�
¼ ð2� ��Bv þ ��x,rBxBr þ 2���r, vBrBvÞ

þ ð2� 2Bv � �þ ��x,�BxÞB� ,

dA

d�
¼ � 2Bv þ

1

2
� 2B 2

r þ � �� þ
1

2
� 2B� þ ���r�Br

� �
B�:

Proof: The proof can be found in appendix A.1. œ

Lemma 2.4: The solution to the system of ODEs specified

in lemma 2.3 is given by

Bxðu, �Þ ¼ iu,

Brðu, �Þ ¼
1

�
ðiu� 1Þð1��ð�2�ÞÞ,

Bvðu, �Þ ¼
1

4� 2
�

1��ð�2d Þ

1� g�ð�2d Þ

� �
ð�� d Þ,

B�ðu, �Þ ¼ f0

�
f1 þ

1

�
ðiu� 1Þ

�
��x,riu � ð f2 � f3Þ

þ
��r,v
2�
ð�� d Þ � ð f4 þ f5Þ

��
,

Aðu, �Þ ¼ f6 �
1

2� 2
log

g�ð�2d Þ � 1

g� 1

� �
�

1

2�3
� f7 þ �ðu, �Þ,

92 L. A. Grzelak et al.
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where

�ðu, �Þ ¼

Z �

0

B�ðu, sÞ � ��þ
1

2
� 2B�ðu, sÞ þ ��r,��Brðu, sÞ

� �
ds,

ð24Þ

with

f0 ¼
�ðd Þ

�ð2d Þ � g
,

f1 ¼
16� ��

4� 2d
ð�� d Þ � sinh2 �d

4

� �
,

f2 ¼
2

d
ðð�ðd Þ � 1Þ þ gð�ð�d Þ � 1ÞÞ,

f3 ¼
2ð�ðd� 2�Þ � 1Þ

d� 2�
�
2gð1��ð2�� d ÞÞ

dþ 2�
,

f4 ¼
2

d� 2�
�
4

d
þ

2

dþ 2�
,

f5 ¼�ð�2�� d Þ
2

d
�ð2�Þð1þ�ð2d ÞÞ �

2�ð2d Þ

d� 2�
�

2

dþ 2�

� �
,

f6 ¼
1

4� 2
ð�� d Þ�,

f7 ¼ ðiu� 1Þ2ð3þ�ð�4�Þ � 4�ð�2�Þ � 2��Þ,

and �¼ 2(�� �x,v�ui), d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2 � 8
� 2

p
, with 
 ¼

� 1
2 uðiþ uÞ, g¼ (�� d)/(�þ d) and �(x)¼ exp(x�/2).

Proof: The proof is presented in appendix A.2. œ

Now, since we have found expressions for the coeffi-

cients A(u, �) and BT(u, �) we return to equation (21) and

derive a representation in which the term structure is

included. It is known that the price of a zero coupon bond

can be obtained from the characteristic function by taking

u¼ [0, 0, 0, 0]T. So,


SZHWð0,Xt, �Þ ¼ exp �

Z T

t

 s ds

� �
� 
SZHWð0,X

	
t , �Þ:

ð25Þ

Sinceer0 ¼ 0 we find

Pð0,T Þ ¼ exp

�
�

Z T

0

 s dsþ Að0, �Þ þ Bxð0, �Þx0

þ Bvð0, �Þv0 þ B�ð0, �Þ�0

�
,

with boundary conditions Bx(0,T )¼ 0, Bv(0,T )¼ 0,

B�(0,T )¼ 0 and

Að0,T Þ ¼
1

2
�2
Z T

0

Brð0, sÞ
2 ds¼

�2

4�3
ð1þ 2�T� ðe��T � 2Þ2Þ:

ð26Þ

We thus find

Pð0,T Þ ¼ exp �

Z T

0

 s dsþ Að0,T Þ

� �
:

By combining the results from the previous lemmas, we

can prove the following lemma.

Lemma 2.5: In the Schöbel–Zhu–Hull–White model, the
discounted characteristic function, 
SZHW(u,Xt, t,T ) for
log ST, is given by


SZHWðu,Xt, t,T Þ ¼ expðeAðu, �Þ þ Bxðu, �Þxt þ Brðu, �Þ~rt

þ Bvðu, �Þvt þ B�ðu, �Þ�tÞ,

where Bx(u, �), Br(u, �), Bv(u, �), B�(u, �) and A(u, �) are
given in lemma 2.4, and

eAðu, �Þ ¼ Aðu, �Þ þ ðiu� 1Þ

Z T

t

 s ds ¼ Aðu, �Þ þ�ðu, t,T Þ,

ð27Þ

with

�ðu,t,T Þ ¼ ð1� iuÞ

�
log

Pð0,T Þ

Pð0, tÞ

� �
þ
�2

2�2

�
�þ

2

�
ðe��T� e��tÞ

�
1

2�
ðe�2�T� e�2�tÞ

��
: ð28Þ

Proof: The proof is straightforward from the definition
of the discounted CF. œ

2.3.1. Numerical integration for the SZHW hybrid

model. Lemma 2.4 indicates that many terms in the
CF for the SZHW hybrid model can be obtained
analytically, except the �(u, �) term (24), which requires
numerical integration of the hyper-geometric function 2F1

(Mayrhofer and Fischer 1996). For a given partitioning

0 ¼ s1
 s2 
 � � � sN0�1 
 sN0 ¼ �,

we calculate the following integral approximation of (24):

�ðu,�Þ �
XN0
i¼0

B�ðu,siÞ � ��þ
1

2
� 2B�ðu,siÞþ��r,��Brðu,siÞ

� �
�si ,

ð29Þ

with the functionsBr(u, si) and B�(u, si) as in (24). In table 1
we present the numerical convergence results for two basic
quadrature rules for one particular (representative) exam-
ple of (29). It shows that both integration routines—the
composite trapezoidal and the composite Simpson rule—
converge very satisfactory with only a small number of grid
points, N0. Convergence with the trapezoidal rule is of

Table 1. CPU time, absolute error, and the convergence rate
for different numbers of integration points N0 for evaluating
function �(u, �). The time to maturity is set to �¼ 1 and u¼ 5
and the remaining parameters for the model are �¼ 0.5, �¼ 1,
�¼ 0.1, �� ¼ 0:3, �¼ 0.5, �x,v¼�0.5, �x,r¼ 0.3, r0¼ 0.05,

�0¼ 0.256 and �r,v¼�0.9.

(N0 ¼ 2n
0

) Trapezoidal rule Simpson’s rule

n0 Time (s) jErrorj Time (s) jErrorj

2 1.5e�4 1.5e�4 1.5e�4 7.3e�6
4 2.6e�4 6.0e�6 2.7e�4 2.3e�8
6 3.4e�4 3.4e�7 3.5e�4 1.3e�10
8 6.6e�4 2.1e�8 6.7e�4 6.0e�13

Extension of stochastic volatility equity models 93

D
ow

nl
oa

de
d 

by
 [

L
ec

h 
A

. G
rz

el
ak

] 
at

 1
0:

55
 2

4 
Ja

nu
ar

y 
20

12
 



second order, and with Simpson’s rule of fourth order, as
expected. Simpson’s rule is superior in terms of the ratio
between time and absolute error. We therefore continue
with the Simpson rule, setting N0 ¼ 26.

2.4. Heston–Hull–White hybrid model

It is known, for example from Muskulus et al. (2007), that
it is not possible to formulate the so-called Heston–Hull–
White (HHW) hybrid process, with a full matrix of
correlations, so that it belongs to the class of AJD
processes. For this, restrictions regarding the parameters
or the correlation structure have to be introduced. One
possible restriction is to assume that the interest rate
process, rt, evolves independently of the stock price, St,
and the volatility process, �t, while the other correlation
is not equal to zero, i.e. dWx

t � dW
r
t ¼ 0, dW �

t � dW
r
t ¼ 0

and dWx
t � dW

�
t ¼ �x,� dt. Another option is to solve the

problem under the assumption that dW �
t � dW

r
t ¼ 0 and,

additionally, that � 2=4 ¼ �� (Muskulus et al. 2007). It
may, however, be difficult to apply this latter model in
practice, as the economical meaning of the parameter
relationship is difficult to interpret.

Since for the HHW model with a full matrix of
correlations between the processes the affinity of the
model is lost, the aim is to reformulate the HHW model
so that affinity is preserved while the correlations are
included to some extent. Giese (2006) introduced the
following HHW-type model:

dSt ¼ rtSt dtþ
ffiffiffiffi
�t
p

St dW
x
t þ	S, rSt dW

r
t ,

drt ¼ �ð�t � rtÞdtþ � dW
r
t ,

d�t ¼ �ð �� � �tÞdtþ �
ffiffiffiffi
�t
p

dW �
t , ð30Þ

with

dWx
t � dW

�
t ¼ �x,�dt,

dWx
t � dW

r
t ¼ 0,

dWr
t � dW

�
t ¼ 0: ð31Þ

Since the interest rate, rt, is uncorrelated with the other
driving processes, the reformulated HHW model stays
(in the log-space for equity) in the class of affine
processes. By taking 	S,r¼ 0 the model collapses to the
well-known Heston–Hull–White model with independent
interest rate. We see that by 	S,r 6¼ 0 one controls,
indirectly, the correlation between the equity and interest
rate processes.

Now, by log-transform of the stock process, xt¼ log St,
and using rt ¼ert þ  t and xt ¼ ext þ�t, we obtain

dext ¼ ert � 1
2 ð�t þ	 2

S,rÞ

	 

dtþ

ffiffiffiffi
�t
p

dWx
t þ	S,r dW

r
t ,

dert ¼ ��ert dtþ � dWr
t ,

d�t ¼ �ð �� � �tÞdtþ �
ffiffiffiffi
�t
p

dW �
t : ð32Þ

As in the case of the SZHW hybrid model, the next
step of the analysis is to find the corresponding

discounted CF. Since for constant 	S,r the system is
already affine, the CF for u2C

3 is of the following form:


HHWðu,Xt, t,T Þ ¼ E
Q

�
e
�
R T

t
rsds � eiu

TXT j F t

�
ð33Þ

¼ e
�
R T

t
 sdsþiu

T½�T, T, 0�
T

� eAðu, �ÞþB
Tðu, �ÞX	t ,

ð34Þ

where X	t ¼ ½ext,ert, �t�T and B(u, �)¼ [Bx(u, �),Br(u, �),
B�(u, �)]

T. As before, by setting u¼ [u, 0, 0]T we find the

corresponding ODEs and their solutions.

Lemma 2.6 (Heston–Hull–White ODEs): The functions
A(u, �), Bx(u, �), Br(u, �) and B�(u, �), u2R, in (33) satisfy
the following system of ODEs:

dBx

d�
¼ 0,

dBr

d�
¼ �1þ Bx � �Br,

dB�
d�
¼

1

2
BxðBx � 1Þ þ ð��x,�Bx � �ÞB� þ

1

2
� 2B 2

� ,

dA

d�
¼

1

2
	 2

S,rBxðBx � 1Þ þ	S,r�BxBr þ
1

2
� 2B 2

r þ � ��B�,

with boundary conditions Bx(u, 0)¼ iu, B�(u, 0)¼ 0,
Br(u, 0)¼ 0 and A(u, 0)¼ 0.

Proof: The proof can be found in appendix A.3. œ

Lemma 2.7 (CF coefficients for the HHW model): The
solution to the system of ODEs specified in lemma 2.4 is
given by

Bxðu, �Þ ¼ iu,

Brðu, �Þ ¼
1

�
ðiu� 1Þð1��ð�2�ÞÞ,

B�ðu, �Þ ¼
1

� 2
�
1��ð�2d Þ

1� g�ð�2d Þ
ð�� d Þ,

Aðu, �Þ ¼
�ð�4�Þ

2dg�

�
dgð�1ð�Þ þ�ð4�Þ�2ð�ÞÞ

þ �3ð�Þ log
g�ð�2d Þ � 1

g� 1

� ��
,

where

�1ð�Þ ¼ �f4 f
2
6 þ 2f6ð f3 þ 2f4 f6Þ�ð2�Þ,

�2ð�Þ ¼ ð�f6ð2f3 þ 3f4 f6Þ þ 2ð f1 þ f2 f5 þ f6ð f3 þ f4 f6ÞÞ��Þ,

�3ð�Þ ¼ 2f2 f5�ð4�Þðg� 1Þ�,

with f1 ¼ �
1
2 	 2

S,ruðiþ uÞ, f2 ¼ � ��, f3¼	S,r�iu, f4 ¼
1
2 �

2,

f5¼ (1/�2)(�� d ), f6¼ (1/�)(iu� 1), d¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2þðiuþu2Þ� 2

p
,

g¼ (�� d )/(�þ d ), �¼ �� ��x,�iu and �(x)¼ exp(x�/2).

Proof: The proof requires solving Riccati-type ODEs

that are analogous to those for the SZHW hybrid
model. œ

Now, by the above lemma the CF for the HHW hybrid
model in (33) for log St is given by


HHWðu,Xt, t,T Þ ¼ expðeAðu, �Þ þ Bxðu, �Þxt

þ Brðu, �Þ~rt þ B�ðu, �Þ�tÞ, ð35Þ
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where eAðu, �Þ ¼ Aðu, �Þ þ �ðu, t,T Þ,

where Bx(u, �), Br(u, �), B�(u, �) and A(u, �) are given in
lemma 2.7, and W(u, t,T ) is given in equation (28).

As already mentioned, the HHW model defined in (30)
assumes a zero correlation between the equity process St

and the short-term rt, i.e. dW
x
t � dW

r
t ¼ 0, as these two

processes are indirectly linked via 	S,r. We now discuss
the relation between 	S,r and the instantaneous correla-
tion �x,r.

By Itô’s lemma and dWx
t � dW

r
t ¼ 0 we have the

instantaneous correlation

�x,r ¼
CovðdSt, drtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VarðdStÞ
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðdrtÞ

p
¼

�	S,rSt dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�tS 2

t dtþ	 2
s, rS

2
t dt

q
�
ffiffiffiffiffiffiffiffiffiffi
� 2 dt

p ¼
	S,rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�t þ	 2

S,r

q : ð36Þ

From (36) we find 	S,r as a function of �x,r:

	S,rðtÞ ¼
�x,r

ffiffiffiffi
�t
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� � 2
x,r

q :

Since 	S,r is defined in terms of the stochastic process �t,
it is also stochastic. The first approach to deal with state-
dependent 	S,r is to include it in the original system (30);
however, the system’s affinity may then become proble-
matic. In this article we therefore adopt the basic
approximation for 	S,r proposed by Giese (2006), i.e.

	S,r �

�x,rE
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=T Þ

R T
0 �t dt

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� � 2

x,r

q , ð37Þ

which can be further simplifiedy via

E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

Z T

0

�tds

s0@ 1A� E
1

T

Z T

0

�tds

� �
�

1

4T

Varð
R T
0 �tdsÞ

Eð
R T
0 �tdsÞ

 !1=2

:

ð38Þ

Since �t is a Cox–Ingersoll–Ross (CIR)-type process the
expectations and variance on the RHS of (38) can be
found analytically.

2.4.1. Limits for the HHW hybrid model. We analyse
here the accuracy of the approximation for 	S,r

introduced in (37). With a prescribed correlation, �x,r,
we approximate the effective 	S,r in equation (37) and
compare it with the correlation,e�S,r, obtained by a Monte
Carlo simulation of (30). The results are generated by
50,000 Monte Carlo paths with a step-size of 0.01.

Table 2 shows that, although the instantaneous correla-
tion between the equity process and the interest rate can
be indirectly included in the HHW model via 	S,r, some
extreme correlations cannot be generated. Moreover,

we also see that this effect is more pronounced for
long maturities. Thus, we cannot fully control the HHW
model, as accurate calibration and pricing, especially for
high correlations and long maturities, is not guaranteed.
Often in practice, however, we hardly encounter such high
correlations. However, since this model admits a closed
form for the CF, we do not need a numerical integration
procedure as in section 2.3.1 for SZHW.

3. Pricing methodology

The pricing of plain vanilla options is common practice in
the Fourier domain when the CF of the logarithm of the
stock price is available.

Recently, an effective pricing method, the COS method,
based on Fourier-cosine expansion, was developed by
Fang and Oosterlee (2008a). This method can also (as the
Carr–Madan method (Carr and Madan 1999)) compute
the option prices for a whole strip of strikes in one
computation and also depends on the availability of
the CF. Implementation is straightforward. The COS
method can achieve an exponential convergence rate for
European, Bermudan and barrier options for affine
models whose probability density function is in C

1[a, b],
with non-zero derivatives (Fang and Oosterlee 2008a, b).

Here, we extend the COS method to include the
stochastic interest rate process.

We start the description of the pricing method with the
general risk-neutral pricing formula:

Vðt,StÞ ¼ E
Q e

�
R T

t
rsdsVðT,ST Þ j F t

� �
¼

Z
R

VðT, yÞbfYðy j xÞdy, ð39Þ

where bfYð y j xÞ ¼ RR ezfY,Zð y, z j xÞdz, with z ¼ �
R T
t rs ds.

The claim V(t, St) under E
Q(�) is defined in St which

may be correlated to rt. As we assume a fast decay of the
density function, the following approximation can be
made:

Vðt,StÞ �

Z
�

VðT, yÞbfYðy j xÞdy, ð40Þ

Table 2. The error for instantaneous correlation, by a Monte
Carlo simulation. The simulation is performed with �¼ 0.35,
�� ¼ 0:05, �¼ 0.4, �¼ 0.15, �¼ 0.07, �x,�¼�0.7, S0¼ 1,

v0¼ 0.0625 and r0¼ 0.02.

Maturity �x,r (%) 	S,r e�S;r (%) �x;r �e�x;r (%)

�¼ 2 30 0.0646 29.90 0.100
50 0.1187 48.84 1.160
70 0.2016 66.90 3.100
90 0.4247 79.23 10.77

�¼ 12 30 0.0587 25.25 4.750
50 0.1078 38.85 11.15
70 0.1831 45.89 24.11
90 0.3857 41.16 48.81

yvar( f(X ))� ( f 0(E(X )))2var(X ).
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where �¼ [�1, �2] and j�j ¼ �2� �1, �24�1. The discounted
CF is now given by


ðu,Xt, t,T Þ ¼ E
Q
ðe
�
R T

t
rsdsþiu

TXT jF tÞ, ð41Þ

which, for u¼ [u, 0, . . . , 0]T and XT¼ [ST, rT, . . .]T, reads


ðu,Xt, t,T Þ ¼

Z Z
R

ezþiuyfY,Zðy,z j xÞdzdy¼

Z
R

eiuybfYðy j xÞdy:
ð42Þ

Note that the integration in (42) is simply the Fourier
transform of bfYð y jxÞ, which can be approximated on a

bounded domain �,


ðu,Xt, t,T Þ �

Z
�

eiuy �bfYð y j xÞdy ¼: ~
ðu,Xt, t,T Þ:

ð43Þ

Since we are interested in the pricing of claims of the form

(40), we link bfYð y jxÞ with its CF via the following result.

Result 3.1: For a given bounded domain �¼ [�1, �2], and
N a number of terms in the expansion, the probability
density function bfYð y jxÞ given by (40) can be approxi-

mated by

bfYð y jxÞ �XN
n¼0

�n cos np
ðy� �1Þ

j�j

� �
,

where

�n ¼
2!n

j�j
< ~


np
j�j

� �
exp �np

i�1
j�j

� �� �
,

where R denotes taking the real part, !0 ¼
1
2 and !n¼ 1,

n2N
þ.

For a proof we refer to the original paper on the COS
method (Fang and Oosterlee 2008a).

Using the above lemma, we replace the probability

density function bfYð y jxÞ in (40),

Vðt,StÞ �

Z
�

VðT, yÞ
XN
n¼0

�n cos np
ð y� �1Þ

j�j

� �
dy

¼
j�j

2

XN
n¼0

�n�
�
n

!n
, ð44Þ

where

��
n ¼

2!n

j�j

Z
�

VðT, yÞ cos np
ð y� �1Þ

j�j

� �
dy: ð45Þ

The above equation provides us with the pricing formula
for any stochastically discounted payoff, V(T,ST), for

which the CF is available. We note that, depending on
the payoff, the ��

n in (45) change, but a closed-form

expression is available for the most common payoffs.

As the hybrid products will be calibrated to plain vanilla
options, we provide the gamma coefficients for the

European call options.

Result 3.2: The ��
n coefficient in (45) for pricing a call

option defined by

VðT, yÞ ¼ maxðKðe y � 1Þ, 0Þ,

with y¼ log(S/K ) for a given strike K, is given by

��
n ¼

2K

j�j
ð�n �  nÞ, ð46Þ

where

�n ¼
j�j 2

j�j 2 þ ðnpÞ 2

�
cosðnpÞe�2 � cos �

�1np
j�j

� �
þ

np
j�j

� sinðnpÞe�2 � sin �
�1np
j�j

� �� ��
, ð47Þ

and

 n ¼

j�j
np sinðnpÞ � sin � �1np

j�j

	 
h i
, for n 6¼ 0,

�2, for n ¼ 0:

(
ð48Þ

Proof: The proof is straightforward by calculating the
integral in (45) with the transformed payoff function
V(T, y). œ

Since the coefficients ��
n are available in closed form,

the expression in (44) can easily be implemented.
The availability of such a pricing formula is particularly
useful in a calibration procedure, in which the parameters
of the stochastic processes need to be approximated.
In practice, option pricing models are calibrated to a
number of market observed call option prices. It is
therefore necessary for such a procedure to be highly
efficient and a (semi-)closed form for an option pricing
formula is desirable.

The COS method’s accuracy is related to the size of the
integration domain, �. If the domain is chosen too small,
we expect a significant loss of accuracy (Fang and
Oosterlee 2008a). On the other hand, if the domain is
too wide, a large number of terms in the Fourier
expansion, N, has to be used for satisfactory accuracy.
Fang and Oosterlee (2008a) defined the truncation range
in terms of the moments of log(ST/K) of the form

�1,2 ¼ 	1 � L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	2 þ

ffiffiffiffiffiffi
	4
p

q
, ð49Þ

with the minus sign for �1 and the plus sign for �2, the
	i are the corresponding ith moments, and L is an
appropriate constant. In our work, with the moments not
directly available, we apply a simplified approximation
for the integration range, and use

�1,2 ¼ 0� L
ffiffiffi
�
p

, ð50Þ

with � the time to maturity. As in Fang and Oosterlee
(2008a), we fix L¼ 8 in (50).

4. Calibration and pricing under the hybrid model

For exotic financial products that involve more than one
asset class, the pricing engine should be based on a
stochastic model that takes into account the interactions
between the asset classes, such as the SZHW and HHW
models presented above. It is therefore interesting to
evaluate price differences between the classical models
and these hybrid models. For this purpose we consider
several hybrid products, treated in subsequent subsec-
tions. The pricing is done using a Monte Carlo method.
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Before we can price these products, however, we need
to calibrate the models, i.e. to find the model parameters
so that the models recover the market prices of plain
vanilla options. This calibration procedure relies heavily
on the characteristic function derived in the previous
section and the appendices.

4.1. Calibration of the models

In this section we examine the extended stochastic
volatility models and compare their performance with
the Heston model. We use financial market data to
estimate the model parameters and discuss the effect of
the correlation between the equity and interest rate on
the estimated parameters. For this purpose we have chosen
the CAC40 call option implied volatilities of 17.10.2007.
We perform the calibration of the models in two stages.
Firstly, we calibrate the parameters for the interest rate
process using caplets and swaptions. Secondly, the
remaining parameters, for the underlying asset, the
volatility and the correlations, are calibrated to the plain
vanilla option market prices. Standard procedures for the
Hull–White calibration are employed (Brigo andMercurio
2007). Tables 3 and 4 present the estimated parameters and
the associated squared sum errors (SSE), defined as

SSE ¼
Xn
i¼1

Xm
j¼1

ðCðTi,KjÞ � ĈðTi,TjÞÞ
2, ð51Þ

where C(Ti,Ki) and Ĉ(Ti,Tj) are the market and the
model prices, respectively, Ti is the ith time to maturity

and Kj is the jth strike. We have 32 strikes (m¼ 32) and
20 time points (n¼ 20).

Table 4 shows the calibration results for the Heston,
Heston–Hull–White and Schöbel–Zhu–Hull–White
models. We see that all the models are reasonably well
calibrated with approximately the same error. We have
used a two-level calibration routine: a global search
algorithm (simulated annealing) combined with a local
search (Nelder–Mead) algorithm. In order to reduce
parameter risk we set the speed of mean reversion of
the volatility process, �, to 0.5 and we have performed the
simulation for a number of correlations, �x,r. For both
hybrid models, patterns can be observed in the calibrated
parameters (see table 4). For the SZHW and HHW
models, two parameters, �� and �0, are unaffected by
changing the correlation �x,r. For the SZHW model we
found �� � 0:2 and �0� 0.1, and for the HHW model
�� � 0:035 and �0� 0.01. Another pattern we observed is
that the the vol–vol parameter � decreases from 0.08 to
0.02 for the SZHW and from 0.29 to 0.05 for the HHW
model with increasing correlation �x,r from �70% to 0%.
The reverse effect was obtained for positive correlation
�x,r. The correlation �x,� between stock St and the
volatility �t remains relatively stable for the HHW
model, oscillating around �0.98. For the SZHW model
it decreased from �0.31 to �0.99 for �x,r varying from
�70% to �10% and increased from �0.72 to �0.38 for
�x,r from 10% to 70%. The correlation �r,� in the SZHW
model does not show any regularity.

In the next section we use the obtained calibration
results and check the impact of the correlation between
the equity and interest rate on pricing exotic products.

For the pricing of financial derivatives, Monte Carlo
methods are commonly used tools, especially for products
like hybrid derivatives for which a closed-form pricing
formula is not available. Because of discretization
techniques like the Euler–Maruyama or Milstein schemes
(see, for example, Schurz 1996) a Monte Carlo technique
may sometimes give a negative or imaginary variance in

Table 3. Parameters estimated from the market data (Hull–
White model); r0 is assumed to be the earliest forward rate. The
interest rate term structure �t was found via equation (16).

Model r0 � � SSE

Hull–White 0.01733 1.12 0.001 1e�3

Table 4. Calibration results for the Schöbel–Zhu–Hull–White, Heston–Hull–White and Heston models defined in (17) and (30).
The experiment was performed with a priori defined speed of reversion for the volatility �¼ 0.5, and correlation �x,r (SZHW and

HHW). In the simulation for the Heston model, a constant interest rate of r¼ 0.0327 was chosen.

Model �x,r (%) �� � �x,v �r,� �0 SSE

SZHW �70 0.1929 0.0787 �0.3116 0.4000 0.1000 9.5e�3
�50 0.2000 0.0539 �0.3967 0.1190 0.0990 9.1e�3
�30 0.2030 0.0400 �0.5699 0.3238 0.1000 9.0e�3
�10 0.2049 0.0189 �0.9888 0.3173 0.1002 9.2e�3
10 0.2039 0.0315 �0.7167 0.0634 0.0998 9.2e�3
30 0.2029 0.0376 �0.6039 0.2407 0.1001 9.0e�3
50 0.2018 0.0429 �0.5335 0.2505 0.0980 9.0e�3
70 0.1981 0.0576 �0.3822 �0.0776 0.0990 9.2e�3

HHW �70 0.0242 0.2905 �0.4157 0.0129 7.9e�3
�50 0.0309 0.0732 �0.9900 0.0104 8.3e�3
�30 0.0372 0.0596 �0.9899 0.0124 8.3e�3
�10 0.0403 0.0543 �0.9900 0.0134 8.3e�3
10 0.0402 0.0545 �0.9899 0.0134 8.3e�3
30 0.0370 0.0600 �0.9899 0.0123 8.3e�3
50 0.0306 0.0740 �0.9900 0.0103 8.3e�3
70 0.0215 0.1327 �0.8641 0.0078 8.3e�3

Heston 0.0770 0.3500 �0.6622 0.0107 7.8e�3
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the SV models. This is not acceptable. Improved
techniques to perform a simulation of AJD processes
have been developed (Broadie and Kaya 2006, Andersen
2007). An analysis of the possible ways to overcome the
negative variance problem can be found in Lord et al.
(2007). We have chosen the so-called absorption scheme
from Lord et al. (2007), where at each iteration step
max(�tþ	t

, 0) is taken.

4.2. Cliquet options

Cliquet options are very popular in the world of equity
derivatives (Wilmott 2002). The contracts are constructed
to give protection against downside risk combined with
a significant upside potential. A cliquet option can be
interpreted as a series of forward-starting European
options, for which the total premium is determined in
advance. The payout on each option can either be paid
at the final maturity date, or at the end of a reset period.
One of the cliquet-type structures is a Globally Floored
Cliquet with the following payoff:

�ðt0¼ 0,T Þ

¼E
Q e

�
R T

0
rsds �max

XM
i¼1

minðAti ,LocalCapÞ,MinCoupon

! 




F 0

 !
:

ð52Þ

Here

Ati ¼ max LocalFloor,
Sti

Sti�1

� 1

� �
,

ti¼ i(T/M), with maturity T. M indicates the number of
reset periods. We notice that the term Ati

can be
recognized as an ATM forward starting option, which is
driven by a forward skew. It has been shown by Gatheral
(2006) that the cliquet structures are significantly under-
priced under a local volatility model for which forward
skews are basically too flat.

Since the forward prices are not known a priori, we
derive the values from the so-called forward characteristic
function. If we define XT as a state vector at time T, then
the forward characteristic function, 
F, can be found as


Fðu,XT,t
	,T Þ¼E

Q

�
e
�
R T

0
rsdseiu

TðXT�Xt	 Þ j F 0

�
¼E

Q

�
e
�
R t	

0
rsds�iu

TXt	
ðu,XT,t
	,T Þ j F 0

�
¼ eAðu, t

	,T Þ
E

Q

�
e
�
R t	

0
rsds�iu

TXt	þB
Tðu, t	,T ÞXt	 j F 0

�
:

ð53Þ

In the case of the plain Heston model, the forward
characteristic function, 
FH, reads


FHðu,XT, t
	,T Þ ¼ eAðu, �

	Þ
E

Q
ðeB� ðu, �

	Þvt	 j F 0Þ, ð54Þ

where �	¼T� t	, and AH(u, �
	) and B�(u, �

	) are the
Heston functions as introduced by Heston (1993). The
expectation under the risk-neutral measure in (54) can
be recognized as the Laplace transform of the transitional
probability density function of a Cox–Ingersoll–Ross
model (Cox et al. 1985), which is given by the following
lemma.

Lemma 4.1 (Laplace transform of for the Heston volatility
process): The Laplace transform of the equation given
by (54) for the Heston stochastic volatility process has
the form

E
Q
ðeB� ðu, t

	,T Þvt	 j F 0Þ¼
1

1�ð� 2=2�Þð1� e���ÞB�ðu, t	,T Þ

� �2� ��=� 2

�exp
e��B�ðu, t

	,T Þ�0
1�ð� 2=2�Þð1� e���ÞB�ðu, t	,T Þ

� �
:

Proof: A detailed proof can be found in Shreve (2004) or
Albanese and Lawi (2007). œ

Figure 1 shows the performance of all three models
applied to the pricing of the cliquet option defined in (52).
We choose here T¼ 3, LocalCap¼ 0.01, LocalFloor¼
�0.01 and M¼ 36 (the contract measures the monthly
performance). For large values of the MinCoupon the
values of the hybrid under the three models are identical,
which is expected since a large MinCoupon dominates the
max operator in (52) and the expectation becomes simply
the price of a zero coupon bond at time t¼ 0 multiplied by
the deterministic MinCoupon. Figure 1 shows the pricing
results for two correlations �x,r¼�0.7 and �x,r¼ 0.7. In
both cases the HHW model generates lower prices than
the other models. Moreover, the cliquet is priced
significantly lower by the SZHW model than by the
Heston model for �x,r¼ 0.7 and it is priced higher than the
Heston model for �x,r¼�0.7.

4.3. A diversification product (performance basket)

Other hybrid products that an investor may use in
strategic trading are so-called diversification products.
These products, also known as ‘performance baskets’, are
based on sets of assets with different expected returns and
risk levels. Proper construction of such products may give
reduced risk compared with any single asset, and an
expected return that is greater than that of the least risky
asset (Hunter and Picot 2005/2006). A simple example is
a portfolio with two assets: a stock with a high risk and
high return and a bond with a low risk and low return.
If one introduces an equity component in a pure bond
portfolio the expected return will increase. However,
because of the non-perfect correlation between these two
assets a risk reduction is also expected. If the percentage
of the equity in the portfolio is increased, it eventually
starts to dominate the structure and the risk may increase
with a greater impact for a low or negative correlation
(Hunter and Picot 2005/2006). An example is a financial
product defined in the following way:

�ðt0¼ 0,T Þ¼ E
Q e

�
R T

0
rsds �max 0,! �

ST

S0
þð1�!Þ �

BT

B0

� �



F 0

� �
,

ð55Þ

where ST is the underlying asset at time T, BT is a bond,
and ! represents a percentage ratio. Figure 2 shows the
pricing results for the models discussed. The product
pricing is performed with the Monte Carlo method and
the parameters calibrated from the market data. For
!2 [0%, 100%] the max disappears from the payoff and
only a sum of discounted expectations remains. The figure
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shows that the Heston model generates a significantly
higher price, whereas the HHW and SZHW prices are
relatively close. The absolute difference between the
models increases with percentage !.

4.4. Strategic investment hybrid (best-of-strategy)

Suppose that an investor believes that if the price of an
asset, S1

t , goes up, then the equity markets under-perform
relative to the interest rate yields, whereas if S1

t goes
down, the equity markets over-perform relative to the
interest rate (Hunter and Picot 2005/2006). If the prices of
S1
t are high, the market may expect an increase in inflation

and hence in interest rates and low S1
t prices could have

the opposite effect. In order to include such a feature in a
hybrid product we define a contract in which an investor
is allowed to buy a weighted performance coupon

depending on the performance of another underlying.

Such a product can be defined as follows:

�ðt0 ¼ 0,T Þ ¼ E
Q
ðe
�
R T

0
rsds � VT j F 0Þ, ð56Þ

with

VT ¼ max 0,! �
L0

LT
þ ð1� !Þ

ST

S0

� �
1S1

T
>S1

0

þmax 0, ð1� !Þ
L0

LT
þ ! �

ST

S0

� �
1S1

T
5S1

0
,

where !� 0 is a weighting factor related to a percentage,

and LT ¼
PM

i¼1 PðT, tiÞ with t1¼T is the T-value of the

projected liabilities for certain time tM, with

!4100%�!.
Figure 3 shows the prices obtained from Monte Carlo

simulation of the contract at time t0¼ 0 for maturity

T¼ t1¼ 3 and time horizon tM¼ 12 with one year spacing.
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Figure 1. Pricing a cliquet product under the SZHW, the HHW and the Heston models. Both figures present the price of a globally
floored cliquet as a function of MinCoupon given by (52) for T¼ 3 years and M¼ 36. The remaining parameters are as in table 4.
Left: Pricing with �x,r¼�0.7. Right: Pricing with �x,r¼ 0.7.
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Figure 2. Pricing of a diversification hybrid product under different models. The simulations were performed with �¼ 10. The
remaining parameters are as in table 4. Left: Pricing with �x,r¼�0.7. Right: Pricing with �x,r¼ 0.7.
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Since we did not model the second underlying process, S1
T,

we assume that S1
T > S1

0. We see that, for !2 [0%, 100%],
the max over the sum of performances disappears and
the hybrid can be relatively easily priced, i.e. separately
for both underlyings (L0/LT and ST/S0). The difference
between the stochastic models becomes more pronounced
for !40% since, then, the correlation plays a more
important role. The simulations performed for
�x,r¼�70% and �x,r¼ 70% show that the absolute
difference between the SZHW and HHW models becomes
significant for !4200%. The figure shows that, for small
!, the prices of the SZHW and HHW models are
relatively close, whereas the Heston model gives lower
prices for !450%.

5. Conclusions

In this paper we have presented an extension of the
Schöbel–Zhu stochastic volatility model with a Hull–
White interest rate process and evaluated it by means of
pricing structured hybrid derivative products.

The aim was to define a hybrid stochastic process that
belongs to the class of affine jump-diffusion models, as
this may lead to efficient calibration of the model. We
have shown that the so-called Schöbel–Zhu–Hull–White
model belongs to the category of affine jump-diffusion
processes. No restrictions regarding the choice of
correlation structure between the different Wiener pro-
cesses appearing need to be made.

We also compared the model with the Heston–Hull–
White hybrid model with an indirectly implied correlation
between the equity and the interest rate. We found that
although the model is very attractive because of its square
root volatility structure, it is unable to generate extreme
correlations.

Due to the resulting semi-closed (for Schöbel–Zhu–
Hull–White) and closed (Heston–Hull–White)

characteristic functions we were able to calibrate the
models in an efficient way by means of the Fourier-cosine
expansion pricing technique, adapted to a stochastic
interest rate.

It has been shown by numerical experiments for
different hybrid products that under the same plain
vanilla prices the extended stochastic volatility models
give different prices than the Heston model.

The present hybrid model cannot model a skew in the
interest rates, which will form part of our future work.
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Schöbel, R. and Zhu, J., Stochasic volatility with an Ornstein–
Uhlenbeck process: an extension. Eur. Financial Rev., 1999, 3,
23–46.

Schurz, H., Asymptotical mean square stability of an equili-
brium point of some linear numerical solutions with multi-
plicative noise. Stoch. Anal. App., 1996, 14, 313–353.

Shreve, S.E., Stochastic Calculus Models for Finance: Continuous
Time Models, 2004 (Springer: New York).

Stein, J.C. and Stein, E.M., Stock price distributions with
stochastic volatility: an analytic approach. Rev. Financial
Stud., 1991, 4, 727–752.
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Appendix A: Proofs of various lemmas

In this appendix we report the proofs of the various
lemmas.

A.1. Proof of lemma 2.3

Proof: We need to find the solution of

d

d�
Aðu, �Þ ¼ �r0 þ BTa0 þ

1

2
BTc0B, ðA1Þ

d

d�
Bðu, �Þ ¼ �r1 þ aT1Bþ

1

2
BTc1B: ðA2Þ

For the space vector X	t ¼ ½ext,ert, vt, �t�T we have

a0 ¼ ½0, 0, �
2, ���T, a1 ¼

0 1 � 1
2 0

0 �� 0 0

0 0 �2� 2��

0 0 0 ��

26664
37775,

r0 ¼ 0, r1 ¼

0

1

0

0

26664
37775,

and

� :¼ �ðXtÞ�ðXtÞ
T
¼

v ���x,r 2v��x,v ���x,�
� 2 2����r,v ���r,�

4v� 2 2�� 2

� 2

2664
3775:

This leads to

c0¼

0 0 0 0

�2 0 ���r,�

0 0

� 2

266664
377775,

c1¼

ð0,0,1,0Þ ð0,0,0,��x,rÞ ð0,0,2��x,v;0Þ ð0,0,0,��x,�Þ

ð0,0,0,0Þ ð0,0,0,2���r,vÞ ð0,0,0,0Þ

ð0,0,4� 2,0Þ ð0,0,0,2� 2Þ

ð0,0,0,0Þ

266664
377775:
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With

1

2
BTc1B ¼

1

2

P4
i¼1

P4
j¼1 Bi½s1ð1Þ�i, jBjP4

i¼1

P4
j¼1 Bi½s1ð2Þ�i, jBjP4

i¼1

P4
j¼1 Bi½s1ð3Þ�i, jBjP4

i¼1

P4
j¼1 Bi½s1ð4Þ�i, jBj

2666664

3777775
(with i¼ 1, . . . , 4 representing x, v, r, �) we obtain the

following system:

dA

d�
¼ ½Bx,Br,Bv,B� �

0

0

� 2

��

26664
37775

þ
1

2
½Bx,Br,Bv,B��

0 0 0 0

� 2 0 ���r,�

0 0

� 2

26664
37775

Bx

Br

Bv

B�

26664
37775,
ðA3Þ

dB

d�
¼

dBx

d�

dBr

d�

dBv

d�

dB�
d�

266664
377775 ¼

0

�1

0

0

26664
37775

þ

0 0 0 0

1 �� 0 0

� 1
2 0 �2� 0

0 0 2�� ��

26664
37775

Bx

Br

Bv

B�

26664
37775þ 1

2

0

0

S1

S2

26664
37775,
ðA4Þ

where

S1 ¼ B 2
x þ 4��x,vBxBv þ 4� 2B 2

v ,
ðA5Þ

S2 ¼ 2��x,rBxBr þ 2��x,�BxB� þ 4���r,vBrBv þ 4� 2BvB�:

ðA6Þ

Simplification of equations (A3) and (A4) finishes the

proof. œ

A.2. Proof of lemma 2.4

Proof: In the 1D case, i.e. u¼ [u, 0, 0, 0]T, we start by

solving the ODE for dBr,

d

d�
Br þ �Br ¼ iu� 1:

Standard calculations giveZ �

0

dðe�sBrðu, sÞÞ ¼ ðiu� 1Þ

Z �

0

e�sds,

i.e.

e��Brðu, �Þ � e0Brðu, 0Þ ¼ ðiu� 1Þ
1

�
e�� �

1

�

� �
:

Using the boundary condition Br(u, 0)¼ 0 gives Br(u, �)¼
(1/�)(iu� 1)(1� e��t).

The ODE for Bv now reads (using Bx¼ iu)

d

d�
Bv ¼ �

1

2
uðiþ uÞ þ 2� 2B 2

v � 2ð�� ��x,viuÞBv: ðA7Þ

In order to simplify this equation we introduce the

variables 
 ¼ � 1
2 uðiþ uÞ and �¼ 2(�� ��x,viu). The ODE

can then be presented in the following form:

d

d�
Bv ¼ 
� �Bv þ 2� 2B 2

v : ðA8Þ

Following the calculations for the Heston model the

solution of (A8) reads

Bvðu, �Þ ¼
�� d

4� 2

1� e��d

1� e��dðb=aÞ

� �
,

where a¼ �þ d/4�2, b¼ (�� d )/(4�2) and d ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2 � 8
� 2

p
. This solution can be simplified to

Bvðu, �Þ ¼ b
1� e��d

1� g e��d

� �
,

with g¼ (�� d )/(�þ d ).
Next, we solve the ODE for B�,

d

d�
B� ¼ ð2��Bv þ ��x,rBxBr þ 2���r,vBrBvÞ

þ ð��x,�Bx þ 2� 2Bv � �ÞB�: ðA9Þ

We introduce the following functions:

�ð�Þ ¼ 2��Bv þ ��x,rBxBr þ 2���r,vBrBv, ðA10Þ

�ð�Þ ¼ ��x,�Bx þ 2� 2Bv � �: ðA11Þ

This leads to the following ODE:

d

d�
B� � �ð�ÞB� ¼ �ð�Þ,

whose solution follows from

d

d�
ðe
�
R �
0
�ðsÞds

B�Þ ¼ �ð�Þ exp �

Z �

0

�ðsÞds

� �
,

or

exp �

Z �

0

�ðsÞds

� �
B� ¼

Z �

0

�ðsÞ exp �

Z s

0

�ðkÞdk

� �
ds:

So, finally, we need to calculate

B�ðu, �Þ ¼ exp

Z �

0

�ðsÞds

� �Z �

0

�ðsÞ exp �

Z s

0

�ðkÞdk

� �
ds,

B�ðu, 0Þ ¼ 0: ðA12Þ
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For this, we start with the integral for �(k),Z s

0

�ðkÞdk ¼

Z s

0

ð��x,�iuþ 2� 2Bv � �Þdk

¼ ��x,�iu� �þ
�� d

2g

� �
s

þ
ð�� d Þðg� 1Þ

2dg
log

esd � g

1� g

� �
¼ C1sþ C2 log

esd � g

1� g

� �
, ðA13Þ

where C1¼ {��x,�iu� �þ [(�� d )/2g]}, C2¼ [(�� d )(g� 1)]/

2dg, �¼ 2(�� ��x,viu), d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2 � 8
� 2

p
and g¼ (�� d )/

(�þ d ). After substitution of these quantities, we find that

C1¼D/2 and C2¼�1.
Next, we need to calculate the exponent of the integral

of �,

exp

Z s

0

�ðkÞdk

� �
¼ exp C1sþ C2 log

esd � g

1� g

� �� �
¼ exp

sd

2

� �
1� g

esd � g

� �
, ðA14Þ

and we can include � in the integral,Z �

0

�ðsÞ exp �

Z s

0

�ðkÞdk

� �
ds

¼

Z �

0

ð2��Bv þ ��x,rBxBr þ 2���r,vBrBvÞ

� exp �
d

2
s

� �
esd � g

1� g

� �
ds: ðA15Þ

This integral is split into three parts. The first part can be

solved analytically,Z �

0

2��Bv e
�ðd=2Þs esd � g

1� g

� �
ds

¼ 2��b

Z �

0

1� e�sd

1� e�sdg

� �
e�ðd=2Þs

esd � g

1� g

� �
ds

¼
2��b

1� g

Z �

0

e�sd=2 esd � 1
� �

ds

¼
16��b sinh2

ð�d=4Þ

ð1� gÞd
�

f1
1� g

: ðA16Þ

The second part can also be solved analytically,Z �

0

��x,rBxBr e
�ðd=2Þs esd � g

1� g

� �
ds

¼

Z �

0

��x,r
1

�
iuðiu� 1Þð1� e��sÞe�sd=2

esd � g

1� g

� �
ds

¼
��x,riuðiu� 1Þ

ð1� gÞ�

Z �

0

e�sd=2ð1� e��sÞðesd � gÞds

¼
��x,riuðiu� 1Þ

ð1� gÞ�
ð f2 � f3Þ, ðA17Þ

where

f2 ¼
2

d
ðe�d=2 � 1Þ þ

2g

d
ðe��d=2 � 1Þ ðA18Þ

f3 ¼
2ðeð�=2Þðd�2�Þ � 1Þ

d� 2�
�
2gð1� e�ð�=2Þðdþ2�ÞÞ

dþ 2�
, ðA19Þ

and the third part readsZ �

0

2���r,vBrBv e
�ðd=2Þs esd � g

1� g

� �
ds

¼
2���r,v
1� g

Z �

0

BrBv e
�ðd=2Þsðesd � gÞds

¼
2���r,vðiu� 1Þb

ð1� gÞ�

Z �

0

e�ð1=2Þsðdþ2�Þðesd � 1Þðes� � 1Þds

¼
2���r,vðiu� 1Þb

ð1� gÞ�
ð f4 þ f5Þ, ðA20Þ

where

f4 ¼
2

d� 2�
�
4

d
þ

2

dþ 2�
, ðA21Þ

f5 ¼ ðe
�ð1=2Þ�ðdþ2�ÞÞ

2e��ð1þ ed�Þ

d
�

2ed�

d� 2�
�

2

dþ 2�

� �
:

ðA22Þ

So, finally, we have

B�ðu, �Þ ¼ exp

Z �

0

�ðsÞds

� �Z �

0

�ðsÞ exp �

Z s

0

�ðkÞdk

� �
ds

¼ f0
�
f1 þ

1
���x,riuðiu� 1Þð f2 � f3Þ

þ 1
�2���r,vbðiu� 1Þð f4 þ f5ÞÞ, ðA23Þ

with f0¼ e(d/2)�/(e�d� g), f2 and f3 from (A18) and (A19),

respectively, f4 from (A21) and f5 from (A22).
Now we solve the ODE for A(u, �),

d

d�
A ¼ � 2Bv þ ��B� þ

1

2
� 2B 2

r þ
1

2
� 2B 2

� þ ���r,�B�Br,

ðA24Þ

with solution

Aðu,�Þ�Aðu,0Þ ¼ � 2

Z �

0

Bvdsþ��

Z �

0

B� dsþ
1

2
�2
Z �

0

B2
r ds

þ
1

2
� 2

Z �

0

B2
� dsþ���r,�

Z �

0

B�Brds,

ðA25Þ

or

Aðu, �Þ ¼

Z �

0

� 2Bv þ
1

2
� 2B 2

r

� �
ds|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

A1ðu, �Þ

þ

Z �

0

B� � �� þ
1

2
� 2B� þ ��r,��Br

� �
ds|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�ðu, �Þ

: ðA26Þ
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In order to find A(u, �) we have to evaluate the integrals

A1(u, �) and �(u, �). Integral �(u, �) involves a hyper-

geometric function (called the 2F1 function or simply the

Gaussian function), which is computed numerically here.

For integral A1(u, �) we have two representations,

A1ðu, �Þ ¼ �
1

2� 2
log

g e�sd � 1

g� 1

� �
þ f6 �

1

2�3
� f7, ðA27Þ

or

A1ðu, �Þ ¼ �
1

2� 2
log

esd � g

1� g

� �
þ f6 �

1

2�3
� f7, ðA28Þ

where

f6 ¼
1

4� 2
ð�� d Þ�, ðA29Þ

f7 ¼ ðiu� 1Þ 2ð3þ e�2�� � 4e��� � 2��Þ: ðA30Þ

Since a complex-valued logarithm appears in A1(u, �), it
should be treated with some care. It turns out that the

second formulation gives rise to discontinuities that may

cause inaccuracies. According to Lord and Kahl (2006),

an easy way to avoid any errors due to complex-valued

discontinuities is to apply numerical integration.
We know that the price of a zero coupon bond

can be obtained from the characteristic function


SZHW(u,Xt, t,T ) by setting u¼ [0, 0, 0, 0]T. Therefore,

Pðt,T Þ ¼ 
ð0,Xt,�Þ

¼ exp �

Z T

t

 s ds

� �
expðAð0,�ÞþBxð0,�ÞxtþBrð0,�Þert

þBvð0,�ÞvtþB�ð0,�Þ�tÞ: ðA31Þ

Sinceer0 ¼ 0, we have

Pð0,T Þ ¼ exp �

Z T

0

 s ds

� �
expðAð0, �Þ þ Bxð0, �Þx0

þ Bvð0, �Þv0 þ B�ð0, �Þ�0Þ,

and it is easy to check that Bx(0,T )¼ 0, Bv(0,T )¼ 0,

B�(0,T )¼ 0 and

Að0,T Þ ¼
1

2
� 2

Z T

0

Brð0, sÞ
2 ds

¼
� 2

2�3
�
3

2
�
1

2
e�2�T þ 2e��T þ �T

� �
: ðA32Þ

Therefore, Pð0,T Þ ¼ expð�
R T
0  s dsþ Að0,T ÞÞ or

log ðPð0,T ÞÞ ¼ �
R T
0  s dsþ Að0,T Þ, which finally gives

 T ¼�
@

@T
logPð0,T Þþ

@

@T
Að0,T Þ ¼ f ð0,T Þþ

�2

2�2
ð1� e��TÞ2,

ðA33Þ

since  0¼ f(0, 0)� r0, where r0 is the initial value of the

interest rate process rt. With u¼ [u, 0, 0, 0]T, we find


SZHWðu,Xt, t,T Þ ¼ expðeAðu, �Þ þ Bxðu, �Þxt þ Brðu, �Þ~rt

þ Bvðu, �Þvt þ B�ðu, �Þ�tÞ, ðA34Þ

with

eAðu, �Þ ¼ �Z T

t

 s dsþ iu

Z T

t

 s dsþAðu, �Þ

¼ ðiu� 1Þ

Z T

t

f ð0, sÞ þ
�2

2�2
ð1� e��sÞ2

� �
dsþAðu, �Þ

¼ ð1� iuÞ

Z T

t

dðlogðPð0, sÞÞÞ þ ð1� iuÞ
�2

2�2

�

Z T

t

ð1� e��sÞ2 dsþAðu, �Þ

¼ ð1� iuÞ log
Pð0,T Þ

Pð0, tÞ

� �
þ ð1� iuÞ

�2

2�2

� ðT� tÞ þ
2

�
ðe��T � e��tÞ �

1

2�
ðe�2�T � e�2�tÞ

� �
þAðu, �Þ, ðA35Þ

and A(u, �) as in (A26). Now, by setting �(x)¼ exp(x�/2)
the discounted CF for the Schöbel–Zhu–Hull–

White hybrid process is determined and the proof is

finished. œ

A.3. Proof of lemma 2.4

Proof: As in the case of the SZHW hybrid model we

need to find the solution of

d

d�
Aðu, �Þ ¼ �r0 þ BTa0 þ

1

2
BTc0B, ðA36Þ

d

d�
Bðu, �Þ ¼ �r1 þ aT1Bþ

1

2
BTc1B: ðA37Þ

For the space vector X	t ¼ ½ext,ert, �t�T we have

a0 ¼ �
1

2
	 2

S,r, 0, � ��

� �T
, a1 ¼

0 1 � 1
2

0 �� 0

0 0 ��

264
375,

r0 ¼ 0, r1 ¼

0

1

0

264
375,

and

� :¼ �ðXtÞ�ðXtÞ
T
¼

�t þ	 2
S,r 	S,r� �x,���t

� 2 0
� 2�t

24 35:
This leads to

c0 ¼

	 2
S,r �	S,r 0

�	S,r � 2 0

0 0 0

2664
3775,

c1 ¼

ð0, 0, 1Þ ð0, 0, 0Þ ð0, 0, �x,��Þ

ð0, 0, 0Þ ð0, 0, 0Þ ð0, 0, 0Þ

ð0, 0, �x,��Þ ð0, 0, 0Þ ð0, 0, � 2Þ

264
375:
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With

1

2
BTc1B ¼

1

2

P3
i¼1

P4
j¼1 Bi½s1ð1Þ�i, jBjP3

i¼1

P4
j¼1 Bi½s1ð2Þ�i, jBjP3

i¼1

P4
j¼1 Bi½s1ð3Þ�i, jBj

264
375

(with i¼ 1, . . . , 3 representing x, r, �) we obtain the
following system:

dA

d�
¼ ½Bx,Br,B��

� 1
2 	 2

S,r

0

� ��

264
375þ 1

2
½Bx,Br,B� �

�

	 2
S,r �	S,r 0

�	S,r � 2 0

0 0 0

264
375 Bx

Br

B�

264
375, ðA38Þ

dB

d�
¼

dBx

d�

dBr

d�

dB�
d�

2664
3775 ¼

0

�1

0

264
375

þ

0 0 0

1 �� 0

� 1
2 0 ��

264
375 Bx

Br

B�

264
375þ 1

2

0

0

S1

264
375, ðA39Þ

where

S1 ¼ B 2
x þ 2�x��BxB� þ �

2B 2
� : ðA40Þ

Now, simplification of equations (A38) and (A39) finishes

the proof. œ
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